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PREFACE. 


LANi>-Susyi7iN0  18  perhaps  the  oldest  of  the  mathematical  arts.  Indoedi 
(Geometry  itself,  as  its  name — ''Land-measuring" — ^implies,  is  «ud  to 
have  arisen  from  the  efforts  of  the  Egyptian  sages  to  recover  and  to  fix 
the  land-marks  annually  swept  away  by  the  inundations  of  the  Nile. 
The  art  is  also  one  of  the  most  important  at  the  present  day,  as  deter- 
mining the  title  to  land,  the  foundation  of  the  whole  wealth  of  the 
world.  It  is  besides  one  of  the  most  useful  as  a  study,  from  its 
striking  exemplifications  of  the  practical  bearings  of  abstract  mathematics. 
But,  strangely  enough.  Surveying  has  never  yet  been  reduced  to  a  system- 
atic and  symmetric  whole.  To  effect  this,  by  basing  the  art  on  a  few 
tfimple  principle^  and  tracing  them  out  into  their  complicated  ramifications 
and  varied  applications  (which  extend  from  the  measurement  of' '  a  mow- 
ing  lot "  to  that  of  the  Heavens),  has  been  the  earnest  endeavor  of  the- 
present  writer. 

The  work,  in  its  inception,  grew  out  of  the  author's  own  needs.  Teach- 
mg  Surveying,  as  preliminary  to  a  course  of  Civil  Engineering,  he 
found  none  of  the  books  in  use  (though  very  excellent  in  many  respects) 
suited  to  his  purpose.  He  was  therefore  compelled  to  teach  the  subject 
by  a  combination  of  familiar  lectures  on  its  principles  and  exemplifica- 
tions of  its  practice.  His  notes  continually  swelling  in  bulk,  gradually 
bocame  systematized  in  nearly  their  present  form,  and  in  1851  ho  printed 
a  synopsis  of  them  for  the  use  of  his  classes.  His  system  has  thus 
been  fully  tested,  and  the  present  volume  is  the  result. 


if  LAND-gntTEYING. 

A  double  object  has  been  kept  in  view  ia  its  preparation;  viz.  to 
produce  a  very  plain  introduction  to  the  subject,  easy  to  be  mastered  by 
the  young  scholar  or  the  practical  man  of  little  previous  acquirement, 
the  only  pre-requisites  being  arithmetic  and  a  little  geometry ;  and  at  the 
same  time  to  make  the  instruction  of  such  a  character  as  to  lay  a  founda 
(ion  broad  enough  and  deep  enough  for  the  most  complete  superstructure 
which  the  professional  student  may  subsequently  wish  to  raise  upon  it 

For  tho  convenience  of  tooso  wishing  to  make  a  hasty  examination  of 
the  book,  a  summary  of  some  of  its  leading  points  and  most  peculiar 
featuros  will  here  be  given. 

I.  AU  the  operations  of  Surveying  are  deduced  from  only  jive  simple 
principles.  These  principles  are  enunciated  and  illustrated  in  Chapter  1, 
of  Part  I.  They  will  be  at  once  recognized  by  the  Geometer  as  familiar 
systems  of  "  Co-ordinates;''  but  they  wore  not  here  arbitrarily  assumed  in 
advance.  They  wore  arrived  at  most  practically  by  analyzing  all  the 
numerous  and  incongruous  methods  and  contrivances  employed  in  Sur^ 
veying,  and  rejecting,  one  after  another,  all  extraneous  and  non-esscnUal 
portions,  thus  reducing  down  tihe  operations,  one  by  ono  and  stop  by 
step,  to  more  and  more  general  and  comprehensive  laws,  till  at  last, 
by  continual  elimination,  they  were  unexpectedly  resolved  into  these 
few  and  simple  principles ;  upon  which  it  is  here  attempted  to  build  up 
a  symmetrical  system. 

II.  The  three  operations  common  to  all  kinds  of  Land-surveying,  viz. 
Making  the  Measurements,  Drawing  the  Maps,  and  Calculating  tho 
Contents,  are  fully  examined  in  advance,  in  Part  I,  Chapters  2,  8;  4; 
BO  that  when  the  various  methods  of  Surveying  are  subsequently  taken 
up,  only  the  few  new  points  which  are  peculiar  to  each,  require  to  be 
explfuned. 

Each  kind  of  Surveying,  founded  on  one  of  the  five  fundamental  prin- 
eiples,  is  then  explained  in  its  turn,  in  the  successive  I^arts,  and  each 
earefully  kept  distinct  from  the  rest. 


Preface.  T 

m.  A  complete  system  of  Sarveying  with  onlj  a  chain,  a  rope,  oi 
any  sabstitute,  (invaluable  to  farmers  having  no  other  instruments,)  is 
▼ery  fully  developed  in  Part  II. 

TV,  The  various  Problems  in  Chapter  5,  of  Part  II,  will  be  fotuul 
to  constitute  a  course  of  practical  Geometry  on  the  ground.  As  some 
of  iheir  demonstrations  involve  the  "Theory  of  Transversals,  etc,''  (a 
beautiful  supplement  to  the  ordinary  Geometry),  a  carefully  digested 
summary  of  its  principal  Theorems  is  here  given,  for  the  fir2t  time  in 
English.     It  will  be  found  in  Appendix  B. 

V.  In  Compass  Surveying,  Part  III,  the  Field  work,  in  Chapter  3, 
is  adapted  to  our  American  practice ;  some  new  modes  of  platting  boar* 
ings  are  given  in  Chapter  4,  and  in  Chapter  6,  the  rectangular  methorj 
of  calculating  contents  is  much  simplified. 

VI.  The  effects  of  the  continual  change  in  the  Yariation  of  the  mag 
netic  needle  upon  the  surveys  of  old  lines,  the  difficulties  caused  by  it. 
and  the  means  of  remedying  them,  are  treated  of  with  great  minuteness 
of  practical  detail.  A  new  table  has  been  calculated  for  the  time  of 
"greatest  Azimuth,"  those  in  common  use  being  the  same  as  the  one 
prepared  by  Gummere  in  1814,  and  consequently  greatly  in  error  now 
from  the  change  of  place  of  the  North  Star  since  that  date. 

YII.  In  Part  lY,  in  Chapter  1,  the  Transit  and  Theodolite  are 
explained  in  every  point^;  in  Chapter  2,  all  forms  of  Yerniers  are  shewn 
by  numerous  engravings;  and  in  Chapter  3,  the  Adjustments  are 
elucidated  by  some  novel  modes  of  illustration. 

YIII.  In  Part  YII,  will  be  found  all  the  best  methods  of  overcoming 
obstacles  to  sight  and  to  measurement  in  angular  Surveying. 

IX.  Part  XI  contains  a  very  complete  and  systematic  collection  of 
the  principal  problems  in  the  Division  of  Land. 

X.  The  Methods  of  Surveying  the  Public  Lands  of  the  United  States, 
of  marking  lines  and  comers,  &c.,  are  given  in  Part  XII,  from  official 
documents,  with  great  minuteness ;  since  the  subject  interests  so  many 
land-owners  residing  in  the  Eastern  as  well  as  in  the  Western  States. 


n  LAND-SCRTETING. 

XI.  Thi-  ^tables  compriae  a  TVaverse  Table,  oompuled  for  this  volume, 
nd  giving  increased  accuracy  in  one-fifteenth  of  the  usual  space;  a 
Table  of  Chords,  appearing  for  the  first  time  in  English,  and  supplying 
he  most  accurate  method  of  platting  angles;  and  a  Table  of  natural 

Sines  and  Tangents.      The  usual  Logarithmic  Tables  are  also  giveu 
The  tables  are  printed   on  tinted  paper,  on  the  eye-saving  principle  of 

Babbage. 

XII.  The  great  number  of  engraved  illustrations,  most  of  them  orig- 
inal, is  a  peculiar  feature  of  this  volume,  suggested  by  the  experience  of 
the  author  that  one  diagram  is  worth  a  page  of  print  in  giving  cleamose 
and  definitcness  to  the  otherwise  vague  conceptions  of  a  student. 

XIII.  The  practical  details,  and  hints  to  the  young  Surveyor,  have 
been  made  exceedingly  full  by  a  thorough  examination  of  more  than  fifty 
works  on  the  subject,  by  English,  French  and  Qerman  writers,  so  as  to 
make  it  certain  that  nothing  which  could  be  useful  had  been  overlooked. 
It  would  be  impossible  to  credit  each  item  (though  this  has  been  most 
scrupulously  done  in  the  few  cases  in  which  an  American  writer  has  been 
referred  to),  but  the  principal  names  are  these:  Adams,  Ainslie,  Baker, 
Begat,  Belcher,  Bourgeois,  Bourns,  Brees,  Bruff,  Burr,  Castle,  Fran- 
coeur,  Frome,  Galbraith,  Gibson,  Guy,  Hogard,  Jackson,  Lamotte, 
Lefevre,  Mascheroni,  Narrien,  Nesbitt,  Pearson,  Puille,  Puissant,  Keg- 
nault,  Richard,  Serret,  Simms,  Stevenson,  Weisbach,  Williams. 

Should  any  important  error,  either  of  printer  or  author,  be  discovered 
(as  is  very  possible  in  a  work  of  so  much  detail,  despite  the  great  care 
used)  the  writer  would  be  much  obliged  by  its  prompt  communication. 

The  pro?i«at  volume  will  be  followed  by  another  on  LfiVELLiNG  and 
HiQQER  SuRVETiNQ :  embracing  Levelling  (with  Spirit-Level,  Theodo- 
lite, Barometer,  etc.)  ;  its  applications  in  Topography  or  Hill-drawing, 
in  Mining  Surveys,  etc. ;  the  Sextant,  and  other  reflecting  instruments ; 
AlarUxme  Surveying ;  and  Geodesy,  with  its  practical  Astronomy. 
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PAST  I. 

GENERAL   PRINCIPLES 

AND 

FUNDAMENTAL    OPERATIONS 


CHAPTER  I. 

DEFINITIONS  AND  METHODS. 

(1)  SuRVEYiNQ  is  the  art  of  making  such  measurements  as  will 
determine  the  relative  positions  of  any  points  on  the  surface  of  the 
earth ;  so  that  a  Map  of  any  portion  of  that  surface  may  be  dra^vn, 
and  its  Content  calculated. 

(2)  The  position  of  a  point  is  said  to  be  determined^  when  it  is 
known  how  far  that  point  is  from  one  or  more  giyen  points,  and  in 
what  direction  thcre-from ;  or  how  far  it  is  in  front  of  them  oi 
behind  them,  and  how  far  to  their  right  or  to  their  left,  &c ;  so 
that  the  place  of  the  first  point,  if  lost,  could  be  again  found  by 
repeating  these  measurements  in  the  contrary  direction. 

The  "  points"  which  are  to  be  determined  hi  Surveying,  are  no« 
the  mathematical  points  treated  of  in  Geometry ;  but  the  comers 
of  fences,  boundary  stones,  trees,  and  the  like,  which  are  mere 
points  in  comparison  with  the  extensive  surfaces  and  areas  which 
they  are  the  means  of  determining.  In  strictness,  tlieir  centre? 
should  be  regarded  as  the  points  alluded  to. 


10  GENERAL  PRINCIPLES.  [part  i 

(3)  A  straight  lAne  is  ''  determined,"  that  is,  has  its  length 
and  its  position  known  and  fixed,  -when  the  points  at  its  extrem* 
ities  are  determined ;  and  a  plane  Surface  has  its  form  and  dimen- 
sions determined,  when  the  lines  which  bound  it  are  determined. 
Consequently,  the  determination  of  the  relative  positions  of  points 
is  all  that  is  necessary  for  the  principal  objects  of  Surveying; 
which  are  to  make  a  map  of  any  surface,  such  as  a  field,  farm, 
state,  &c.,  and  to  calculate  its  content  in  square  feet,  acres,  or 
square  miles.  The  former  is  an  application  of  Drafting,  the  latter 
of  Mensuration. 

(4)  The  position  of  a  point  may  be  determined  by  a  variety  of 
methods.  Those  most  frequentiy  employed  in  Surveying,  are  the 
following ;  all  the  points  being  supposed  to  be  in  the  same  plane. 

(5)  First  Method.  -By  measuring  the  distances  from  the  r* 
quired  point  to  two  given  points. 

Thus,  in  Fig.  1,  the  point  S  is  "  deter-  ^'^-  ^'    ^ 

mined,"  if  it  is  known  to  be  one  inch  ^^^^  \^ 

from  A,  and  half  an  inch  from  B :  for,  .^x-"'  \ 

its  place,  if  lost,  could  be  found  by  de-     a-^ ^jb 

scribing  two  arcs  of  circles,  from  A  and  B  as  centres,  and  with  the 
pven  distances  as  radii.  The  required  point  would  be  at  the 
intersection  of  these  arcs. 

In  applying  this  principle  in  surveying,  S  may  represent  any 
station,  such  as  a  comer  of  a  field,  an  angle  of  a  fence,  a  tree,  a 
house,  &c.  If  then  one  comer  of  a  field  be  100  feet  from  a 
second  comer,  and  50  feet  from  a  third,  the  place  of  the  first  cor- 
ner is  known  and  determined  with  reference  to  the  other  two. 

There  will  be  two  points  fulfilling  this  condition,  one  on  each  side 
of  the  given  line,  but  it  will  always  be  known  which  of  them  is  the 
one  desired. 

In  Geography^  this  principle  is  employed  to  indicate  the  posi- 
tion of  a  town ;  as  when  we  say  that  Buffalo  is  distant  (in  a  straight 
line)  295  miles  from  New-York,  and  890  from  Cincinnati,  and 
tiius  convey  to  a  stranger  acquainted  with  only  the  last  two  places 
A  correct  idea  of  the  position  of  the  first. 


CHAP  I.]  DefliAtlons  and  methods.  1 1 

In  Analytical  Q-eometry^  the  lines  AS  and  BS  are  known  aa 
^ Focal  Co-ordinates;^^  the  general  name  "co-ordinates"  being 
applied  to  the  lines  or  angles  which  determine  the  position  of  a 
point. 

(6)  Second  Rlethoda  By  measuring  the  perpendicular  dis* 
(once  from  the  required  point  to  a  given  line^  and  the  distance 
(hence  along  the  tine  to  a  given  point. 

Thus,  in  Fig.  2,  if  the  perpendicular  dis-  Fig.  2. 

tance  SC  be  half  an  inch,  and  CA  be  one  T 

inch,  the  point  S  is  "determined":  for,  its  j 

place  could  be  again  found  by  meajsuring  one  { 

inch  from  A  to  C,  and  half  an  inch  from  C,    A. i 

at  right  angles  to  AG,  which  would  fix  the  pomt  S. 

The  Public  Lands  of  the  United  States  are  laid  out  by  this 
method,  as  will  be  explained  in  Part  XII. 

In  Geography,  this  principle  is  employed  under  the  name  of 
Latitude  and  Longitude. 

Thus,  Philadelphia  is  one  degree  and  fifby-two  minutes  of  longi- 
tude east  of  Washington,  and  one  degree  and  three  minutes  of  lati- 
tude north  of  it. 

In  Analytical  Geometry,  the  lines  AG  and  GS  are  known  as 
*^  Jtectangidar  Coordinates.^*  The  point  is  there  regarded  as 
determined  by  the  intersection  of  two  lines,  drawn  parallel  to  two 
fixed  lines,  or  "  Axes"  and  at  a  given  distance  from  tiiem.  These 
AxeSj  in  the  present  figure,  would  be  the  line  AG,  and  another 
line,perpendicular  to  it  and  passing  through  A,  as  the  origin. 

(T)  Third  Method*  By  measuring  the  angle  between  a  given 
line  and  a  line  dravm  from  any  given  point  of  it  to  the  required 
point;  and  also  the  length  of  this  latter  line. 

Thus,  in  Fig.  3,  if  we  know  the  angle  pjg.  3. 

BAS  to  be  a  tliird  of  a  righb  angle,  and  &D 

AS  to  be  one  inch,  the  point  S  is  determin- 
ed ;  for,  its  place  could  be  found  by  drawing 

from  A,  a  line  making  the  given  angle  with  A^^^~- B 

(lHj  and  mcosunng on  it  the  given  distance. 


12  GENERiL  PRINCIPLES.  [part  i 

In  a}>pl7ing  this  principle  in  surveying,  S,  as  before,  may  repro^ 
sent  any  station,  and  the  line  AB  may  he  a  fence,  or  any  other 
real  or  ima^ary  line. 

In  ^^  Compass  Surveymg,"  it  is  a  north  and  south  line,  the  direo- 
tion  of  vrhich  is  ^ven  by  the  magnetic  needle  of  the  compass. 

In  Q-eographtfy  this  principle  is  employed  to  determine  the  rela- 
tive positions  of  places,  by  '^Bearings  and  distances" ;  as  when  ire 
say  that  San  Francisco  is  1750  miles  nearly  due  west  from  St.  Louis ; 
the  word  ^^  west"  indicating  the  direction,  or  angle  which  the  lino 
joining  the  two  places  makes  with  a  north  and  south  line,  and 
the  number  of  miles  giving  the  lenffth  of  that  line. 

In  Analytical  Q-eametry,  the  line  AS,  and  the  angle  BAS,  are 
called  '^  Polar  Co-ordinates.^^ 

(8)  Fourth  Sfethodi  By  measuring  the  angles  made  with  a 
given  line  by  two  other  lines  starting  from  given  points  upon  itj 
and  passing  through  the  required  poinL 

Thus,  in  Fig.  4,  the  point  S  is  deter-  tig.  4. 

mined  by  being  m  the  intersection  of  the  f 

two  lines  AS  and  BS,  which  make  re-  ^.^^    \ 

spectively  angles  of  a  half  and  of  a  third      ^^'^^^  \ 

of  a  right  angle  with  the  line  AB,  which    ^  ^ 

is  one  inch  long ;  for,  the  place  of  the  point  could  be  found,  if  lost, 
by  drawing  from  A  and  B  lines  making  with  AB  the  known  angles. 

In  Q-eographyy  we  might  thus  fix  the  position  of  St.  Louis,  by 
saying  it  lay  nearly  due  north  from  New-Orleans,  and  due  west 
from  Washington. 

In  Analytical  Q-eometryj  these  two  angles  would  be  called 
^^  Angular  Coordinates. ^^ 

(9)  In  Fig.  5,  are  shown  together  all 
the  measurements  necessary  for  determin- 
ing the  same  point  S,  by  each  of  the  four 
preceding  methods.  In  the  First  Me- 
thod, we  measure  the  distances  AS  and 
BS ;  in  the  Second  Method,  the  distances  AC  and  CS,  the  latter 
at  right  angles  to  the  former ;  in  the  Third  Method,  the  distance 
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AS,  and  the  aiigle  SAB ;  axid  in  the  Fourth  Me&od,  the  angles 
SAB  and  SBA.  In  all  these  methods  the  peint  is  reallj  deter* 
mined  by  the  intersection  of  two  lines,  either  straight  lines  or 
arcs  of  circles.  Thus,  in  the  First  Method,  it  is  determined  by 
the  intersection  of  two  circles  ;  in  the  Second,  by  the  intersection 
of  two  straight  lines  ;  in  the  Third,  by  the  intersection  of  a  straight 
Une  and  a  circle ;  and  in  the  Fourth,  by  the  intersection  of  two 
Btnught  lines. 


Fig.  G. 


(10)  Fifth  Hethodt  By  yneoauring  the  angles  made  tvith  each 
other  by  three  lines  of  sight  passing  from  the  required  point  te 
three  points  whose  positions  are  knotvn. 

Thus,  in  Fig.  6,  the  point  S  is  deter- 
mined by  the  angles,  ASB  and  BSC, 
made  by  the  three  lines  SA,  SB  and 
SC. 

Geographically,  the  position  of  Chi- 
cago would  be  determined  by  three 
straight  lines  passing  from  it  to  Wash- 
ington, Cincinnati,  and  Mobile,  and  rnak* 
ing  known  angles  with  each  other ;  that  of  the  first  and  second 
lines  being  about  one-third,  and  that  of  the  second  and  third  lines, 
about  cue-half  of  a  right  angle. 

From  the  three  lines  employed,  this  may  be  named  the  Method 
of  TrilvneoT  co-ordinates. 


(11)  The  position  of  a  point  is  sometimes  determined  by  the 
intersection  of  two  lines,  which  are  themselves  determined  by  their 
extremities  being  given.     Thus,''in  Fig.  7,  F»&-  7. 

the  point  S  58  determined  by  its  being  sit.     | 
uated  in  the  intersection  of  AB  and  CD.    .aL       a    ^.-y'' 
This  method  is  sometimes  employed  to  fix  "-'-" 

ike  position  of  a  Station  on  a  Rail-Boad  * 
line,  &c.,  when  it  occurs  in  a  place  where 
a  Btake  cannot  be  driven,  such  as  in  a  pond ;  and  in  a  few  other 
cases ;  but  is  not  used  frequentiy  enough  to  require  that  it  should 
be  called  a  sixth  principle  of  Surveying. 
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14  CENERAL  PRINCIPLES.  [part  i 

(12)  These  five  methods  of  determining  the  positions  of  points, 
produce  five  corrtoponding  systems  of  Surveying,  which  may  be 
named  as  follows : 

■ 

I.  DIAGONAL  SURVEYING. 

n.  PERPENDICULAR  SURVEYING, 
m.  POLAR  SURVEYING 
IV.  TRLA.NGULAR  SURVEYING. 

V.  TRILINEAR  SURVEYING. 

(13)  The  above  division  of  Surveying  has  been  made  in  ha*^ 
mony  with  the  principles  involved  and  the  methods  employed. 

The  subject  is,  however,  sometimes  divided  with  reference  to  the 
instruments  employed ;  as  the  chain,  either  alone  or  with  cross- 
staff;  the  compass ;  the  transit  or  theodolite ;  the  sextant ;  the 
plane  table,  &c. 

(14)  Surveymg  may  also  be  divided  according  to  ita  objects. 
In  Land  Surveying,  the  content,  in  acres,  &;c.,  of  the  tract  sui^ 

veyed,  is  usually  the  principal  object  of  the  survey.  A  map, 
showing  the  shape  of  the  property,  may  also  be  required.  Certain 
signs  on  it  may  indicate  the  different  kinds  of  culture,  &c.  This 
land  may  also  be  required  to  be  divided  up  in  certain  proportions ; 
and  the  lines  of  division  may  also  be  required  to  be  set  out  on  the 
ground.  One  or  all  of  these  objects  may  be  demanded  in  Land 
Surveying. 

In  Topographical  Surveying,  the  measurement  and  graphical 
representation  of  the  inequalities  of  the  ground,  or  its  "  relief,"  i.  e. 
its  hills  and  hollows,  as  determined  by  the  art  of  '^  Levelling,"  is 
the  leading  object. 

In  Maritime  or  Hydrographical  Surveying,  the  positions  of 
rocks,  shoals  and  channels  are  the  chief  subjects  of  examination. 

In  IBning  Surveying,  the  directions  and  dimendons  of  the  sub 
terranean  passages  of  mines  are  to  be  determined. 
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(15)  Surveying  may  also  be  divided  according  to  the  extent  of 
tlie  district  surveyed,  into  Plane  and  O-eode^ic'  Geodesy  takes 
into  account  the  curvature  of  the  earth,  and  employs  Spherical 
Trigonometry.  Plane  Surveying  disregards  this  curvature,  as  a 
needless  refinement  except  in  very  extensive  surveys,  such  as  those 
of  a  State,  and  considers  the  surface  of  the  earth  as  plane,  which 
may  safely  be  done  in  surveys  of  moderate  extent. 

(16)  Land  Surveying  is  the  principal  subject  of  this  volume ; 
the  surface  surveyed  being  regarded  as  plane;  and  each  of  the 
five  Methods  being  in  turn  employed.  For  the  purposes  of  instruc- 
tion, the  subject  will  be  best  divided,  partly  with  reference  to  the 
Methods  employed,  and  partly  to  the  Instruments  used.  Accord- 
ingly, the  First  and  Second  Methods  (Diagonal  and  Perpendic- 
ular Surveying)  will  be  treated  of  under  the  title  "  Chain  Survey- 
ing," in  Part  IT.  The  Third  Method  (Polar  Surveymg)  will  be 
explained  under  the  titles  "  Compass  Surveying,"  Part  HI,  ancf 
«  Transit  and  Theodolite  Surveymg,"  Part  IV.  The  Fourth  and 
Fifth  Methods  will  be  found  under  their  own  names  of  "  Triangu- 
lar Surveying,"  and  "  Trilinear  Surveying,"  in  Parts  V  and  VI. 

(17)  In  all  the  methods  of  Land  Surveying,  there  are  three 
stages  of  operation : 

1^  Measuring  certain  lines  and  angles,  and  recording  them ; 
2P  Drawing  them  on  paper  to  some  suitable  scale ; 
3^  Calculating  the  content  of  the  surface  surveyed. 
The  three  following  chapters  will  treat  of  each  of  these  topios  in 
(heir  turn. 


16  FUNDAMENTAL  OPERATIONS.  [parc  l 

CHAPTER  IL 

MAKING  THE  MEiSPREMENTS. 

(18)  The  Measurements  which  are  required  in  Survejing,  ma^ 
be  of  lines  or  of  angles,  or  of  both ;  according  to  the  Method  em- 
ployed     Each  will  be  successively  considered. 

MEASURING  STRAIGHT  LINES. 

(19)  The  lines,  or  distances,  which  are  to  be  measured,  may  be 
either  actual  or  visual. 

Actual  lines  are  such  as  really  exist  on  the  surface  of  the  land 
CO  be  surveyed,  either  bounding  it,  or  crossing  it ;  such  as  fences, 
ditches,  roads,  streams,  &c. 

Visual  lines  are  imaginary  lines  of  sigbt,  either  temporarily 
measured  on  the  ground,  such  as  those  joining  opposite  comers  (A 
a  field;  or  simply  indicated  by  stakes  at  their  extremities  or  other- 
wise.   If  long,  they  are  "  ranged  out  '*  by  methods  to  be  given. 

Lines  are  nsually  measured  with  chains,  tapes  or  rods,  di- 
vided into  yards,  feet,  links,  or  some  other  unit  of  measurement. 

(20)  Canter's  Chain,  This  is  the  measure  most  commonly 
used  in  Land  surveying.  It  is  66  feet,  or  4  rods  long.*  Eighty 
such  chains  make  one  mile. 


Fig    8. 
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It  is  composed  of  one  hundred  pieces  of  iron  wii*e,  or  links,  each 
bent  at  the  end  into  a  ring,  and  connected  with  the  ring  at  the  end 
of  the  next  piece  by  another  ring.  Sometimes  two  or  three  rings 
are  placed  between  the  links.     The  chain  is  then  less  liable  to 

*  This  length  was  chosen  (by  Mr.  Edward  Gnnter)  because  10  square  chaini 
of  66  feet  make  one  acre,  (as  will  be  shown  in  Chapter  IV,)  and  the  computation 
of  areas  is  thus  greatly  facilitated.  For  olher  Surveying  purposes,  particularly 
for  Bail-road  work,  a  chain  of  100  feet  is  preferable.  On  the  U  jit»Ml  State* 
Coast  Survey,  the  unit  of  measurement  (which  at  some  future  time  will  be  tti<i 
vniversal  one)  is  tlie  French  Httrt^  equal  to  3.281  feet,  nearly. 
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twist  and  get  entangled,  or  ^^  kinked."  Two  or  more  swivels  aro 
also  inserted  in  the  chain,  so  that  it  may  turn  around  without  twist- 
ing. Ever}',  tenth  link  is  marked  by  a  piece  of  brass,  having  one, 
two,  three,  or  four  points,  corresponding  to  the  number  of  tens 
wUch  it  marks,  counting  from  the  nearest  end  of  the  chain.*  The 
middle  or  fiftieth  link  is  marked  by  a  round  piece  of  brass. 

The  hundredth  part  of  a  chain  is  called  a  link.t  The  great 
advantage  of  this  is,  that  since  links  are  decimal  psgrts  of  a  chain, 
they  may  be  so  written  down,  5  chains  and  43  links  being  5.43 
chains,  and  all  the  calculations  respecting  chains  and  Imks  can  then 
be  performed  by  the  common  rules  of  decimal  Arithmetic.  Each 
link  is  7.92  inches  long,  being  =  66  x  12  H-  100. 

The  following  Table  will  be  found  convenient : 


CHAINS  INTO  FEET.    | 

QHAINS. 

FEBX. 

CHAINS. 

FEET. 

0.01 

0.66 

1.00 

66. 

0.02 

1.82 

2. 

182. 

0.08 

1.98 

8. 

198. 

0.04 

2.64 

4. 

264. 

0.05 

3.80 

5. 

330. 

0.06 

3.96 

6. 

396. 

0.07 

4.62 

7. 

462. 

0.08 

6.28 

8. 

628. 

0.09 

5.94 

9. 

694. 

0.10 

6.60 

10. 

660. 

0.20 

13.20 

20. 

1320. 

0.80 

19.80 

80. 

1980. 

0.40 

26.40 

40. 

2640. 

0.50 

33.00 

50. 

8300. 

0.60 

39.60 

(JO. 

3960. 

0.70 

46.20 

70. 

4620. 

0.80 

52.80 

80. 

5280. 

0.90 

59.40 

90. 

6940. 

1.00 

66.00 

100. 

6600. 

FEET  INTO  LINKS. 

FEET. 

UXKS. 

FEET. 

UNES. 

0.10 

0.16 

10. 

15.2 

0.20 

0.30 

15. 

22.7 

0.25 

0.38 

20, 

80.8 

0.30 

0.45 

25. 

37.9' 

0.40 

0.60 

80. 

45.^ 

0.50 

0.76 

33. 

50.0 

0.60 

0.91 

85. 

53.0 

0.70 

.1.06 

40. 

60.6 

0.75 

1.13 

45. 

68.2 

0.80 

1.21 

60. 

76.8 

0.90 

1.36 

55. 

88.3 

1.00 

1.52 

60. 

90.9' 

2. 

8.0 

65. 

98.5- 

3. 

4.5 

70. 

106.1 

4. 

6.1 

75. 

113.6i 

5. 

7.6 

80. 

121.2 

6. 

9.1 

85. 

128.8 

7. 

10.6 

90. 

136.4 

8. 

12.1 

95. 

148.9* 

9. 

18.6 

100. 

151.5« 

•  To  prevent  the  very  common  mistalse,  of  calling  forty,  sixty;  or  thirty,  teventyj 
it  has  been  sagmted  to  make  the  11th,  21st,  3l8t  and  4l8t  links  of  brtt99S  whicb 
vpoald  at  once  nbovr  on  which  side  of  the  middle  of  the  chain  was  the  doubtAii 
Biark.    This  would  be  particularly  useful  in  Mining  Surveying. 

t  Thin  must  not  be  confounded  with  the  pieces  of  wire  which  have  the  samv 
Bflme,  since  one  of  ihem  is  shorter  than  the  *'  link**  used  in  calculation,  by  half  m 
fiofCf  o"  moTe»  according  to  the  way  :n  which  the  chain  is  made. 
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To  reduce  links  to  feet,  subtract  from  the  number  of  links  as 
many  units  as  it  contains  hundreds ;  multiply  the  remainder  by  2 
and  divide  by  8. 

To  reduce  feet  to  links,  add  to  the  ^ven  number  half  of  itself, 
and  add  one  for  each  hundred  (more  exactly,  for  each  ninety-nine) 
in  the  sum. 

The  chain  is  liable  to  be  lengthened  by  its  rings  being  pulled 
open,  and  to  b%  shortened  by  its  links  being  bent.  It  should  there- 
fore be  frequently  tested  by  a  carefully-measured  length  of  66  feet, 
set  out  by  a  standard  measure  on  a  flat  surface,  such  as  the  top 
of  a  wall,  or  on  smooth  level  ground  between  two  stakes,  their 
centres  being  marked  by  small  nails.  It  may  be  left  a  little  longer 
than  the  true  length,  since  it  can  seldom  be  stretched  so  as  to  be 
perfectly  horizontal  and  not  hang  in  a  curve,  or  be  drawn  out  in  a 
perfectly  straight  line.*  Distances  measured  with  a  perfectly 
accurate  chain  will  always  and  unavoidably  be  recorded  as  longer 
than  they  really  are.  To  ensure  the  chsdn  being  always  strained 
with  the  same  force,  a  spring,  like  that  of  a  spring-balance, 
is  sometimes  placed  between  one  handle  and  the  rest  of  tho 
chain. 

If  a  line  has  been  measured  with  an  incorrect  chain,  the  true 
length  of  the  line  will  be  obtained  by  multiplying  the  number  of 
chains  and  links  in  tho  measured  distance  by  100,  and  dividing  by 
the  length  of  the  standard  distance,  as  given  by  measurement  of 
it  with  the  incorrect  chain.  The  proportion  here  employed  is  this : 
As  the  length  of  the  standard  ^ven  by  the  incorrect  chain  Is  to 
the  true  length  of  the  standard.  So  is  the  length  of  the  line  given 
by  the  measurement  To  the  true  length.  Thus,  suppose  that  a 
line  has  been  measured  with  a  certain  chun,  and  found  by  it  to  be 
ten  chains  long,  and  that  the  chain  is  afterwards  found  to  have  been 
60  stretched  that  the  standard  distance,  measured  by  it,  appears  to 
be  only  99  links  long.  The  measured  line  is  therefore  longer 
dian  it  had  been  thought  to  be,  and  its  true  length  is  obtained 
by  multiplying  ten  by  100,  and  dividing  by  99. 

The  chain  used  by  the  Gnvernment  Surveyors  of  France,  which  is  10  Metres, 
or  about  half  a  Gunter's  chain  in  length,  is  made  from  one-fifth  to  two>fifths  of  ao 
inch  longer  than  the  standard.  An  inaccuracy  of  one  five  hnndredth  of  its  length 
.^  H  inches  on  aGuntrr's  chain)  is  the  utjnost  allowed  nut  to  vitiate  the  survey 
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(21)  Plus.  Ten  iron  pins  or  "  arrows,"  usually  accompany  the 
chain.*  They  are  about  a  feet  long,  and  are  made  of  stout  iron 
wire,  sharpened  at  one  end,  and  bent  into  a  ring  at  the  other. 
Pieces  of  red  and  white  cloth  should  be  tied  to  their  heads,  so  that 
they  can  be  easily  found  in  grass,  dead  leaves,  &c. 

They  should  be  strung  on  a  rmg,  which  has  a  spring  catch  to 
retain  tiiem.  Their  usual  form  is  shown  in  Fig.  9.  FJg-  9-  Fig.  lo. 
Kg-  10  shows  anotiier  form,  made  very  large,  and*  ^  ^ 

therefore  very  heavy,  near  tiie  point,  so  that  when     jj  ([ 

held  by  the  top  and  dropped,  it  may  fall  vertically. 
The  uses  of  this  will  be  seen  presently. 


I 


(22)  On  irregular  ground,  two  stout  stakes  about 
fix  feet  long  are  needed  to  put  the  forward  chain- 
man  in  line,  and  to  enable  whichever  of  the  two  is 
lowest,  to  raise  his  end  of  the  chain  4n  a  truly  vertical  line,  and  to 
strain  the  chain  straight. 

A  number  of  long  and  slender  rods  are  also  necessary  for 
'^  ranging  out "  lines  between  distant  points,  in  the  manner  to  be 
explained  hereafter ;  in  Part  11,  Chapter  V. 

(23)  How  to  Chain*  Two  men  are  required ;  a  forwavd  chain* 
main,  and  a  hind  chain-man ;  or  leader  and  follower.  The  latter 
takes  the  handles  of  the  chain  in  his  left  hand,  and  the  chain  itself 
in  his  right  hand,  and  throws  it  out  in  the  direction  in  which'  it  is  to 
be  drawn.  The  former  takes  a  handle  of  the  chain  and  one  pin  in 
his  right  hand,  and  the  other  pins  (and  the  staff,  if  used,)  in  his 
left  hand,  and  draws  out  the  chain.  The  follower  then  walks 
besdde  it,  examining  carefully  that  it  is  not  twisted  or  bent.  He 
then  returns  to  its  hinder  end,  which  he  holds  at  the  beginning  of 
the  line  to  be  measured,  puts  his  eye  exactly  over  it,  and,  by  the 
words  "  Bight,"  "  Left,"  directs  the  leader  how  to  put  his  staff, 
or  the  pin  which  he  holds  up,  "  in  line,"  so  that  it  may  seem  to 
eoTer  and  hide  the  flag-staff,  or  other  object  at  the  end  of  the  line. 

''EleTen  pms  are  sometimes  used,  one  being  of  brass.  Nine  of  iron,  with  four 
«r  eight  of  brass,  may  also  be  employed.  Their  uses  are  explained  in  Articles 
(ftS)  and  (24). 
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The  leader  all  the  whik)  keeps  the  chain  tightly  stretched,  aiid  hia 
end  of  it  touching  hia  staff.  Every  time  he  moves  the  chain,  he 
should  straighten  it  by  an  uodulaling  shake.  When  the  staff  (or 
pm)  is  at  last  put  ^^  in  line,"  the  Mower  says  ^^  Down."  Hia 
leader  then  puts  in  Hie  single  pin  precisely  at  the  end  of  the  chain, 
and  replies  ^^  Down."  The  fcAower  &ea  (and  never  before  hearing 
this  mgnal  that  the  point  is  fixed)  loosens  his  end  of  the  chain, 
retiuning  it  in  his  hand.  The  leader  draws  on  the  cham,  making 
a  step  to  one  side  of  the  pin  just  set,  to  avoid  dragging  it  out.  He 
should  keep  his  eye  steadily  on  the  object  ahead,  or,  in  a  hoUow, 
should  line  himself  approximately  by  looking  back.  The  follower 
should  count  his  steps,  so  as  to  know  where  to  ]o€k  for  the  pin  in 
high  grass,  kc.  As  he  approaches  the  pin,  he  calls  ^^  Halt."  On 
reaching  it,  be  holds  the  handle  of  the  chain  against  it,  pressing 
his  knee  against  both  to  keep  the  pin  firm.  He  then,  with  his  eye 
over  the  pin,  "  lines"  the  leader  as  beforo.  When  the  "  Down" 
kas  been  again  called  by  the  follower,  and  answered  by  the  leader, 
the  former  pulls  out  the  pin  with  the  chain-hand,  and  carries  it  in 
his  other  hand,  and  they  go  on  as  before.*  The  operation  ia 
repeated  till  the  leader  has  arrived  at  tiie  end  of  the  fine,  or  has 
put  down  all  his  pins. 

When  the  leader  has  put  down  his  tenth  pin,  he  draws  on  the 
chain  ids  length  farther,  and  after  being  lined,  puts  his  foot  on  the 
handle  to  keep  it  firm,  and  calls  ^TaUy."  The  f<^ower  then 
drops  his  end  of  the  chain,  goes  up  to  the  leader  and  gives  him 
back  all  the  pins,  both  counting  them  to  make  sure  tiiat  none  have 
been  lost.  One  pin  is  tiien  put  down  at  the  forward  end  of  the 
chfun,  and  they  go  on  as  before. 

Some  Surveyors  cause  the  leader  to  call  ^^ tally"  at  the  tenth 
pin,  and  then  exchange  pins ;  but  Uien  the  follower  has  only  the 
hole  made  by  the  pin,  or  some  other  indefinite  mark,  to  measure 
firoBi. 

Efeve%  j»ns  are  sometimes  preferred,  the  elerventh  being  of  brass, 
or  etfierwse  different  from  the  rest,  and  bemg  used  to  mark  the 

*  When  Ar  chain'!  ]eii«rth  wnnld  c*d^  in  a  ditch,  pool  of  wiiler,&c.  nnd  the  chaiiw 
men  are  afraid  of  wetting  their  feet,  thej  can  nieasnre  pait  of  a  chain,  to  the  edga 
of  the  water,  then  stretch  the  chain  acroM  it,  nnd  then  measure  another  portiov 
of  a  cha-Rir^o  that  with  the  former  portion,,  it  uvof  rn«ke  up  9  full  chaim. 
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efid  of  tbo  eleventh  chain ;  another  being  sabstitutei  for  it  before 
the  leader  goes  on. 

The  two  chain-me!!  voay  change  duties  at  each  change  of  pins, 
ff  they  are  of  equal  sldll,  but  &e  more  careful  and  intelligent  of 
two  laborers  should  generally  be  made  ^^  Mower.'' 

When  the  leader  reaches  the  end  of  the  line,  he  stops,  and  holds 
his  end  of  the  chain  against  it  The  follower  drops  his  end  and 
counts  the  Enks  beyond  the  last  pin,  noting  carefully  on  which  sido 
of  the  "  fifty  "  mark  it  comes.  Each  pin  now  held  by  the  follower, 
including  the  one  in  the  ground,  represents  1  chain ;  each  time 
^^  tally"  has  been  called,  and  ihe  pins  exchanged,  represents  10 
chains,  and  the  links  just  counted  make  up  the  total  distance. 

(24)  Tallies*  In  chaining  very  long  distances,  there  is  danger 
of  miscounting  Ihe  number  of  ^^  tallies,"  or  tens.  To  avoid  mis- 
takes, pebbles,  &c.,  may  be  changed  from  one  pocket  into  another 
at  each  change  of  pins ;  or  bits  of  leather  on  a  cord  may  be  slip- 
ped from  one  side  to  the  other ;  or  knots  tied  on  a  string ;  but  the 
best  plan  is  the  following.  Instead  of  ten  iron  pins,  use  nine  iron 
pins,  and  four,  or  eight,  or  ten  pins  of  brass,  or  very  much  longer 
tfaan  tiie  rest.  At  the  end  of  the  tenth  chain,  the  iron  pins  being 
exhausted,  a  brass  pm  is  put  down  by  tiie  leader.  The  follower 
then  comes  up,  and  returns  the  nine  iron  pins,  but  retains  the  brass 
one,  with  the  additional  advantage  of  having  tiiis  pin  to  measure 
from.  At  the  end  of  the  twentieth  chain,  the  same  operation  is 
repeated ;  and  so  on.  When  tiie  measurement  of  the  line  is  com- 
pleted, each  brass  pin  held  by  the  follower  counts  ten  chains,  and 
each  iron  pin  one,  as  before. 

(25)  iliallbig  OB  Slopes.  All  the  distances  employed  in 
Landnrarveying  must  be  measured  horizontally,  or  on  a  level ;  for 
reasons  to  be  given  in  chapter  IV.  When  the  ground  slopes,  it  is 
therefore  necessary  to  make  certain  allowances  or  corrections.  If 
the  slope  be  gentie,  hold  the  up-hill  end  of  the  chain  on  the  ground, 
ftnd  raise  the  downrhill  end  till  the  chain  is  level.  To  ensure  the 
devated  end  being  exactiy  over  the  desired  spot,  raise  it  along  a 
fitaff  kept  vertical,  or  drop  a  pin  held  by  the  pomt  with  the  xing 
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downwards,  (if  you  have  not  tho  heavy  pointed  ones  shown  in  Eg, 
10),  or,  which  is  better,  use  a  plumb-line.  A  person  standing 
beside  the  chiun,  and  at  a  litUe  distance  from  it,  can  best  tell  if  it 
be  nearly  level.  If  the  hill  be  so  steep  that  a  whole  cluun  cannot 
be  held  up  level,  use  only  half  or  quarter  of  it  at  a  time.  Great 
care  is  necessary  in  this  operation.  To  measure  down  a  steep  hi]l« 
stretch  the  whole  chun  in  line.    Hold  the  Fig.  ii. 

upper  end  fast  on  the  ground.  Bidse  up 
the  20  or  SO  link-mark,  so  that  that  portion 
of  the  chain  is  level.  Drop  a  plumb-line  or 
pin.  Then  let  the  follower  cone  forward  -^^^^^tk 
and  hold  down  that  link  on  this  spot,  and  the  leader  hold  up  an- 
other short  portion,  as  before.  Chainmg  down  a  slope  is  more 
accurate  than  chaining  up  it,  since  in  the  latter  case  the  follower 
cannot  easily  place  his  end  of  the  chain  exactiy  over  the  pm. 


(26)  AinorME($ctu:ate,  though  more  troublesome,  method,  is  to 
measure  the  angle  of  the  slope ;  and  make  the  proper  allowance 
by  calculation,  or  by  a  table,  previously  prepared.  The  correction 
bemg  found,  the  chain  may  be  drawn  forward  the  proper  number 
of  links,  and  the  correct  distance  of  the  various  points  to  be  noted 
will  thus  be  obtained  at  once,  without  any  subsequent  calculation 
or  reduction.  If  the  survey  is  made  with  the  Theodolite,  the  slope 
of  the  ground  can  be  measured  directiy.  A  ^^  Tangent  Scale,"  for 
the  same  purpose,  may  be  formed  on  the  sides  of  tiie  sights  of  a 
Compiss.    It  will  be  described  when  that  instrument  is  explamed. 

In  the  following  table,  the  first  column  conUuns  the  angle  which 
(he  surface  of  the  ground  makes  with  the  horizon;  the  second 
column  contains  its  slope,  named  by  the  ratio  of  the  perpendicular 
to  the  base ;  and  the  third,  the  correction  in  links  for  each  chain 
measured  on  the  slope,  i.  e.  the  diflference  between  the  hypothenuse, 
which  is  the  distance  measured,  and  the  horiacntal  base,  wliich  ia 
the  distaiico  desired. 
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Making  the  meaMreneits. 

TABLE  FOR  CHAINING  ON  SLOPES. 
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ANGLE. 

SLOPE. 

COBBECTION 
IS  LINKS. 

ANQLE. 

SLOPE. 

CORRECTIOIr 
IN  LINKS. 

8° 

Iml9 

0.14 

18° 

Iin4i 

2.66 

40 

linU 

0.24 

14° 

lin4 

2.97 

53 

linlli 

0.88 

15= 

lin4 

8.41 

6° 

lin    9J 

0.55 

16° 

lin8| 

3.87 

70 

lin    8 

0.75 

170 

lin  8^ 

4.87 

8= 

lin    7 

0.97 

18° 

lin8i 

4.89 

93 

lin    6^ 

1.23 

19= 

lin  3 

5.45 

103 

lin    6 

1.53 

200 

lin2| 

6.03 

IP 

lin    6J 

1.84 

26° 

lin  2 

9.37 

|l2o 

lin    4| 

2.19 

80= 

linll 

18.40 

(27)  Chaming  is  the  fundamental  operation  in  all  kinds  oi  Sur> 
veying.  It  has  for  this  reason  been  very  minutely  detailed.  The 
"follower"  is  the  most  responsible  person,  and  the  Surveyor  will 
best  ensure  his  accuracy  by  taking  that  place  himself.  If  he  has 
to  employ  inexperienced  laborers,  he  will  do  well  to  cause  them  to 
measure  the  distance  between  any  two  pouits,  and  then  remeasure 
it  in  the  opposite  direction.  The  difference  of  their  two  results 
win  impress  on  them  the  necessity  of  great  carefulness. 

To  "  do  up"  the  chain,  take  the  middle  of  it  in  the  left  hand, 
and  with  tiie  right  hand  take  hold  of  the  doubled  cham  just  beyond 
the  second  link ;  double  up  the  two  links  between  your  hands, 
and  continue  to  fold  up  two  double  links  at  a  time,  la^ong  each  pair 
obliquely  across  the  others,  so  that  when  it  is  all  folded  up,  the 
handles  will  be  on  the  outside,  and  the  chain  will  have  an  hour-glass 
shape,  easy  to  strap  up  and  to  carry. 


(28)  Tape*  Though  the  chain  is  most  usually  employed  for  the 
principal  measurements  of  Surveying,  a  tape-liney  divided  on  one 
nde  into  links,  and  on  the  other  into  feet  and  inches,  is  more  con* 
venient  for  some  purposes.  It  should  be  tested  very  frequendy, 
particularly  after  getting  wet,  and  the  correct  length  marked  on  it 
at  every  ten  feet    A  ^^  Metallic  Tape,"  less  liable  to  Fkretch«  has 
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been  recently  manufactured,  in  which  fine  Tnrca  form  its  warp. 
When  the  tape  is  being  wound  up,  it  should  be  passed  between  two 
fingers  to  prevent  its  twisting  in  the  box,  which  would  malce  it 
necessary  to  unscrew  its  nut  to  take  it  out  and  untwist  it.  While 
m  use,  it  should  be  made  portable  by  being  folded  up  by  arm's 
lengths,  instead  of  being  wound  up. 

(29)  Substitutes  for  a  chain  or  a  tape,  may  be  found  in  leather 
driving  lines,  marked  off  with  a  carpenter's  rule,  or  in  a  cord  knot- 
ted at  the  length  of  every  link.  A  well  made  rope,  (such  as  a 
"patent  wove  line,"  woven  circularly  with  the  strands  always 
straight  in  the  line  of  the  strain),  when  once  well  stretched,  wetted 
and  allowed  to  dry  with  a  moderate  strain,  will  not  vary  from  a 
chain  more  than  one  foot  in  two  thousand,  if  carefully  used. 

(80)  Rods*  When  unusually  accurate  measurements  are  re- 
qiured,  rods  are  employed.  They  may  be  of  well  seasoned  wood, 
of  glass,  of  iron,  &c.  They  must  be  placed  in  line  very  carefully 
end  to  end ;  or  made  to  coincide  in  other  ways ;  as  will  be  explaii^ 
ed  in  Part  V,  under  the  title  of  "Triangular  Surveymg,"  in 
which  the  peculiarly  accurate  measurement  of  one  line  is  required, 
as  all  the  others  are  founded  upon  it. 

(SI)  Pacing,  Sound,  and  other  approximate  means,  may  be 
used  for  measuring  the  length  of  a  line.  They  will  be  discussed* 
b  Part  IX.    The  Stadia  is  described  in  Art.  (375.) 

(82)  A  Peramhulator^  or  "  Measuring  Wheel,"  is  sometimes 
used  for  measuring  distances,  particularly  Roads.  It  consists  of  a 
wheel  which  is  made  to  roll  over  the  ground  to  be  measured,  and 
whose  motion  is  communicated  to  a  series  of  toothed  wheels  within 
the  machine.  These  wheels  are  so  proportioned,  that  the  index 
wheel  registers  their  revolutions,  and  records  the  whole  distance 
passed  over.  If  the  diameter  of  the  wheel  be  31  j^  inches,  the  cir- 
cumference, and  therefore  each  revolution,  will  be  8^  feet,  or  half 
A  rod.  The  roughnesses  of  the  road  and  the  slopes  necessarily 
cause  the  restored  distances  to  exceed  the  true  measure. 
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MEASURING  ANGLES. 

(3S)  The  angle  made  by  any  two  lines,  that  is,  the  difference 
of  their  directions,  is  measured  by  various  i^stroments,  consisting 
essentially  of  a  circle  divided  into  equal  parts,  vrith  plain  sights,  or 
telescopes,  to  indicate  the  directions  of  the  two  Imes. 

As  the  measurement  of  angles  is  not  required  for  '^  Chain  Sui>> 
veying,"  which  is  the  first  Method  to  be  discussed,  the  considera- 
tion of  this  kind  of  measurement  will  be  postponed  to  Fart  m. 

NOTING  THE  MEASUREMENTS. 
(34)  The  measurements  which  have  been  made,  whether  of 
lines,  or  of  angles,  require  to  be  very  carefully  noted  and  recorded. 
Clearness  and  brevity  are  the  points  desired.  Different  methods 
of  notation  are  required  for  each  of  the  systems  of  surveying  which 
are  to  be  explained,  and  will  therefore  be  ^ven  in  their  appropriate 
places. 


'  Wat 
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DRAWING  THE  AMP. 

(S5)  A  Map  of  a  survey  represents  the  lines  which  bound  tiie 
sorfiice  surveyed,  and  the  objects  upon  it,  such  as  fences,  roads, 
rivers,  houses,  woods,  hills,  &c.,  in  their  true  relative  dimensions 
and  poritions.  It  is  a  miniature  copy  of  the  field,  farm,  &c.,  as  it 
would  be  seen  by  an  eye  moving  over  it ;  or  as  it  would  appear,  if 
fix>m  every  point  of  its  irregular  surface,  plumb  lines  were  dropped 
to  a  level  sur&ce  under  it,  forming  what  is  called  in  geometrical 
language,  its  Jwrizordal  projection. 

(SC)  PlattiBgt  A  plat  of  a  survey  is  a  skeleton,  or  outline 
map.  It  is  a  figure  ^'  similar"  to  the  origmal,  having  all  its  angles 
equal,  and  its  sides  proportional.  Every  inch  on  it  represents  a 
G)ot,  a  yard«  a  rod,  a  mile,  or  some  other  length,  on  the  ground ; 
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an  the  measored  distances  being  diminished  in  exacUj  die  samA 
ratio. 

pLATiiNa  is  Treating  on  paper j  to  a  STnaller  scaU^  the  mea 
BuremerUs  which  have  been  made  07i  the  ground. 

Its  yarions  operations  mav  therefore  be  reduced,  in  a^^cordanc^ 
witii  the  principles  established  in  the  Fig.  is 

first  chapter,  to  two,  viz :  drawing 
a  straight  line  in  a  ^ven  direction 
and  of  a  ^ven  length ;  and  describ- 
ing an  arc  of  a  circle  with  a  radius 
whose  length  is  also  given.  The 
only  instruments  absolutely  necessary  for  this,  are  a  stral^t  ruler, 
and  a  pair  of  "  dividers,"  or  "  compasses."  Others,  however,  are 
often  convenient,  and  will  be  now  briefly  noticed. 

(17)  Straight  Lines.   These  are  usually  drawn  by  the  aid  of  a 

straight-edged  ruler.  But  to  obtain  a  very  long  straight  line  upon 
paper,  stretch  a  fine  silk  thread  between  any  two  distant  points, 
and  mark  in  its  line  various  points,  near  enough  together  to  be 
afterwards  connected  by  a  common  ruler.  The  thread  may  also 
be  blackened  with  burnt  cork,  and  snapped  on  the  paper,  as  a 
carpenter  snaps  his  chalk  line ;  but  this  is  liable  to  inaccuracies, 
from  not  raising  the  line  vertically. 

(88)  Ares*  The  arcs  of  circles  used  in  fixing  the  position  of  a 
point  on  paper,  are  usually  described  with  compasses,  one  leg  of 
which  carries  a  pencil  point.  A  convenient  substitute  is  a  strip 
of  pasteboard,  through  one  end  of  which  a  fine  needle  is  thrust  into 
the  given  centre,  and  through  a  hole  in  which,  at  the  desired  difr 
tance,  a  pencil  point  is  passed,  and  can  thus  describe  a  circle  about 
the  centre,  the  pasteboard  keeping  it  always  at  the  proper  distance. 
A.  string  is  a  still  readier,  but  less  accurate,  instrument. 

(S9)  Parallels*  The  readiest  mode  of  drawing  parallel  lines 
IB  by  the  aid  of  a  triangular  piece  of  wood  and  a  ruler.    Let  AB 
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Fig.  14. 


be  tiho  line  to  which  a  parallel  is  to 
be  drawn,  and  C  the  point  throu^ 
which  it  must  pass.  Place  one 
side  of  the  triangle  against  the 
line,  and  place  the  ruler  agamst 
another  side  of  the  triangle.  Hold 
the  ruler  firm  and  immoyable,  and 
slide  the  triangle  along  it  till  the  side  of  the  triangle  which  had  coin- 
cided with  the  ^ven  line,  passes  through  the  given  point.  This 
side  will  then  be  parallel  to  that  ^ven  line,  and  a  line  drawn  bj 
it  win  be  the  line  required. 

Another  easy  method  of  drawing  parallels,  is  by  means  of  a  T 
square,  an  instrument  very  valuaUe  for  many  other  purposes.  It 
IB  nothing  but  a  ruler  let  into  a  thicker  piece  of  wood,  very  truly 
at  right  an^es  to  it.  For  this  use  of  it,  one  side  of  the  cross-piece 
must  be  even,  or  ^^  flush,"  with  the  ruler.  To  use  it,  lay  it  on  the 
paper  so  that  one  edge  of  the 
ruler  coincides  with  the  ^ven  line 
AB.  Place  another  ruler  agidnst 
(he  cross-piece,  hold  it  firm,  and 
slide  the  T  square  along,  till  its 
edge  passes  through  the  g^ven 
point  C,  as  shown  by  the  lower 
part  of  the  figure.  Then  draw 
by  this  edge  the  desired  line  paral- 
lel to  the  given  line. 

(40)  PerpendtCHlarSi  These  may  be  drawn  by  the  various 
problems  given  in  Geometry,  but  more  readily  by  a  triangle  which 
has  one  right  angle.    Place  the  longest  ^ig-  ^^• 

nde  of  the  triangle  on  the  ^ven  line, 
and  place  a  ruler  against  a  second  side 
of  the  trian^e.  Hold  the  ruler  fast, 
and  turn  the  triangle  so  as  to  bring  its 
third  side  against  the  ruler.  Then  will 
the  long  side  be  perponcUcular  to  the 
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^yen  lino.  By  alidmg  the  triangle  along  the  ruler,  it  may  b« 
used  to  draw  a  perpendicular  from  any  point  of  the  line*  or  from 
any  point  to  the  line. 

(41)  Algles.  These  are  uost  ea^y  set  out  mth  an  instru- 
ment called  a  Protractor,  usually  a  semi-circle  of  brass.  But  the 
description  of  its  use,  and  cf  the  other  and  more  accurate  modes 
of  laying  off  angles,  will  be  postponed  till  they  are  needed  in  Pari 
III,  Chapter  IV. 

(42)  Drawing  to  Scale*  The  operation  of  drawing  on  paper 
Bnes  whose  length  shall  be  a  half,  a  quarter,  a  tenth,  or  any  other 
fraction,  of  the  lines  measured  on  the  ground,  is  called  ^^  Drawing 
to  Scale." 

To  set  off  on  a  line  any  ^ven  distance  to  any  required  scale, 
determine  the  number  of  chains  or  links  which  each  division  of 
the  scale  of  equal  parts  shall  represent.  Divide  the  given  distance 
by  this  number.  The  quotient  will  be  the  number  of  equal  parts 
to  be  taken  in  the  dividers  and  to  be  set  off. 

For  example,  suppose  the  scale  of  equal  parts  to  be  a  common 
carpenter's  rule,  divided  into  inches  and  eighths.  Let  the  given 
distance  be  twelve  chains,  which  is  to  be  drawn  to  a  scale  of 
two  chains  to  an  inch.  Then  six  inches  will  be  the  distance  to  be 
set  off.  If  the  given  distance  had  been  twelve  chains  and  sevenlr^ 
five  links,  the  distance  to  be  set  off  would  have  been  six  inches 
and  throe-eighths,  since  each  eighth  of  an  inch  represents  25  links. 

If  the  desired  scale  were  three  chains  to  an  inch,  each 
eighth  of  an  inch  would  represent  87  J  links ;  and  the  distance 
of  1275  links  would  be  represented  by  thirty-four  eighths  of  an  inch, 
or  4^  inches. 

A  similar  process  will  ^ve  the  correct  length  to  be  set  off  for 
any  distance  to  any  scale. 

If  the  scale  used  had  been  divided  into  inches  and  tenths,  as  is 
much  the  most  convement,  the  above  distances  would  have  become 
on  the  former  scale  6,^^  mches,  or  nearly  6^  inches ;  and  on  the 
latter  scale  4^^/^  inches,  coming  midway  between  the  2d  and  8d 
tenth  of  an  inch. 


aiAP.  1X1.]  Drawiif  tke  Hap, 

(48)  Convenely^  to  find  the  real  length  of  a  Ime  draim  on 
paper  to  any  known  scale,  reverse  the  preceding  operation.  Take 
the  length  of  the  line  in  the  dividers,  apply  it  to  the  scale,  and 
count  how  many  equal  parts  it  includes.  Multiply  their  number 
by  the  number  of  chains  or  links  which  each  represents,  and  the 
product  will  be  the  desired  length  of  the  line  on  the  ground. 

Thb  operation  and  the  precedii^  one  are  greatly  facilitated  by 
the  use  of  the  scales  to  be  described  in  Art.  (48) 

(44)  Scales*  The  choice  of  the  scale  to  which  a  plat  should  be 
drawn,  that  is,  how  many  times  smaller  its  lines  shall  be  than  those 
which  have  been  measured  on  the  ground,  is  determined  by  seyeral 
considerations.  The  chief  one  is,  that  it  shall  be  just  large  enough 
to  express  clearly  ail  the  details  which  it  is  desirable  to  know.  A 
Fann  Survey  would  require  its  plat  to  show  every  field  and  build- 
ing. A  State  Survey  would  show  only  the  towns,  rivers,  and  lead- 
ing roads.  The  size  of  the  paper  at  hand  will  also  limit  the  scale 
to  be  adopted.  If  the  content  is  to  be  calculated  from  the  plat» 
that  will  forbid  it  to  be  less  than  S  chains  to  1  inch. 

Scales  are  named  in  various  ways.  Thetf  sJunUd  always  he 
t3^e$Bed  fractionally;  i.  e.  they  should  be  so  named  as  to  indicate 
what  fractional  part  of  the  real  line  measured  on  the  ground,  the 
representative  line  drawn  on  the  paper,  actually  is.  When  custom 
requires  a  different  way  of  naming  the  scale,  both  should  be  given. 
It  would  be  still  better,  if  the  denominator  could  always  be  some 
power  of  10,  or  at  least  some  multiple  of  2  and  5,  such  as  7^, 
ri^'i  7S1569  7sW»  ^^*  ^^^  convenience  in  printing,  these  may  be 
written  thus :  1 :  500, 1 :  1000, 1 :  2000, 1 :  2500,  &c. 

Plats  of  Fann  Surveys  are  usually  named  as  being  so  many 
chains  to  an  inch. 

Maps  of  Surveys  of  States  are  generally  named  as  being  made 
to  a  scale  of  so  many  miles  to  an  inch. 

Maps  of  SaHrToad  Surveys  are  said  to  be  so  many  feet  to  an 
inch,  or  so  many  inches  to  a  mile. 

(4f  )  Farm  Svireys*  If  these  are  of  small  extent,  two  chains 
to  one  inch  (which  is  =  j^t^ji,  "^'^"^  ^  - 1584)  is  convenienl 
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A  scale  of  one  chain  to  one  inch  (1: 792)  is  useful  for  plans  of  build 
ings.  Three  chains  to  one  inch  (1 :  2S76)  is  suitable  for  larger 
forms.  It  is  the  scale  prescribed  by  the  English  Tithe  Conunis- 
doncrs  for  their  first  class  maps. 

In  France,  the  Cadastre  Surreys  are  lithographed  on  a  scale 
about  equivalent  to  this,  being  1 :  25U0.  The  original  plana  are 
drawn  to  a  scale  of  1 :  5000.  Plans  for  the  division  of  property 
are  made  on  the  former  scale.  When  the  district  exceeds  8000 
acres,  the  scale  is  1 :  10,000.  When  it  exceeds  7,500  acres,  the 
scale  is  1 :  20,000.  A  common  scale  in  France  for  small  surveys 
is  1 :1000;  about  1^  chains  to  1  inch. 

:FiK.  !«•    - 
OISTE  ACHE 
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The  choice  of  the  most  suitable  scale  for  the  plat  of  a  farm  sur 
vey,  may  be  facilitated  by  the  Figure  given  above,  which  shows 
the  actual  space  occupied  by  one  acre^  (the  customary  unit  of  land 
measure),  laid  out  in  the  form  of  a  square,  on  maps  drawn  to  the 
various  scales  named  in  the  figure. 


CHAP.  III.]  Drawing  the  «llapt  31 

(16)  State  Sarveys*  On  these  surveys,  smaller  scales  are 
necessarily  employed. 

On  the  admirable  United  States  Coast  Survey,  all  the  scales 
are  expressed  fractionally  and  decimally.  "The  surveys  are 
generally  platted  originally  on  a  scale  of  one  to  ten  or  twenty  tliou- 
sand,  but  in  some  instances  the  scale  is  larger  or  smaller. 

GUiese  ori^Goal  surveys  are  reduced  for  engraving  and  publica- 
tion, and.  when  issued,  are  embraced  in  three  general  classes.  1^, 
small  Harbor  charts ;  2^,  charts  of  Bays,  Sounds,  and  3^,  of  the 
Coast  General  Charts. 

The  scales  of  the  first  class  vary  from  1:10,000  to  1:60,000, 
according  to  the  nature  of  the  Harbor  and  the  different  objects  to 
be  repvesented. 

Where  there  are  many  shoals,  rocks,  or  other  objects,  as  in 
Nantucket  Harbor  and  Hell-Gate,  or  where  the  importance  of  the 
harbor  makes  it  necessary,  a  larger  scale  of  1 : 5,000, 1 :  10,000, 
and  1 :  20,000  is  used.  But  where,  from  the  size  of  the  harbor, 
or  its  ease  of  access,  a  smaller  one  will  point  out  every  danger  with 
sufficient  exactness,  the  scales  of  1:40,000  and  1:60,000  are 
used,  as  in  the  case  of  New-Bedford  Harbor,  Cat  and  Ship  Island 
Harbor,  New-Haven,  &c. 

The  scale  of  the  second  class,  in  consequence  of  the  large  areas 
to  be  represented,  is  usually  fixed  at  1 :  80,000,  as  in  the  case  of 
New- York  Bay,  Delaware  Bay  and  Biver.  Preliminary  charts, 
however,  are  issued,  of  various  scales  from  1 :  80,000  to  1 :  200,000. 

Of  the  third  class,  the  scale  is  fixed  at  1:400,000,  for  the 
General  Chart  of  the  Coast  from  Gay  Head  to  Cape  Henlopen, 
although  considerations  of  the  proximity  and  importance  of  points 
on  the  coast,  may  change  the  scales  of  charts  of  other  portions  of 
our  extended  coast."* 

The  National  Survey  of  Cheat  Britain  is  called,  from  the  corps 
employed  on  it,  the  "  Ordnance  Survey." 

The  "  Ordnance  Survey"  of  the  southern  counties  of  England 
was  platted  on  a  scale  of  2  inches  to  1  mile,  (1:31,680),  and 
reduced  for  publication  to  that  of  one  inch  to  a  mile,  (1: 63,360). 
The  scale  of  6  inches  to  a  mile  (1 :  10,560)  was  adopted  for  the 

*  Communicated  from  the  U.  S.  Coast  Sarvey  ofUce. 
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northern  counties  of  England  and  for  tho  soutihem  counties  of  Scot- 
land. The  same  scale  was  employed  for  platting  and  engraving  in 
outline  the  ^^  Ordnance  Survey"  of  Ireland.  But  a  map  on  a 
scale  of  1  inch  to  1  mile  (1 :  63,360)  is  about  to  be  published,  the 
former  scale  rendering  the  maps  too  unwieldy  and  cumbrous  for 
consultation. 

The  Ordnance  Survey  of  Scotland  was  at  first  platted  on  a  scale 
of  six  inches  to  one  mile,  (1 :  10,560).  That  scale  has  since  been 
abandoned,  and  it  is  now  platted  on  a  scale  of  two  inches  to  1  mile, 
(1 :  31,680),  and  the  general  maps  are  made  to  only  half  that  scale. 

The  Ordnance  Survey  scale  for  the  maps  of  London  and  other 
largo  towns,  is  5  feet  to  1  mile,  (1 :  1056),  or  1}  chains  to  one  inch. 

In  tho  "  Surveys  under  the  Public  Health  act'*  of  England, 
the  scale  for  the  general  plan  is  two  feet  to  one  mile,  (1 : 2,640)  ; 
and  for  the  detailed  plan,  ten  feet  per  mile,  (1 :  528),  or  two-thirds 
of  a  chain  per  inch. 

The  Grovemment  Survey  of  France  is  platted  to  a  scale  of 
1:20,000.  Copies  are  made  to  1:40,000;  and  the  maps  are 
engraved  to  a  scale  of  1 :  80,000,  or  about  |  inch  to  1  mile. 

Cassini's  famous  map  of  France  was  on  a  scale  of  1 :  86,400. 

The  French  War  Department  employ  the  scales  of  1 :  10,000 ; 

1 :  20,000 ;  1 :  40,000 ;  and  1 :  80,000  ;  for  the  topography  of 
France. 

(47)  Ratl-roa4  Surveys.  For  these  the  New-York  General 
Rail-road  Law  of  1850  directs  the  scale  of  maps  which  are  to  be 
filed  in  the  State  Engineer's  Office,  to  be  five  hundred  feet  to  one- 
tenth  of  a  foot,  (=  1 :  5000.) 

For  the  New-York  Canal  Maps  a  scale  of  2  chains  to  1  inch 
(1 :  1584)  is  employed. 

The  Parliamentary  *<  standing  orders*'  prescribe  the  plans  of 
Hail-roads,  prepared  for  Parliamentary  purposes,  to  be  made  on  a 
scale  of  not  less  than  4  inches  to  the  mile,  (1 :  15840) :  and  the 
enlarged  portions  (as  of  gardens,  court-yards,  &c.)  to  be  on  a  scale 
not  smaller  than  400  feet  to  the  inch,  (1 :  4800.)  Accordingly 
the  practice  of  English  Railway  Engineers  is  to  draw  the  whole 
plan  to  a  scale  of  6  chains,  or  396  feet  to  the  inch,  (1 :  4752^  as 
being  just  within  the  Parliamentary  limits. 


CHAP.    III.] 


Drawing  the  Map. 
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In  France,  the  Engmeers  of  '^  Bridges  and  Beads"  (Corps  des 
Fonts  et  Ghanssees)  employ  for  the  general  plan  of  a  road  a  scale 
of  1 :  5000,  and  for  appropriations  1 :  600. 


(48)  In  the  United  States  Engineer  service,  the  following  scales 
are  prescribed : 

Ueueral  plans  of  buildings,  1  inch  to  10  feet,  (1;120). 

Maps  of  ground,  with  horizontal  carves  one  foot  apatt,  1  inch  to  50  feet,  (1 :600^ 

Topographical  maps,  one  mile  and  a  half  sqaare,  2  feet  to  one  mile,  (1 : 2,640). 

Do.  comprising  three  miles  square,  1  foot  to  one  mile,  (1:5,280). 

Do.  between  four  and  eight  miles  sqaare,  6  inches  to  one  mile,  (1 :  10,360). 

Do.  comprising  nine  miles  sqaare,  4  inches  to  one  mile,  (1 :  15,840). 

Maps  not  exceeding  24  miles  square,  2  inches  to  one  mile,  (1 :  31,680). 

Maps  comprising  50  miles  square,  1  inch  to  one  mile,  (1:63,360). 

Maps  comprising  100  miles  square,  ^  inch  to  one  mile,  (1;  126,720.) 

Surveys  of  Roads,  Canals,  &.C.,  1  inch  to  50  feet,  (1 :  600). 

(49)  The  most  convenient  scales  of  equal  parts  are  those  of  box- 
wood, or  ivory,  which  have  a  fiducial  or  feather  edge,  along  which 
thej  are  divided,  so  that  distances  can  be  at  once  marked  off  from 
this  edge,  without  requiring  to  be  taken  off  with  the  dividers  ;  or 
the  length  of  a  ^ven  line  can  be  at  once  read  off.  Box-wood  is 
preferable  to  ivory  as  much  less  liable  to  warp,  or  to  vary  in  length 
with  changes  in  the  moisture  in  the  air. 

The  student  can,  however,  make  for  himself  platting  scales  ol 
drawing  paper,  or  Bristol  board.  Cut  a  straight  strip  of  this  mate- 
rial, about  an  inch  wide.     Draw  a  line  through  its  middle,  and  set 

Fiff.  17. 
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off  on  it  a  number  of  equal  parts,  each  representing  a  chain  to  the 
desdred  scale.  Sub-divide  the  left  hand  division  into  ten  equal 
parts,  each  of  which  will  therefore  represent  ten  links  to  this  scale. 
Through  each  point  of  division  on  the  central  line,  draw  (with 
the  T  square)  perpendiculars  extending  to  the  edges,  and  the 
Bcale  is  made.  It  explsdns  itself.  The  above  figure  is  a  scale,  of 
2  chains  to  1  inch.     On  it  the  distance  220  links  would  extend 
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between  the  arrow-heads  above  the  line  in  the  figure ;  560  links 
extends  between  the  lower  arrow-heads,  &c. 

A  paper  scale  has  ttie  great  advantage  of  varying  less  from 
a  plat  which  has  been  made  by  it,  in  consequence  of  changes 
in  the  weather,  than  any  other.  The  mean  of  many  trials 
showed  the  difference  between  such  a  scale  and  drawing  paper, 
when  exposed  alternately  to  the  damp  open  atmosphere,  and  to  the 
air  of  a  warm  dry  room,  to  be  equal  to  .005,  while  that  between 
box-wood  scales  and  the  paper  was  .012,  or  nearly  2^  times  as 
much.     The  difference  with  ivory  would  have  been  even  greater. 

Some  of  the  more  usual  platdng  scales  are  here  given  in 
their  actual  dimensions. 

In  these  five  figures,  different  methods  of  drawing  the  scales 
have  been  given,  but  each  method  may  be  applied  to  any  scale. 
The  first  and  second,  being  the  most  simple,  are  generally  the  best. 
In  the  third  the  subdivisions  are  made  by  a  diagonal  line :  the 
distances  between  the  various  pairs  of  arrow  heads,  beginning  with 
the  uppermost,  are,  respectively,  810,  540,  and  270  links. 

Fig.  18.     Scale  of  1  chain  to  1  inch. 
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Fig.  19.     Scale  of  2  ehaim  to  1  inch. 
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Fig.  20.     ScaU  of  3  chains  to  1  indi, 
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In  ike  fourth  figure  the  distances  between  the  arrow  heads  are 
respectively  810,  270,  and  540  Imks. 

Fig.  21.     Scale  of  4  chaint  to  1  inch. 
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Drawing:  the  Mapi 
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In  the  fifth  figure  the  scale  of  5  chains  to  1  inch  is  subdivided 
diagonaUj  to  only  eyery  quarter  chain,  or  25  links.  The  distance 
between  the  upper  pair  of  arrow-heads  on  it  is  12^  chains,  or  12.26 ; 
between  the  next  pair  of  arrow-heads,  it  is  6.50 ;  and  between  the 
lower  pjdr,  14.75. 

Fig.  23.    Scale  of  5  ckmns  to  1  inch,.    ^' 
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A  diagonal  scale  for  dividing  an  inch,  or  a  half  inch,  into  100 
equal  parta,  is  found  on  the  "  Plain  scale"  in  every  case  of  instru- 
ments. 


(5C)  Ternlcr  Scale.  This  is  an  ingenious  substitute  for  the 
diagonal  scale.  The  one  given  in  the  following  figure  divides  an 
inch  into  100  equal  parts,  and  if  each  inch  be  supposed  to  represent 
a  chain,  it  gives  single  links. 
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Make  a  scale  of  an  inch  divided  into  tenths,  as  in  the*  upper 
scsde  of  the  above  figure.  Take  in  the  dividers  eleven  of  these 
divisions,  and  set  off  this  distance  from  the  0  of  the  scale  to  the 
left  of  it.  Divide  the  distance  thus  set  off  into  10  equal  parts. 
Eacb  of  them  will  be  one  tenth  of  eleven  tenths  of  one  inch ;  i.  e. 
eleven  hundredths,  or  a  tenth  and  a  hundredth,  and  the  first  di- 
vision on  the  short,  or  vernier  scale,  will  overlap,  or  be  longer  than 
the  first  division  on  the  long  scale,  by  just  orv^  hundredth  of  an 
inch ;  the  second  division  will  overlap  two  hundredths,  and  so  on. 
The  principle  will  be  more  fully  developed  in  treating  of  "  Verniers," 
Part  IV,  Chapter  II. 

Now  suppose  we  wish  to  take  off  from  this  scale  275  hundredths 
of  an  inch.  To  get  the  last  figure,  we  must  take  five  divisions  on 
the  lower  scale,  which  will  be  55  hundredths,  for  the  reason  just 
given.     220  will  remain  which  are  to  be  taken  from  the  upper 
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Bcale,  and  the  entire  number  will  be  obtained  at  once  by  extending 
the  divideiB  between  the  arrow-heads  in  the  figure  from  220  on  the 
upper  scale  (measuring  along  its  lower  mde)  to  55  on  the  lower  scale, 
254  would  extend  fiom  210  on  the  upper  scale  to  44  on  the  lower. 
S18  would  extend  from  230  <m  the  upper  scale  to  88  on  the  lower. 
Always  begb  then  with  subtracting  11  times  the  last  figure  from 
the  given  number ;  find  the  remainders  on  the  upper  scale,  and 
the  number  subtracted  on  the  lower  scale. 

(51)  A  plat  is  sooietimes  made  by  a  rxnunaJIy  reduced  scale 
in  the  following  manner.  Suppose  that  the  scale  of  the  plat  is  to 
be  ten  chains  to  one  inch,  and  that  a  diagonal  scale  of  inches,  divided 
into  tenths  and  hundredths,  is  the  only  one  at  hand.  By  dividing 
all  the»distances  by  ten,  this  scale  can  then  be  used  without  any 
further  reduction.  But  if  the  content  is  measured  from  the  plat 
to  the  same  scale,  in  the  manner  explained  in  the  next  chapter,  the 
result  must  be  multiplied  by  10  times  10.  This  is  called  by  old 
Surveyors  "  Raising  the  scale,"  or  "  Restoring  true  measure." 

(52)  Sectoral  Scales.     The   Sector ^   (called  by  the  French 

'^  Compass  of  Proportion"),  is  an  instrument  sometimes  convenient 
for  obtaining  a  scale  of  equal  parts.  It  is  in  two  portions,  turning 
on  a  hinge,  like  a  carpenter's  pocket  rule.  It  contains  a  great 
number  of  scales,  but  the  one  intended  for  this  use  is  lettered  at;  its 
ends  L  in  English  instruments,  and  consists  of  two  lines  running 
from  ihe  centre  to  the  ends  of  the  scale,  and  each  divided  into  ten 
equal  parts,  each  of  which  is  again  subdivided  into  10,  so  that  each 
leg  of  the  scale  cont^ns  100  ^'g-  ^4. 

equal  parts.     To  illustrate 
its  use,  suppose  that  a  scale 
of  7  chains  to  1  inch  is  re- 
quired.   Take  1  inch  in  the     /Vj^x^^^^^""*^       ' 
dividers,  and  open  the  sec-     V^^^^^^^?.^  i 

tor  till  this  distance  will  just      ^'■"^*^^^^'''^^$:5::>.J 
reach  from  the  7  on  one  leg 
to  the  7  on  the  other.     The 
sector  is  then  ^<  aet "  for  this 
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0eale,  and  the  angle  of  its  opening  must  not  be  again  chaiigcd. 
17ow  let  a  distance  of  580  links  be  required.  Open  the  dividers 
till  they  reach  firom  58  to  58  on  the  two  legs,  as  in  the  dotted  line 
in  the  figure,  and  it  is  the  required  distance.  Again,  suppose  tliat 
i^scale  of  2^  chains  to  one  inch  is  desired.  Open  the  sector  so 
that  1  inch  shall  extend  from  25  to  25.  Any  oilier  scale  may  be 
obtained -in  the  same  manner. 

Conversely,  the  length  of  any  known  line  to  any  desired  scale 
ean  thus  be  readily  determined. 

(53)  Whatever  scale  may  be  adopted  for  platting  the  survey,  it 
should  be  drawn  on  the  map,  both  for  convenience  of  reference, 
and  in  order  that  the  contraction  and  expansion,  caused  by  changes 
in  the  quantity  of  moisture  in  the  atmosphere,  may  affect  &e  scale 
and  the  map  alike.  When  the  drawing  paper  has  been  wet  and 
^ued  to  a  board,  and  cut  off  when  the  map  is  completed,  its  con- 
tractions have  been  found  by  many  observations  to  average  &om 
one-fourth  to  one-half  per  cent,  on  a  scale  of  3  chains  to  an  inch, 
(1:2876),  which  would  therefore  require  an  allowance  of  from 
one-half  perch  to  one  perch  per  acre. 

A  scale  made  as  directed  in  Art  (49),  if  used  to  make  a  plat 
on  unstretched  paper,  and  then  kept  with  the  plat,  will  answer 
nearly  the  same  purpose. 

Such  a  scale  may  be  attached  to  a  map,  by  slipping  it  through 
two  or  three  cuts  in  the  lower  part  of  the  sheet,  and  will  be  a  very 
convenient  substitute  for  a  pair  of  dividers  in  measuring  any  dis- 
tance upon  it. 

(54)  Scale  omitted*  It  may  be  required  to  find  the  unknown 
scale  to  which  a  given  map  has  been  drawn,  its  superficial  content 
being  known.  Assume  any  convenient  scale,  measure  the  Imes 
of  the  map  by  it,  and  find  the  content  by  the  methods  to  be  ^ven 
in  the  next  chapter,  proceeding  as  if  the  assumed  scale  were  tho 
true  one.  Then  make  this  proportion,  founded  on  the  geometrical 
principle  that  the  areas  of  similar  figures  are  as  the  squares  of  their 
corresponding  sides :  A$  the  content  found  ia  to  the  given  content 
So  18  ike  square  of  the  assumed  scale  To  the  square  of  the  true  scalot 


18 


FVIVDAMEKTAL  OPERATIOHS. 


[risT  I 


.«i'0''' 


V. 


■«  • 


CHAPTER  IV. 


/.•• 


'      "  CALCVLiTING  THE  CONTENT. 

(55)  The  Content  of  a  piece  of  ground  is  Its  superficial  area^ 
or  the  number  of  square  feet,  yards,  acres,  or  miles  lyhich  it 
contains. 


(56)  Horizontal  MeasHrenieiit,  All  ground,  however  inclined 
or  uneven  its  surface  may  be,  should  be  measured  horizontally,  or 
as  if  brought  down  to  a  horizontal  plane,  so  that  the  surface  of  a 
hill,  thus  measured,  would  give  the  same  content  as  the  level  base 
on  which  it  may  be  supposed  to  stand,  or  as  the  figure  which  would 
be  formed  on  a  level  surface  beneath  it  by  dropping  plumb  Imea 
from  every  point  of  it. 

Tliis  method  of  procedure  is  required  for  both  Geometrical  and 
Social  reasons. 

0-eometricallyy  it  is  plain  that  this  horizontal  measurement  is 
absolutely  necessary  for  the  purpose  of  obtaining  a  correct  plat. 
In  Rg.  25,  let  ABCD,  and  BCEF, 
be  two  square  lots  of  ground,  platted 
horizontally.  Suppose  the  ground  to 
slope  in  all  directions  from  the  point 
0,  wluch  is  the  summit  of  a  hill. 
Then  the  lines  BC,  DC,  measured  on 
the  slope),  are  longer  than  if  measur- 
ed on  a  level,  and  the  field  ABCD, 
of  Fig.  25,  platted  with  these  long 
lines,  would  take  the  shape  AB6D 
m  Fig.  26 ;  and  the  field  BCEF, 
of  Rg.  25,  would  become  BHEF  of 
Fig.  26.  The  two  adjoining  fields  would  thus  overlap  each  other ; 
and  the  same  difficulty  would  occur  in  every  case  of  platting  any 
two  adjoining  fields  by  the  measurements  made  on  tlie  slope. 


Fig.  26. 
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Fig.  27. 


Fig.  28. 


Let  US  suppose  anoiiher  case, 
more  simple  than  wOuld  ever  oc- 
cur in  practice,  that  of  a  three- 
sided  field,  of  equal  sides  and 
composed  of  three  portions  each 
doping  down  uniformlj,  (at  the 
rate  of  one  to  one)  from  one  point  in  the  centre,  as  in  "Fig.  27. 
Each  slope  being  accurately  platted,  the  three  could  not  come 
together,  but  would  be  separated  as  in  Fig.  28. 

We  have  here  taken  the  most  simple  cases,  those  of  uniform 
slopes.  But  with  the  common  irregularities  of  uneven  ground,  to 
measure  its  actual  surface  would  not  only  be  improper,  but  impos- 
sible. 

In  the  Social  aspect  of  this*question,  the  horizontal  measurement 
is  justified  by  the  fact  thattno  more  houses  can  be  built  on  a  hill 
than  could  be  built  on  its  flat  base ;  and  tliat  no  more  trees,  com, 
or  other  plants,  which" shoot  up  vertically,  can  grow  on  it;  as  is 
represented  by  the  vertical  lines  in  the  Fig.  29. 

Egure.*  Even  if  a  side  hill  should  pro- 
duce more  of  certain  creeping  plants,  the 
increased  difficulty  in  their  cultivation  might  perhaps  balance  this. 
For  this  reason  the  surface  of  the  soil  thus  measured  is  sometimes 
called  the  productive  hose  of  the  ground. 

Agm,  a  piece  of  land  containing  a  hiU  and  a  hollow,  if  measiu*ea 
on,  the  surface  would  give  a  larger  content  than  it  would  after  the 
hollow  had  been  filled  up  by  the  hill,  while  it  would  yet  really  be 
of  greate*  value  than  before. 

Horizontal  measurement  is  called  the  '^  Method  of  Cultellation," 
and  Superficial  measurement,  the  ^^  Method  of  Developement."! 

An  act  of  the  State  of  New-York  prescribes  that  "  The  acre,  for 
land  measure,  shall  be  measured  horizontally." 

*  This  qaestion  is  more  than  two  thousand  years  old,  for  Folybias  writes, 
'Some  even  of  those  who  are  employed  in  the  administration  of  states,  or  placed 
mt  the  head  of  armies,  imagine  that  unequal  and  hilly  ground  will  contain  more 
booses  than  a  snrface  which  is  flat  and  level.  This,  however,  is  not  the  truth.* 
For  the  houses  being  raised  in  a  vertical  line,  form  nght  angles,  not  with  the  do* 
oiivity  of  the  ground,  but  with  the  flat  surface  which  lies  below,  and  upon  which 
the  hills  themselves  also  stand." 

t  The  foiTDer  from  CuUellunty  a  knife,  as  if  the  hills  were  sliced  ofi*;  the  latter 
•o  named  because  it  strips  ofi*  or  unfolds,  as  it  were,  the  surface. 
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(57)  PnU  of  Content.  The  Aa  e  is  the  unit  of  land-measure^ 
ment.  It  contains  4  Eoods.  A  Itood  contains  40  Perches.  A 
Perch  k  a  square  Rod ;  otherwise  called  a  Perch,  or  Pole.  A 
Bod  is  5^  yards,  or  16^  feet. 

Hence,  1  acre  =  4  Roods  ==  160  Perches  =  4,840  squara 
yards  =  43,560  square  feet. 

One  square  mile  =  6280  x  5280  feet  =  640  acres. 

Since  a  chain  is  66  feet  long,  a  square  chain  contuns  4856 
square  feet ;  and  consequently  ten  square  chains  make  one  acre* 

In  different  parts  of  England,  the  acre  varies  greatly.  The 
statute  acre,  as  in  the  United  States,  contains  160  square  perches 
of  16^  feet,  or  43,560  square  feet.  The  acre  of  Devonshire  and 
Somersetshire,  contains  160  perches  of  15  feet,  or  36,000  square 
feet.  The  acre  of  Cornwall  is  160  perches  of  18  feet,  or  51,840 
square  feet.  The  acre  of  Lancashire  is  160  perches  of  21  feet,  or 
70,560  s(|uare  feet.  The  acre  of  Cheshire  and  Staffordshire,  is 
160  perches  of  24  feet,  or  92,160  square  feet.  The  acre  of  Wilt- 
shire is  120  porches  of  16|  feet,  or  32,670  square  feet.  The  acre 
in  Scotland  consists  of  10  square  chiuns,  each  of  74  feet,  and  there- 
fore contains  54,760  square  feet.  The  acre  in  Ireland  is  the 
same  as  the  Lancashire.    The  chain  is  84  feet  long. 

The  French  units  of  land-measure  are  the  Are  =  100  square 
MetreSy  ==  0.0247  acre,  =  one  fortieth  of  an  acre,  nearly ;  and  the 
Hectare  =  100  Ares  =  2.47  acres,  or  nearly  two  and  a  half. 
Their  old  land-measures  were  the  '^  Arpent  of  Paris,"  containing 
36,800  square  feet;  and  the  "  Arpent  of  Waters  and  Woods," 
containing  55,000  square  feet. 

(58)  When  the  content  of  a  piece  of  land  (ohtjuned  by  any  of 
the  methods  to  be  explained  presently)  is  given  in  square  links,  as 
is  customary,  cut  off  four  figures  on  the  right,  (i.  e.  divide  by 
10,000),  to  get  it  into  square  chains  and  decimal  parts  of  a  chain ; 
cut  off  the  right  hand  figure  of  the  square  chains^  and  tlie  remain- 
ing figures  will  be  Acres.  Multiply  the  remainder  by  4,  and  the 
figure,  if  any,  outside  of  the  new  decimal  pomt  will  be  Moods. 

•  Let  the  young  itudent  beware  of  confounding  IC  «qnare  chains   with  10 
chains  square.    The  former  make  one  acre ;  the  latter  space  contuius  ten  acrea 
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Multiply  the  remainder  by  40,  and  the  outside  figures  thU  be 
Perches.    The  nearest  round  number  is  usually  taken  for  the 
Porches ;  fractions  less  than  a  half  perch  being  disregarded.* 
Thus,  86.22  square  chains  =  8  Acres  2  Roods  20  Perches. 


Also,  64.1818 

do. 

=  6  A. 

IE. 

27  P. 

«     43.7564 

do. 

—  4  A. 

IR. 

20  P. 

"     71.1055 

do. 

=  7  A. 

OR. 

18  P. 

«     82.50 

do. 

—  8  A. 

IR. 

OP. 

"       8.260 

do. 

—  OA. 

3R. 

12  P. 

«       0.8250 . 

do. 

—  OA. 

OR. 

ISP. 

(59)  The  following  Table  gives  by  mere  inspection  the  Boods 
and  Perches  corresponding  to  the  Decimal  parts  of  an  Acre.  It 
explains  itself. 
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1 

R00D8. 

V^                   1 

1 

1- 

0   1  1      2   1  8 

Perclies. 

.000 

.250 

.600 

.750 

+  0 

.006 

.256 

.506 

.756 

+  1 

• 

.012 

.262 

.512 

.762 

+  2 

• 

.019 

.269 

.519 

.769 

+  3 

J 

1 

.025 

.275 

.525 

.775 

+  4 

t 

• 

.031 

.281 

.581 

.781 

+  5 

t 
C 

.037 

.287 

.587 

.787 

+  6 

• 

1  B 

.044 

.294 

.544 

.794 

+  7 

.050 

.300 

.550 

.800 

+  8 

!5 

.056 

.306 

.556 

.806 

+  9 

i  08 

.062 

.312 

.662 

.812 

+10 

1  c 

.069 

.819 

.569 

.819 

+11 

iS 

.075 

.325 

.575 

.825 

+12 

.081 

.381 

.581 

.881 

+13 

.o 

.087 

.337 

.587 

.837 

+14 

1 

.094 

.344 

.594 

.844 

+15 

r 

.100 

.850 

.600 

.850 

+16 

1 

.106 

.856 

.606 

.856 

+17 

.112 

.862 

.612 

.862 

+18 

.119 

.369 

.619 

.869 

+19 

• 
i 

.125 

.875 

.625 

.875 

+20 

ROODS.. 



0       12 

3 

Perches. 

.131 

.881 

.681 

.881 

+21 

.137 

.387 

.6$7 

.887 

+22 

.144 

.394 

.644 

.894 

+23 

.150 

.400 

.660 

.900 

+24 

.156 

.406 

.656 

.906 

+25 

.162 

.412 

.662 

.912 

+26 

E 

•) 

.169 

.419 

.669 

.919 

+27 

« 

.175 

.425 

.675 

.926 

+28 

S 

.181 

.187 

.431 
.487 

.681 

.981 

+29 

«( 

'-,vot 

-■f-oU 

t; 

.194 

.444 

.694 

.944 

+31 

C- 

.200 

.450 

.700 

.960 

+32 

.206 

.456 

.706 

.956 

+33 

.212 

.462 

.712 

.962 

+84 

o 

.219 

.469 

.719 

.969 

+35 

.225 

.475 

.725 

.975 

+36 

.231 

.481 

.781 

.981 

+37 

.237 

.487 

.737 

.987 

+38 

.244 

.494 

.744 

.994 

+30 

.250 

.500 

.750 

1.000 

+40 

(80)  Chain  Correction*    When  a  survey  has  been  made,  and 
tlie  plat  has  been  drawn,  and  the  content  calculated ;  and  after- 

*  To  redace  tqnare  yards  to  acres,  instead  of  dividing  by  4840,  it  is  easier,  and 
very  nearly  correct,  to  multiply  by  2,  cut  off  four  figures,  and  add  to  this  product 
ano-third  of  one-tenth  of  itself. 
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wards  the  chain  is  found  to  have  been  incorrect,  too  short  or  too 
long,  the  true  content  of  the  land,  may  be  found  by  this  proportion : 
As  the  square  of  the  length  of  the  standard  given  bj  the  incorrect 
chain  1$  to  ike  square  of  the  true  length  of  the  standard  Sois&e  cal* 
culated  content  To  the  true  content.  Thus,  suppose  that  the  chaim 
used  had  been  so  stretched  that  the  standard  distance  measured  by 
ii;  appears  to  be  only  99  links  long ;  and  thfiit  a  square  field  had 
been  measured  by  it,  each  mde  containing  10  of  these  long  chains* 
and  that  it  had  been  so  platted.  This  plat,  and  therefore  the  coi^ 
tent  calculated  from  it,  will  be  smaller  than  it  should  be,  and  the 
correct  content  will  be  found  by  the  proportion  99'  :  100  J*  :  :  100 
sq.  chsuns  :  102.03  square  chains.  If  the  chain  had  been 
stretched  so  as  to  be  101  true  links  long,  as  found  by  comparing 
it  with  a  correct  chain,  the  content  would  be  ^vcn  by  this  propor- 
tion :  100'  :  101'  : :  100  square  chains  :  102.01  square  chains. 
In  the  former  case,  the  elongation  of  the  chain  was  1^^^  true  links ; 
and  100'  :  (101^)^  ::  100  square  chains  :  102.03  square 
chidns. 

(61)  Boundary  Lines.  The  lines  which  are  to  bo  considerod 
as  bounding  the  land  to  be  sunreyed,  are  often  very  uncertain, 
unless  specified  by  the  title  deeds. 

If  the  boundary  be  a  brook,  the  middle  of  it  is  usually  the  boun- 
dary line.  On  tide-waters,  the  land  is  usually  considered  to  extend 
to  low  water  mark. 

Where  hedges  and  ditches  are  the  boundaries  of  fields,  as  is 
almost  imiversally  the  case  in  England,  the  dividing  line  is  gene- 
rally the  top  edge  of  the  ditch  farthest  from  the  hedge,  both  hedge 
and  ditch  belongmg  to  the  field  on  the  hedge  side.  This  varies, 
however,  with  the  customs  of  the  localify.  From  three  to  tax  feet 
from  the  roots  of  the  quickwood  of  the  hedges  are  allowed  for  tho 
ditches 
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METHODS  OF  CALCULATION. 
(C2)  The  various  methods  employed  in  calculating  the  content 
Df  a  piece  of  groimd,  may  be  reduced  to  four,  which  may  be  called 
Arithmetical^  Q-eometrical,  Instrumentdlj  and  Trigonometrical, 

(6S)  FIRST  METHOD.— ARITHinETICALLT.  From  direct 
fne€uurements  of  the  necesBory  lines  on  the  ground. 

The  figures  to  be  calculated  by  this  method  may  be  either  the 
shays  of  the  fields  which  are  measured,  or  those  into  which  the 
fields  can  be  divided  by  measuring  yarious  lines  across  them. 

The  familiar  rules  of  mensuration  for  the  principal  figures  which 
occur  in  practice,  will  be  now  briefly  enunciated. 

(64)  Rectangles.  If  the  piece  of  ground  be  rectangular  in 
shape,  its  content  is  found  by  multiplying  its  length  by  its  breadth. 

(85)  Triangles.  When  the  given  quantities  are  one  side  of  a 
triangle  and  the  perpendicular  distance  to  it  from  the  opposite 
an^e ;  the  content  of  the  triangle  is  equal  to  half  the  product  of 
the  side  and  the  perpendicular. 

When  the  ^ven  quantities  are  the  three  ndes  of  the  triangle ; 
add  together  the  three  sides  and  divide  the  sum  by  2 ;  from  this 
half  sum  subtract  each  of  the  three  sides  in  turn ;  multiply  together 
llie  half  sum  and  the  three  remainders ;  take  the  square  root  of  the 
product ;  it  is  the  content  required.  If  the  cddes  of  the  triangle 
be  designated  by  a,  5,  c^  and  their  sum  by  «,  this  rule  will  give  its 


•  When  two  sides  of  a  triangle,  and  the  included 
angle  are  given,  its  content  equals  half  the  product 
of  Its  sides  into  tbe  sine  of  the  included  angle.  De- 
■ignating  the  ansles  of  the  triangle  by  the  capital 
letter!  A,B,0,  ana  tbe  sides  opposite  them  by  the  cor- 
responding small  letters  a,5,r,  the  area  "■  i  Ac  sin.  A.    ^-^ 

When  one  side  of  a  triangle  and  the  adjacent  an- 
glea  are  given,  its  content  equals  the  square  of  the  given  side  multiplied  by  the 

nnes  of  each  of  the  given  angles,  and  divided  by  twice  the  sine  of  the  sum  ol 

■tn.B.tfai.  C 
ttiete  angles.    Utiag  the  same  symbols  aa  before,  the  area  aeaS  9iia.(B  +  C) 

When  the  three  angles  of  a  triangle  and  its  altitude  are  given,  its  area,  refen*ing 

•hi.  B 
to  the  above  figure,  »r  i  BD2  .  STaTSSTc  ' 
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(66)  Parallelograms;  or  foar«ided  figures  whose  opposite 
sides  are  parallel.  The  content  of  a  Parallelogram  equals  the 
product  of  one  of  its  sides  by  the  perpendicular  distance  between  it 
and  the  side  parallel  to  it. 

(67)  Trapezoids ;  or  four-sided  figui^s,  ti^o  opposite  sides  of 
which  are  parallel.  The  content  of  a  Trapezoid  equals  half  the 
product  of  the  sum  of  the  parallel  sides  by  the  perpendicular  dis- 
tance between  them.  ^ 

If  the  ^yen  quantities  are  the  four  sides  a,  h^  e,  d,  of  which  b 
and  d  are  parallel ;  then,  making  j  =  J  (a  +  J  +  c — <i),  the  area 

of  the  trapezoid  will  =     "*"  .\/[g  (? — <»)  (? — 0  (? — ^  +  ^'Y 

b  —  d 

(68)  <)aadrllaterals,  or  Trapezimns ;  four-sided  figures,  none 
of  whose  sides  are  parallel. 

A  very  gross  error,  often  comnutted  as  to  this  figure,  is  to  take 
the  average,  or  half  sum  of  its  opposite  sides,  and  multiply  them 
together  for  the  area :  thus,  assuming  the  trapezium  to  be  equiva- 
lent to  a  rectangle  with  these  averages  for  sides. 

In  practical  surveying,  it  is  usual  to  measure  a  line  across  it 
from  comer  to  comer,  thus  dividing  it  into  two  triangles,  whose 
sides  are  known,  and  which  can  therefore  be  calculated  by  Art.  (65).t 

*  When  two  parallel  sides,  b  and  d^  and  a  third  side,  a,  are  ^ven,  and  alto  tho 
angle,  C,  which  this  third  side  makes  with  one  of  the  parallel  sides,  then  the 

content  of  the  trapezoid^.^  .  a .  sin.  C. 

t  When  ttoo  oppottU  tideSf  and  all  the  anglta  art  gioen,  take  one  side  and  its  ad* 
jacent  angles,  (or  their  supplements,  when  their  sum  exceeds  180**),  consider 
them  as  belonging  to  a  tnangle,  and  find  its  area  by  the  second  formula  in  the 
note  on  page  43.  Do  the  same  with  the  other  side  and  its  adjacent  angles.  The 
diflference  of  the  two  areas  will  be  the  area  of  the  quadrilateral. 

When  three  ndea  and  their  two  included  anglee  are  given,  multiply  together  the  sino 
of  one  given  ansle  and  its  adjacent  sides.     Do  tlie  same  with  the  sine  of  the  other 

given  angle  and  its  adjacent  sides.  Multiply  together  the  two  opposite  sides  and 
le  sine  of  the  supplement  of  the  sum  of  the  given  angles.  Add  together  tho  first 
two  products,  and  add  also  the  last  product,  if  the  sum  of  the  given  angles  ii 
more  than  180^,  or  subtract  it  if  this  sum  be  less,  and  take  half  the  result.  Call* 
ing  the  given  siaes,  Pf.q^r ;  and  the  angle  between  p  and  g  as  A ;  and  the  angle 
between  a  and  r  bb  B  ;  the  area  of  the  quadrilateral 

B  I  [p  .  g  sin.  A  +  g .  r .  sin.  B  J[:  p  .  r  sin.  fl80*»  —  A  —  B)]. 
When  the  four  widee  and  ike  turn  of  any  two  oppotite  angles  are  given,  proceed 
thus ;  Take  half  the  sum  of  the  four  given  sides,  and  from  it  sabtract  each  side 
in  turn  Multiply  together  the  four  remainders,  and  reserve  the  product.  Mul* 
tipl^  together  the  four  sides.  Take  half  their  product,  and  multiply  it  by  the 
•Jiue  of  tae  given  sum  of  the  angles  increased  by  unity.    Regard  the  sign  of 


CHAP.   IT.] 


Caknlatiig  the  Content 


46 


(W)  SurfcLce%  bounded  hy  irreffuiarly  curved  lines.  The  rulefl 
for  these  Trill  be  more  appropriately  ^ven  in  connection  with  the 
Biureja  which  measure  the  necessary  lines ;  as  explained  in  Part 

n.  Chap,  in. 


(70)  8EC0IID  METHOD*— dEOniElRlCALLY.  From  mea* 
iurements  of  the  necessart/  lines  upon  the  plat. 

(71)  DlTisioii  Into  Triangles.  The  plat  of  a  piece  of  ground 
having  been  drawn  from  th^  measurements  made  by  any  of  the 
methods  which  will  be  hereafter  explidned,  lines  may  be  drawn 
upon  the  plat  so  as  to  divide  it  into  a  number  of  triapgles.    Four 


Fig.  81. 


Fig.  32. 


Fig.  33. 


Fig.  34. 


ways  of  doing  this  are  shown  in  the  figures :  viz.  by  drawing  lines 
from  one  comer  to  the  other  comers ;  from  a  point  in  one  of  the 
ffides  to  the  comers ;  from  a  point  inside  of  the  figure  to  the  cor> 
ners ;  and  firom  various  comers  to  other  comers.  The  last  method 
is  usually  the  best.  The  lines  ought  to  be  drawn  so  as  to  make 
the  triangles  as  nearly  equilateral  as  posuble,  for  the  reasons  given 
in  Part  V. 

One  side  of  each  of  these  triangles,  and  the  length  of  the  per- 
pendicular let  fall  upon  it,  being  then  measured,  as  directed  in 
Art.  (480  ^^  content  of  these  triangles  can  be  at  once  obtained 
by  multiplying  their  base  by  their  altitude,  and  dividing  by  two* 

The  eaedest  method  of  getting  the  length  of  the  perpendicular, 
without  actually  drawbg  it,  is,  to  set  one  point  of  the  dividers 
at  the  angle  from  which  a  perpendicular  is  to  be  let  fall,  and  to 

the  ooriDe.  Snbtract  this  product  from  the  reserved  product,  and  take  the  square 
root  of  the  remainder.    It  will  be  the  area  of  the  quadrilateral 

When  tkefonr  tida,  and  the  angle  of  itUerteelUm  c}  tike  diaganaie  ef  the  queidrite^ 
teral  are  given;  square  each  side;  add  together  the  squares  of  the  opposite 
sides;  take  the  difference  of  the  two  sums;  mulriply  it  by  the  tangent  of  the 
angle  of  iutersection,  and  divide  by  four.    The  quotient  will  be  the  area. 

When  the  diagtmalt  of  the  qttadrilatereUf  and  their  included  angle  are  given,  mul* 
ttply  together  the  two  diagonals  and  the  sine  of  their  included  augle,  and 
divide  by  two.     The  quotient  will  be  the  area 
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open  and  shut  their  legs  till  an  arc  described  bj  the  other  point 
will  just  touch  the  opposite  side. 

Otherwise ;  a  platting  scale,  (described  in  Art.  (49)  may  ba 
placed  BP  that  the  zero  point  of  its  edge  coincides  with  the  angle, 
and  one  of  its  cross  Unes  coincides  with  the  mde  to  which  a  perpen* 
dicular  is  to  be  drawn.  The  length  of  the  perpendicular  can  then 
at  once  be  read  off. 

The  method  of  dividing  the  plat  into  triangles  is  the  one  most 
commonly  employed  by  surveyors  for  •obtaining  the  content  of  a 
survey,  because  of  the  simplicity  of  the  calculations  required.  Its 
correctness,  however,  is  dependant  on  tho  accuracy  of  the  plat, 
and  on  its  scale,  which  should  be  as  large  as  possible.  Three 
chains  to  an  inch  is  the  smallest  scale  allowed  by  the  English 
Tithe  Commissioners  for  plats  from  which  the  content  is  to  be 
determined. 

In  calculating  in  this  way  the  content  of  a  farm,  and  also  of  its 
separate  fields,  the  sum  of  the  latter  ought  to  equal  the  former. 
A.  difference  of  one  three-hundredth  (3^)  is  considered  allowable. 

Some  surveyors  measure  the  perpendiculars  of  tho  triangles  by 
a  scale  half  of  that  to  which  the  plat  is  made.  Thus,  if  the  scale 
of  the  plat  be  2  chains  to  the  inch,  the  perpendiculars  are  mea- 
sured with  a  scale  of  one  chain  to  tho  inch.  The  product  of  the 
base  by  the  perpendicular  thus  measured,  gives  the  area  of  the 
triangle  at  once,  without  its  requiring  to  be  divided  by  two. 

Another  way  of  attaining  the  same  end,  with  less  danger  of  mi&- 
tali:es,  is,  to  construct  a  new  scale  of  equal  parts,  longer  than  those 
by  which  the  plat  was  made  in  the  ratio  V2:l;  or  1.414:1. 
When  the  base  and  perpendicular  of  a  triangle  are  measured  by 
this  new  scale  and  then  multiplied  together,  the  product  will  be 
the  content  of  tho  triangle,  without  any  division  by  two.  In  this 
method  there  is  the  additional  advantage  of  the  greater  size  and 
consequent  greater  distinctness  of  the  scale. 

When  the  measurement  of  a  plat  is  made  some  time  after  it  haa 
been  drawn,  the  paper  will  very  probably  have  contracted  or 
expanded  so  that  the  scale  used  will  not  exactly  apply.  In  that 
case  a  correction  is  necessary.  Measure  very  precisely  the  present 
length  of  some  lin«  ^n  the  plat,  of  known  length  origbially.     Then 
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make  this  proportdon :  As  the  square  of  the  present  length  of  thia 
line  is  to  the  square  of  its  ori^al  length,  So  i«  the  content  obtun 
ed  hj  the  present  measurement  lb  the  true  content. 

(72)  Graphical  Multiplication.  Prepare  a  btnp  of  drawing 
p^r,  of  a  vidth  exactly  equal  to  two  chcuns  on  the  scale  of  the 
plot ;  i.  e.  one  inch  wide,  as  in  Uie  figure,  for  a  scale  of  two  chains 
to  1  inch ;  two-thirds  of  an  inch  wide  for  a  scale  of  3  chiuns  ;  half 
an  inch  for  4  cluuns ;  and  so  on.  Draw  perpendicular  lines  across 
the  paper  at  distances  representing  one-tenth  of  a  ch^  on  tlie  scale 
of  the  triangle  to  be  measured,  thus  making  a  platting  scale.  Apply 
it  to  the  tnangle  so  that  one  edge  of  the  scale  shall  pass  through 
me  comer,  A,  of  the  triangle,  and  the  other  edge  through  another 
Fig.  35. 


comer,  B  J  and  note  very  precisely  what  divimons  of  the  scale  ore 

at  these  points.     Then  slide  the  scale  in  such  a  way  that  the 

pcnnts  of  the  scale  which  had  coincided  with  A  and  E,  shall  always 

remain  on  tiie  line  BA  produced,  till  the  edge  arrives  at  the  point 

C.     Then  will  A'C,  that  is,  the  distance,  or  number  of  divisions  on 

the  scale,  from  the  point  to  which  the  division  A  on  the  scale  has 

amved,  to  the  third  comer  of  the  triuiglc,  express  the  area  of  the 

trian^e  ABC  in  square  chains.* 

'For,  from  0  draw  ■  psrullel  lo  AB,  meeting  ihe  edge  of  tbe  icnle  in  C'l  and 
dnw  C'B.  Then  the  siTen  triangle  ABC  =  ABC.  But  the  area  of  this  laA 
triangle  =.  AO'  innlHplieJ  by  half  the  widlb  of  ibc  acale,  i.  e.  -=  AC  X  1  —  AC. 
But,  becsoie  of  the  parallel!,  A'C  =  AC.  Therefore  Ihe  area  of  the  given  trian- 
gle ABC  —  A'C  i.  e.  it  ii  ejioal  in  «qiiaro  chaim  to  llie  nnmber  of  linear  chaiM 
read  off  from  tbe  icale.    Thia  ingenious  operation  it  duo  to  il.  Coaimcry. 
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Fig.  37 


(73)  Divlsioii  Into  Trapezoids*  A  Ime  may  be  drawn  acrofla 
the  field,  as  m  Fig.  86,  and  perpen-  Fig.  36. 
diculars  drawn  to  it.  The  field  will 
thus  be  divided  into  trapezoids,  (ex- 
cepting a  triangle  at  each  end), 
and  their  content  can  be  calculated 
by  Art.  (67). 

Otherwise ;  a  line  may  be  drawn 
outside  of  the  figure,  and  per- 
pendiculars to  it  be  drawn  from 
each  angle.  In  that  case  the 
difference  between  the  trapezoids 
formed  by  lines  drawn  to  the 
outer  angles  of  the  figure,  and 
those  drawn  to  the  inner  angles, 
will  be  the  content. 

This  method  is  very  advantageously  applied  to  surveys  by  the 
compass ;  as  will  be  explained  in  Part  III,  Chap.  YI. 

(74)  Dlyislon  Into  Squares*  Two  sets  of  parallel  lines,  at 
right  angles  to  each  other,  p.    33 

one  chain  apart  (to  the  scale 
of  the  plat)  may  be  drawn 
over  the  plat,  so  as  to  divide 
it  into  squares,  as  in  the 
figure.  The  number  of 
squares  which  fall  within  the 
plat  represent  so  many  square 
chains ;  and  the  triangles  and 
trapezoids  which  fall  outside 
of  these,  may  then  be  calcu- 
lated and  added  to  the  entire  square  chains  which  have  been 
counted. 

Instead  of  drawing  the  parallel  lines  on  the  plat,  they  may  bet- 
ter be  drawn  on  a  piece  of  transparent  ^^  tracmg  paper,"  which  is 
simply  laid  upon  the  plat,  and  the  squares  counted  as  before.    The 


A 
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same  paper  unll  answer  for  any  number  of  plats  drawn  to  the  same 
scale.  This  method  is  a  valuable  and  easj  check  on  the  results  of 
other  calculations. 

To  calculate  the  fractional  parts,  prepare  a  piece  of  tracing 
paper,  or  horn,  by  drawing  on  it  one  square  of  the  same  size  as  a 
square  of  the  plat,  and  subdividing  it,  by  two  sets  of  ten  parallels  at 
right  angles  to  each  other,  into  hundredths.  This  will  measure  the 
fractions  remaining  from  the  former  measurement,  as  nearly  as  can 
be  desired. 

(75)  Division  into  Parallelograms.  Draw  a  series  of  paral- 
lel lines  across  the  plat  at  equal  distances  depending  on  the  scale. 
Thus,  for  a  plat  made  to  a  scale  of  2  chains  to  1  inch,  (he  distauce 
between  the  parallels  should  be  2^  inches ;  for  a  scale  of  8  chains 
to  1  inch,  1^  inch ;  for  a  scale  of  4  chains  to  1  inch,  §  inch ;  for 
a  scale  of  5  chains  to  1  inch,  y^^  inch ;  and  for  any  scale,  make  the 
distance  between  the  parallels  that  fraction  of  an  inch  which  would 
be  expressed  by  10  divided  by  the  square  of  the  number  of  chains 
to  the  inch.  Then  apply  a  common  inch  scale,  divided  on  the 
edge  into  tenths,  to  these  parallels ;  and  every  inch  in  length  of 
the  spaces  included  between  each  pair  of  them  will  be  an  acre,  and 
every  tenth  of  an  inch  will  be  a  square  chain.* 

To  measure  the  triangles  at  the  ends  of  the  strips  between  the 
parallels,  prepare  a  piece  of  transparent  horn,  or  stout  tracing 
paper,  of  a  width  equal  to  the  width  between  the  parallels,  and 
draw  a  line  through  its  middle  longitudinally.    Apply  it  to  the 

oblique  line  at  the  end  of  the  space  between    Fig.  39. 

two  parallels,  and  it  will  bisect  the  line,  and 
thus  reduce  the  triangle  to  an  equivalent 
rectangle,  as  at  A  in  the  figure.  When  an 
angle  occurs  between  two  parallels,  as  at  B 
in  the  figure,  the  fractional  part  may  be 
measured  by  any  of  the  preceding  methods, 

*  For,  caUing  the  number  of  chains  to  the  inch,  s  n,  and  making  the  width  be 
tween  the  paraUels  — r  inoh,  this  width  will  represent  —  X  »  =  — chains  ;  and 

■A  tlie  inch  length  represents  n  chains,  their  product,  ^^  X  n  »  10  square  chaiof 
mm  1  acre. 
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A  somewhat  similar  method  is  much  used  by  some  surveyors, 
particularly  in  Ireland :  the  plat  being  made  on  a  scale  of  5  chains 
to  1  inch,  parallel  lines  being  drawn  on  it,  half  an  inch  apart,  and 
the  distances  along  the  parallels  being  measured  by  a  scale,  each 
large  division  of  which  is  y^^  inch  in  length.  Each  division  of  this 
scale  indicates  an  acre ;  for  it  represents  4  chains,  and  the  distance 
between  the  parallels  is  2]^  chains.  This  scale  is  called  the  '^  Scale 
of  Acres.'* 


(76)  Addition  of  Widths.  When  the  lines  of  the  plat  are  very 
irregularly  curved,  as  in  the  Fig.  40. 

figure,  draw  across  it  a  num- 
ber of  equi-distant  lines  as  near 
together  as  the  case  may  seem 
to  require.  Take  a  straight- 
edged  piece  of  paper,  and  apply  one  edge  of  it  to  the  middle  of 
the  first  space,  and  mark  its  length  from  one  end ;  apply  the  same 
edge  to  the  middle  of  the  next  space,  bringing  the  mark  just  made 
to  one  end,  and  making  another  mark  at  the  end  of  the  additional 
length ;  so  go  on,  adding  the  length  of  each  space  to  the  previous 
ones.  When  all  have  been  thus  measured,  the  total  length,  mul- 
tiplied by  the  uniform  width,  will  give  the  content. 

(77)  THIRD  METHOD.— IKSTRCNENTALLY.  By  perform 
mg  certain  instrumental  operations  on  the  plat. 

(78)  Reduction  of  a  many  sided  figure  to  a  single  equivalent 
triangle.  Any  plane  figure  bounded  by  straight  lines  may  be 
reduced  to  a  single  triangle,  which  shall  have  the  same  content. 
This  can  be  done  by  any  instrument  for  drawing  parallel  lines, 


such  as  those  described  in  Art. 
(S9).  Let  the  trapezium,  or 
four  sided  figure,  shown  in  Fig. 
41,  be  reqiured  to  be  reduced 
to  a  single  equivalent  triangle. 
Produce  one  side  of  the  figure, 
as  4— — 1.    Draw  a  line  from 


the  first  to  the  third  angle  of    ^ 


Fig.  41. 
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tike  figure.  From  the  second  angle  draw  a  parallel  to  the  line  just 
drawn,  cutting  the  produced  side  in  a  pomt  1'.  From  the  point  V 
draw  a  line  to  the  third  angle.  A  triangle  (1' — 3  —  4  in  the 
figure)  will  thus  be  formed,  which  will  be  equivalent  to  the  ori^nal 
trapezium.* 

The  content  of  this  final  triangle  can  then  be  found  by  measur- 
ing its  perpendicular,  and  taking  half  the  product  of  this  perpendi- ' 
eular  by  the  base,  as  in  the  first  paragraph  of  Art.  (65). 


(79)  Let  the  ^ven  figure  have  five  sides,  as  in  Fig.  42.    For 
brevity,  the  angles  f  ^g-  42. 

of  the  figure  will  be 
named  as  numbered 
in  the  engraving. 
Produce  5  —  1. 
Join  1  —  3.  From 
2  draw  a  parallel  to 

1  —  3,  cutting  the    «''"' IT'    T 

produced  base  in  1'.  Join  1'  —  4.  From  3  draw  a  parallel  to  it, 
cutting  the  base  in  2\  Join  2'  —  4.  Then  will  the  triangle 
2' — 4 — 5  be  equivalent  to  the  five  sided  figure  1 — 2 — 3 — 4 — 5, 
tor  similar  reasons  to  those  of  the  preceding  case. 


(80)  Let  the  ^ven  figure  be  1—2—3—4—6—6—7—8, 
as  shown  in  Hg.  43,  given  at  the  top  of  the  following  page.  All 
the  operations  are  shown  by  dotted  lines,  and  the  finally  resulting 
triangle  6' — 7 — 8,  is  equivalent  to  the  original  figure  .of  eight 
ddes. 

It  is  best,  in  choosing  the  side  to  be  produced,  to  take  one  which 
has  a  long  side  adjoining  it  on  the  end  not  produced ;  so  that  this 
long  side  may  form  one  side  of  the  final  triangle,  the  base  of  which 
will  therefore  be  shorter,  and  will  not  be  cut  so  acutely  by  the 
final  line  drawn,  as  to  make  the  point  of  intersection  too  indefinite. 


*  F3r,  the  triangle  1 — 2 — 3  taken  away  from  the  original  figure  is  equivalent 
to  the  triangle  1'— 1 — 3  added  to  it ;  because  both  these  triangles  have  the  tame 
base  and  also  the  same  altitude,  since  the  vertices  of  both  lie  in  the  samo  lio«* 
parallel  to  the  base. 
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(81)  General  JRuU.  When  the  given  figure  has  many  mdes, 
with  angles  sometimes  saUent  and  sometimes  reentering,  the  opera- 
tions  of  reduciion  are  very  liable  to  errors,  if  the  draftsman  attempt? 
to  reason  out  each  step.  All  difficulties,  however,  will  be  removeu 
bj  the  following  General  Mule : 

1.  Produce  one  side  of  the  figure,  and  call  it  a  base.  Call  one 
of  the  angles  at  the  base  the  first  angle,  and  number  the  rest  in 
regular  succession  around  the  figure. 

2.  Draw  a  line  from  the  1st  angle  to  the  3d  angle.  Draw  a 
parallel  to  it  from  the  2d  angle.  Call  the  intersections  of  this 
parallel  with  the  base  the  1st  mark. 

8.  Draw  a  line  from  the  1st  mark  to  the  4th  angle.  Draw  a 
parallel  to  it  from  the  8d  angle.  Its  intersection  with  the  base  is 
the  2d  mark. 

4.  Draw  a  line  from  the  2d  mark  to  the  5th  angle.  Draw  a 
parallel  to  'i  frJm  the  4th  angle.  Its  intersection  with  the  base  is 
the  8d  mark. 

5.  In  general  terms,  which  apply  to  every  step  after  the  first, 
draw  a  line  from  the  last  mark  obtained  to  the  angle  whose  number 
b  greater  by  three  than  the  number  of  the  mark.  Draw  a  parallel 
to  it  through  the  angle  whose  number  is  greater  by  two  than  that 
of  the  mark.  Its  intersection  with  the  base  will  be  a  mark  whose 
number  is  greater  by  one  than  that  of  the  preceding  mark.* 

In  the  concise  language  of  Algebra,  draw  a  line  from  the  nth  mark  to  th« 
«-^3  angle.  Draw  a  parallel  to  it  thi-ough  the  n-f-*  ai^gl^t  &"<^  ^^^  iutersection 
with  the  base  will  be  the  ji4~^  mark. 
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6.  Repeat  this  process  for  each  angle,  till  you  get  a  mark  whose 
Dumber  is  such  that  the  angle  having  a  number  greater  bj  three  is 
the  last  angle  of  the  figure,  i.  e.  the  angle  at  the  other  end  of  the 
base.  Then  join  the  last  mark  to  the  angle  which  precedes  the 
last  angle  in  the  figure,  and  the  triangle  thus  formed  will  be  the 
equivalent  triangle  required. 

In  practice  it  is  umieceasary  to  actually  draw  the  lines  joining 
tlie  successive  angles  and  marks,  but  the  parallel  ruler  is  merely 
laid  on  so  as  to  pass  through  them,  and  the  pomts  where  the 
parallels  cut  the  base  are  alone  marked. 

(82)  It  is  generally  more  convenient,  for  the  reasons  given  at 
the  end  of  Art.  (80),  to  reduce  Fig.  44. 

half  of  the  figure  on  one  side  and 
half  on  the  other,  as  is  shown  in 
Fig.  44,  which  represents  the  same 
field  as  Fig.  42.  The  equivalent 
triangle  is  here  V — 3 — 2'. 

When  the  figure  has  many  angles, 

they  should  not  be  numbered  con-   f — j 5^      jj# 

secutively  all  the  way  around,  but,  after  the  numbers  have  gone 
around  as  far  as  the  angle  where  it  is  intended  to  have  the  vertex 


104 


Fig.  45. 


^^^^^  Calirord*' 


s^'T J*      & y : — I r        « 

of  the  final  triangle,  the  numbers  should  be  continued  from  Qie 
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oilier  angle  of  the  base,  as  is  shown  in  Yig.  45.    In  it  onlj  the 
intersections  are  marked  * 


(83)  It  is  sometimes  more  convenient,  not  to  produce  one  of 
the  sides  of  the  figure,  but  to  draw  at  one  end  of  it,  as  at  the  poini 
1  in  Hg.  46,  an  indefinite  line,  usually  a  perpendicular  to  a  lino 

Fig.  46. 


joimng  two  distant  angles  of  the  figure,  and  make  this  line  the  base 
of  the  equivalent  triangle  desired.  The  operation  is  shown  by  the 
dotted  lines  in  the  figure.  The  same  General  Bule  applies  to  it, 
as  to  the  previous  figures. 

(84)  Special  InstrmeiltSt  A  variety  of  instruments  have 
been  invented  for  the  purpose  of  determining  areas  rapidly  and 
correctly.  One  of  the  simplest  is  the  "  Computing  Sccde^^  which 
is  on  the  same  principles  as  the  Method  of  Art.  (75).  It  is  repre- 
sented in  Hg.  47,  ^ven  on  the  following  page.  It  consists  of  a 
scale  divided  for  its  whole  length  from  the  zero  point  into 
divi^ons,  each  representing  2^  chains  to  the  scale  of  the  plat. 
The  scale  carries  a  slider,  which  moves  along  it,  and  has  a 
wire  drawn  across  its  centre  at  right  angles  to  the  edges  of  the 
scale.  On  each  side  of  this  wire,  a  portion  of  the  slider  equal 
in  length  to  one  of  the  primary,  or  2\  chain,  divisions  of  the  scale, 
is  laid  off  and  divided  into  40  equal  parts. 

This  iDstrument  is  used  in  connection  with  a  sheet  of  transpa- 
rent  paper,  ruled  with  parallel  lines  at  distances  apart  each  equal 
to  one  chain  on  the  scale  of  the  plat.    It  is  plain,  that  when  the 

*  A  figure  with  curved  boandaries  may  be  reduced  to  a  triangle  in  a  similar 
maimer.  Straight  lines  must  be  drawn  about  the  ii^re,  so  as  to  be  partly  in  it 
and  partly  out,  giving  and  taking  about  equal  quantities,  so  that  the  figure  which 
these  lines  form,  shall  be  about  equivalent  to  the  curved  figure.  This  havin|( 
been  done,  as  will  be  further  developed  in  Art.  (124),  the  equivalent  straight 
iined  figure  is  reduced  by  the  above  method. 


CUP.  IT.]  CtlcBlaU^(.  tbe  CoBteil. 

msbniaieiit  ia  laid  on  tliis  paper,  with  its  edgeonono  of  the 
parallel  lines,  and  tlie  slider  is  moved  over  one  of  the  divt 
ffiODS  of  2^  chiuus,  that  one  rood,  or  a  quarter  of  an  acre, 
has  been  measured  between  two  of  the  parallel  lines  on  the 
paper  (since  10  square  chains  make  one  acre) ;  and  that 
one  of  the  smaller  diriaiona  measures  one  perch  between 
the  same  parallels.  Four  of  the  larger  divisions  give 
one  acre.  The  scale  is  generaJy  made  long  enough  to 
measure  at  once  five  acres. 

To  apply  this  to  the  plat  of  a  ield,  or  iarm,  la;  the 
transparent  paper  over  it  in  such  a  position  that  two  of 
the  ruled  Imes  shall  touch  twt>  of  the  exterior  points  of 
the  boundaries,  as  fig,  43. 

at  A  and  B.  Lay 
the  scale,  with  the 
slide  set  to  zero, 
on  the  paper,  in  a 
direction  parallel 
to  the  ruled  hues, 
and  BO  that  the 
irire  of  the  slide 
cats  the  left  hand 
oblique  line  so  as 
to  mate  the  spaces  c  and  d  about  equal.  Hold  the 
Bcale  firm,  and  move  the  slider  till  the  wire  cuts  the 
right  hand  oblique  line  in  such  a  way  as  to  equalize  the 
spaces  e  and  /.  Without  chan^g  the  slide,  move 
the  scale  down  the  width  of  a  space,  and  to  the  left 
band  end  of  the  next  space ;  be^  there  agiun,  and  proceed  as 
before. 

So  go  on,  till  the  whole  length  cf  the  scale  is  nm  out,  (five  acres 
having  been  measured),  and  then  begin  at  the  right  hand  side  and 
work  backwards  to  the  left,  reading  &e  lower  divisions,  which  run 
ap  to  10  acres.  B7  continuing  this  process,  the  content  of  plats 
9f  any  size  can  bo  obtained. 

A  still  umpler  substitute  for  this  is  a  scale  umilarly  divided,  but 
without  an  attached  slide.    In  place  of  it  there  is  used  a  piece  of 
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horn  having  a  line  drawn  across  it  and  rivetted  to  the  end  of  a 
short  scale  of  box-wood,  divided  like  the  former  slide.  It  is  used 
like  the  former,  except  that  at  starting,  the  zero  of  the  short  scale 
and  not  the  line  on  the  horn  is  made  to  coincide  with  the  zero  of 
the  long  scale.  The  slide  is  to  be  held  fast  to  the  instrument  when 
this  is  moved. 

The  Pediometer  is  another  less  dmple  instrument  used  for  the 
same  object.    It  measures  any  quadrilateral  directly. 

(S5)  Some  very  complicated  instruments  for  the  same  object 
have  been  devised.  One  of  them,  Sang's  Planometer^  determines 
the  area  of  any  figure,  by  merely  moving  a  point  around  the  outr 
fine  of  the  surface.  This  causes  motion  in  a  train  of  wheel  work, 
which  registers  the  algebraic  sum  of  the  product  of  ordinates  to 
every  point  in  that  perimeter,  by  the  increment  of  their  abscissas, 
and  therefore  measures  the  included  space. 

Instruments  of  this  kind  have  been  invented  in  Germany  by 
Ernst,  Hansen,  and  Wetli. 

(8()  A  purely  mechanical  means  of  determining  the  urea  ot 
any  surface  by  means  of  its  weighty  may  be  placed  here.  The  plat 
is  cut  out  of  paper  and  weighed  by  a  delicate  balance.  The 
weight  of  a  rectangular  piece  of  the  same  paper  containing  just  one 
acre  is  also  found;  and  the  '^  Rule  of  Three"  ^ves  the  content. 
A  modification  of  this  is  to  paste  a  tracing  of  the  plat  on  thin  sheet 
lead,  cut  out  the  lead  to  the  proper  lines  and  weigh  it. 

(87)  FOURTH  METHOD.— TRIGONOAIETRICALLl .  By  cal- 
Gutating^  from  the  observed  angles  of  the  boundaries  of  the  piece 
ofgroundythe  lengthsofthe  lines  needed  for  calculating  the  content. 

This  method  is  employed  for  surveys  made  with  angular  instru- 
ments, as  the  compass,  &c.,  in  order  to  obtain  the  content  of  the 
land  surveyed,  without  the  necessity  of  previously  making  a  plat, 
thus  avoiding  both  that  trouble  and  the  inaccuracy  of  any  calcula* 
tions  founded  upon  it.  It  is  therefore  the  most  accurate  method ; 
but  will  be  more  appropriately  explamed  in  Part  III,  Chapter  VI, 
under  the  head  of  '*  Compass  Surveying." 


PART  11. 


GHAIN-SURVEYING  ; 

By  the  First  and  Second  Methods : 

OR 

DIAGONAL  AND  PERPENDICULAR  SURVEYING. 

(88)  The  chain  alone  is  abundantly  sufficient,  without  the  aid 
•f  any  other  instrument,  for  making  an  accurate  survey  of  any 
surface,  whatever  its  shape  or  size,  particularly  in  a  district  tolera- 
bly level  and  clear.  Moreover,  since  a  chain,  or  some  substitufce 
for  it,  formed  of  a  rope,  of  leather  driving  reins,  &c.,  t^an  be 
obtained  by  any  one  in  the  most  secluded  place,  this  method  of 
Surveying  deserves  more  attention  than  has  usually  been  given  to 
it  in  this  country.  It  will,  therdforc,  be  fully  developed  in  the 
following  chapters. 

CHAPTER  I. 
SVRTETING  BT  DIAGONALS : 

OR 

By  the  First  Method. 

(89)  Surveying  by  Diagonals  is  an  application  of  the  First 
Method  of  determining  the  position  of  a  pomt,  given  in  Art.  (5,)  to 
which  the  student  should  again  refer.  Each  comer  of  the  field  or 
fiurm  wluch  is  to  be  surveyed  is  ^^  determined"  by  measuring  ita 
distances  &om  two  other  points.  The  field  is  then  ^'platted" 
by  repcatmg  this  process  on  paper,  for  each  comer,  in  a  contrary 
order,  and  the  ^^  content"  is  obtained  by  some  of  the  methodi 
explained  in  Chapter  lY  of  Part  I. 
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The  lines  which  are  measured  in  order  to  determine  the  cor- 
ners of  the  field  are  usually  sides  and  diayoruds  of  the  irregular 
polygon  which  is  to  be  surveyed.  They  theiefore  divide  it  np 
into  triangles ;  whence  this  mode  of  surveying  is  sometimes  calh 
cd  "  Chain  Triangulation.'' 

A  few  examples  will  make  the  principle  and  practice  perfectly 
clear.  Each  will  be  seen  to  require  the  three  operations  of  measvur- 
inffj  platting^  and  cdlcuiatinff. 

(90)  A  three-sided  field ;  as  Fig.  49.  Fig.  49^ 

Meldrwark.     Measure  the  three  sides,  ^^ 

AB,  BO,  and  CA.    Measure  also,  as  a         ^y^  I 

proof  line,  the  distance  from  one  of  the  cor-    ^^^ jy 

ners,  as  G,  to  some  point  in  the  opposite  side,  as  D,  at  which  a 
mark  should  have  been  left,  when  measuring  from  A  to  B,  at  a 
known  distance  from  A.  A  stick  or  twig,  with  a  slit  in  its  top,  to 
receive  a  piece  of  paper  with  the  distance  from  A  marked  on  it, 
is  the  most  convenient  mark. 

Planing.  Choose  a  suitable  scale  as  directed  in  Art.  (44). 
Then,  by  Arts.  (42)  and  (49),  draw  a  line  equal  in  length,  on  the 
chosen  scale,  to  one  of  the  sides ;  AB  for  example.  Take  in  the 
compasses  the  length  of  another  side  as  AC,  to  the  same  scale, 
and  with  one  leg  in  A  as  a  centre,  describe  an  arc  of  a  circle. 
Take  the  length  of  the  third  side  BC,  and  with  B  as  a  centre, 
describe  another  arc,  intersecting  the  first  arc  in  a  point  which  will 
be  the  third  comer  C.  Draw  the  lines  AC  and  BC ;  and  ABC 
will  be  the  'plat^  or  miniature  copy — as  explained  in  Art.  (85) — 
of  the  field  sun'eyed. 

Instead  of  describing  two  arcs  to  get  the  pomt  C,  trivo  pairs  of 
compasses  may  be  convenicntiy  used.  Open  them  to  the  lengths, 
respectively,  of  the  last  two  sides.  Put  one  foot  of  each  at  the 
ends  of  the  first  side,  and  bring  their  other  feet  together,  and  their 
pomt  of  meetmg  will  mark  the  desired  third  point  of  the  triangle. 

To  "  prove  "  the  accuracy  of  the  work,  fix  the  point  D,  by  sdttiiig 
iff  from  A  the  proper  distance,  and  measure  the  length  of  t}ic  lii 
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DC,  by  Art.  (43).     K  its  length  on  the  plat  corresponds  to  its 
measurement  on  the  ground,  the  work  is  correct.* 

Calculation,  The  content  of  the  field  may  now  be  found  aa 
directed  in  Art.  (85),  either  from  the  three  sides,  or  more  easily 
though  not  so  accurately,  by  measuring  on  the  plat,  by  Art.  (43), 
the  length  of  the  perpendicular  GE,  let  fall  from  any  angle  to  the 
opposite  side,  and  taking  half  the  product  of  these  two  lines. 

JEzamph  1.  Figure  49,  is  the  plat,  on  a  scale  of  two  chains 
10  one  inch,  of  a  field,  of  which  the  side  AB  is  200  links,  BG  is 
100  links,  and  AC  is  150  links.  Its  content  by  the  rule  of  Art. 
(65),  is  0.726  of  a  square  chain,  or  OA.  OR.  12P.  If  the  perpen-< 
dicular  C£  be  accurately  measured,  it  will  be  found  to  be  72^ 
links.  Half  the  product  of  this  perpendicular  by  the  base  will  be 
found  to  give  the  same  content. 

Ex.  2.  The  three  sides  of  a  triangular  field  are  respectirely 
89.39,  54.08,  and  45.98.    Bequired  its  content. 

Am.    lOOA.  OR.  lOP. 

(91)  A  fovr-slded  field ;  Fig.  50. 

as  Fig.  50. 

Fiddrworh.  Measure  the 
four  sides.  Measure  also 
a  diagonal,  as  AC,  thus  di- 
viding the  four-sided  field 
ioto  two  triangles.  Mea-  ^ 
sure  also  the  other  diagomu,  or  BD,  for  a  "  Proof  line.'* 

Platting.  Draw  a  line,  as  AC,  equal  in  length  to  the  diagonal, 
to  any  scale,  by  Arts.  (42)  and  (4ft).  On  each  side  of  it,  con- 
struct a  triangle  with  the  sides  of  the  field,  as  directed  in  the  pre- 
ceding article. 

To  prove  the  accuracy  of  the  work,  measure  on  the  plat  the 
icngth  of  the  "proof  line,"  BD,  by  Art.  (43),  and  if  it  agrees 
with  the  length  of  the  same  line  measured  on  the  ground,  the  field 
work  and  platting  are  both  proved  to  be  correct. 

*  It  M  a  universal  principle  in  all  surveying  operations,  that  the  work  must  ha 
tested  by  tome  means  independent  of  the  ori^nal  process,  and  that  the  same  re* 
Rilt  must  be  arrived  at  by  two  difTerpnt  methods.  The  necessary  length  of  this 
proof  line  can  also  easily  be  calculated  by  the  principles  of  Trigonometnr. 
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Caleulalion.  Find  the  content  of  each  triangle  boparatelj,  aa 
m  the  preceding  case,  and  add  them  together ;  or,  more  briefly, 
mnltiplj  either  diagonal  (the  longer  one  is  preferable)  by  the  sum 
of  the  two  perpendiculars,  and  divide  the  product  by  two. 

Otherwise :  reduce  the  four-sided  figure  to  one  triangle  as  in 
Art.  (78)  ;  or,  use  any  of  the  methods  of  the  preceding  chapter. 

Example  3.  In  the  field  drawn  in  Y\g.  50,  on  a  scale  of  3  chains 
Ic  ihe  inch,  AB  =  588  links,  BC  =  210,  CD  =  430,  DA  =  274, 
the  diagonal  AG  =  626,  and  the  proof  diagonal  BD  =  500.  The 
total  content  will  be  lA.  OB.  17P. 

Ex.  4.  The  sides  of  a  four-aded  field  are  AB  =  12.41,  BC 
=  5.86,  CD  =.8.25,  DA  =  4.24;  the  diagonal  BD  =  11.55, 
and  the  proof  line  AC  =  11.04.    Bequired  the  content. 

Am.  4A.  2R.  38P. 

Ex.  5.  The  sides  of  a  four-sided  field  are  as  follows :  AB  sss 
8.95,  BC  =  5.33,  CD  =  10.10,  DA  =  6.54 ;  the  diagonal  from 
A  to  C  is  11.52  ;  the  proof  diagonal  frx>m  B  to  D  is  10.92.  Re- 
quired the  content.  Ans. 

Ex.  6.  In  a  four^ided  field,  AB  =  7.68,  BC  =  4.09,  CD  = 
10.64,  DA  =  7,24,  AC  =  10.32,  BD  =  10.74.  Required  the 
eontent.  An%. 


(92)  A  mafly-siiei  field,  as  Fig.  51. 
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Meld-Wark.  Measure  all  the  ades  of  the  field.  Measure 
also  diagonals  enough  to  divide  the  field  into  triangles ;  of  which 
there  will  always  be  two  less  than  the  number  of  sides.  Choose 
such  diagonals  as  will  divide  the  field  into  triangles  as  nearly  equi- 
lateral as  possible.  Measure  also  one  or  more  diagonals  for 
"  Proof  lines."  It  is  well  for  the  surveyor  himself  to  place  stakes 
in  advance  at  all  the  comers  of  the  field,  as  he  can  then  select  the 
best  mode  of  division. 

Platting.  Begbi  with  any  diagonal  and  plat  one  triangle,  as  in 
Art.  (90).  Plat  a  second  triangle  adjoining  the  first  one,  as  in 
Art.  (91).  Plat  another  adjacent  triangle,  and  so  proceed,  till  all 
have  been  laid  down  in  their  proper  places.  Measure  the  proof 
lines  as  in  the  last  article. 

Calculation,  Proceed  to  calculate  the  content  of  the  figure, 
precisely  as  directed  for  the  four-^ided  field,  measuring  the  perpen- 
diculars and  calculating  the  content  of  each  triangle  in  turn ;  or 
taking  in  pairs  those  on  oppo^te  sides  of  the  same  diagonal ;  or 
using  some  of  the  other  methods  which  have  been  explained. 

Example  7.  The  six-sided  field,  shown  in  Fig.  51,  has  the 
lengths  of  its  lines,  in  chains  and  links,  written  upon  them,  and  is 
Prided  into  four  triangles,  by  three  diagonals.  The  diagonal 
BE  is  a  '^  proof-line."  The  Figure  is  drawn  to  a  scale  of  4  chains 
to  the  inch.     The  content  of  the  field  is  5A.  3R.  22P. 

Ex,  8.  In  a  five-sided  field,  the  length  of  the  sides  are  as  fol- 
lows :  AB  =  2.69,  BC  =  1.22,  CD  =  2.32,  DE  =  3.66,  EA  = 
3.23.  The  diagonals  are  AD  =  4.81,  BD  =  3.33.  Required  its 
content.  Ant. 

(93)  A  field  may  be  divided  up  into  triangles,  not  only  by  mea- 
snrinig  diagonals  as  in  the  last  figure,  but  by  any  of  the  methods 
shown  in  the  four  figures  of  Art.  (71).  The  one  which  we  have 
been  employing,  corresponds  to  the  last  of  those  figures. 

Still  another  mode  may  be  used  when  the  angles  cannot  be  seen 
from  one  another,  or  from  any  one  point  within.  Take  three  or 
more  convenient  points  within  the  field,  and  measure  from  them  tc 
the  comers,  and  thus  form  different  sets  of  triangles. 
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KEEPING  THE  FIELD  NOTES. 

(94)  By  Sketch*  The  most  simple  method  is  to  make  a  sketch 
of  the  field,  as  nearly  correct  as  the  unassisted  hand  and  eye  can 
produce,  and  note  down  on  it  the  lengths  of  all  the  Imes,  as  in  Rg. 
51.  But  when  many  other  points  require  to  be  noted,  such  as 
where  fences,  or  roads,  or  streams  are  crossed  in  the  measurement^ 
or  any  other  additional  particulars,  the  sketch  would  become  con- 
fused, and  be  likely  to  lead  to  mistakes  in  the  subsequent  platting 
Srom  it.  The  following  is  therefore  the  usual  method  of  keeping 
the  Field-notes.    A  long  narrow  book  is  most  convenient  for  it. 


(95)  In  ColuiDBSt  Dr^w  two  parallel  lines  about  an  inch  apart 
from  the  bottom  to  the  top  of  the  page  of  the 
field-book,  as  in  the  margin.  This  column,  or  pair 
of  lines,  may  be  conceived  to  represent  the  measured 
line,  split  in  twOj  its  two  halves  being  then  separated, 
an  inch  apart,  merely  for  convenience,  so  that  the 
distances  measured  along  the  line,  may  be  written  be- 
tween these  halves. 

Hold  the  book  in  the  direction  of  the  measurement.  At  the 
bottom  of  the  page  write  down  the  name,  or  number,  or  letter, 
which  represents  the  station  at  which  the  survey  is  to  begb. 


A  ^^  station"  is  marked  with  a  triangle  or  circle,  as 
in  the  margin.    The  latter  is  more  easily  made. 


I 


A 
© 


In  the  complicated  cases,  which  will  be  hereafter  explained,  and 
in  which  one  long  base  line  is  measured,  and  also  many  other  sub- 
ordinate lines,  it  will  be  weU,  as  a  help  to  the  memory,  to  mark 
tlie  stations  on  the  Base  line  with  a  triangle,  and  the  stations  on 
the  other  lines  with  the  ordinary  circle. 


The  station  from  which  the  measure- 
ments are  made  is  usually  put  on  the  left 
of  the  column ;  and  the  station  which  is 
measured  to,  is  put  on  the  right. 


From  A 


0 

562 
0 


toB 
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But  it  is  more  compact,  and  avoids  interfeiing 
\rith  the  notes  of  " offsets''  (to  be  explained  here-  • 
aftcr^  to  write  the  name  or  number  of  the  station 
fa  »;  o.l»., «  b  ft.  »«sia. 

The  measurements  to  different  points  of  a  line  are 
irritten  above  one  another.  The  numbers  all  refer 
to  the  beginning  of  the  Ime,  and  are  counted  from  it. 


The  end  of  a  measured  Ime  is  marked  by  a  line 
drawn  across  the  page  above  the  numbers  which 
indicate  the  measurements  which  have  been  made. 

If  the  chaining  does  not  continue  along  the 
adjoining  Ime,  but  the  chsun-men  go  to  some 
other  part  of  the  field  to  begin  another  mea- 
surement, two  lines  arq  drawn  across  the  page. 


B 

662 
A 

B 

400 

250 

100 

A 


When  a  line  has  been  measured,  the  marks 
r  or  n  are  made  to  show  whether  the  follow- 
lowing  line  turns  to  the  right  or  to  the  left.  ■  i 

A  line  is  named,  either  by  the  names  of  the  stations  between 
which  it  is  measured,  as  the  line  AB ;  or  by  its  length,  a  line 
562  links  long,  being  called  the  line  562 ;  or  it  is  recorded  as  Line 
No.  1,  Line  No.  2,  &c ;  or  as  Line  on  page  1,  2,  &c.,  of  the 
Pleld-book. 

When  a  mark  is  left  at  any  point  of  a  line, 
as  at  D,  in  Fig.  49,  with  the  intention  of  com- 
ing back  to  it  again,  in  order  to  measure  to 
some  other  point,  the  place  marked  is  called  a 
False  Station^  and  is  marked  in  the  Held-book 
F.  S. ;  or  has  a  line  drawn  around  it,  to  distin- 
guish it ;  or  has  a  station  mark  a  pldced  outside 
of  the  column,  to  the  right  or  left,  according  to 
the  direction  in  which  the  measurement  from  it  is 
to  be  made.  Examples  of  these  three  modes  are 
^ven  in  the  mar^. 


562 

200 

0 

F.S. 

662 
(200) 
0 

562 

200 

0 

• 
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A  False  Station  is  named  by  its  position  on  the  line  where  it 
belongs ;  as  thiis— "  200  on  562." 

When  a  gate  occurs  in  a  measured  line,  the  distance  from  the 
be^nning  of  the  line  to  the  side  of  tiiie  gate  first  reached,  is  the 
one  noted. 

When  the  measured  line  crosses  a  fence,  brook, 
road,  &c.,  the  J  are  drawn  on  the  field-notes  in 
their  true  direction,  as  nearly  as  possible,  but 
not  in  a  continuous  line  across  the  column,  as  in 
the  first  figure  in  the  margin,  but  as  in  the  se- 
cond figure,  so  that  the  two  parts  would  form  a 
contmuous  straight  line,  if  the  halves  of  the 
"  split  line"  were  brought  together. 

It  is  convenient  to  name  the  lines,  in  the  margm,  as  being  Sides, 
Diagonals,  Proof  lines,  &c. 


(96)  The  Field-notes  of  the  triangular  field  platted  in  Rg.  49, 
are  given  below,  according  to  both  the  methods  mentioned  in  tho 
preceding  Article,  pages  62  and  63. 

In  the* field-notes  in  the  column  on  the  right  hand,  it  is  not  abs> 
lutely  necessary  to  repeat  the  S  and  G. 
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(97)  The  Fieldi^otes  of  the  survey  platted  in  Fig.  51,  are  ^ven 
below.    Thej  begin  at  the  bottom  of  the  left  hand  column. 
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CHAPTER  II. 

8URTETING  BT  TIE-LINES. 

(98)  Surveying  by  Tieiinen  is  a  modification  of  the  method 
exDlained  in  the  last  chapter.  It  frequently  happens  that  it  js  im* 
possibb  to  measure  the  diagonals  of  a  field  of  many  sides,  in  oons^ 
quence  of  obstacles  to  measurements,  such  as  woods,  water,  houses, 
&c.  In  such  cases,  ^^7He4ine8^^  (so  called  because  they  lie  the 
sides  together),  are  employed  as  substitutes  for  diagonals. 

Thus,  in  the  foui^sided  field  shown  in  the  Figure,  the  diagonals 
cannot  be  measured  because  of  woods  inter-  >  ig.  50. 

vening.  As  a  substitute,  measure  off  from 
any  convenient  comer  of  the  field,  as  S,  any 
distances,  BE,  BF,  along  the  sides  of  the 
field.  Measure  also  the  "tie-line"  EF. 
Measure  all  the  sides  of  the  field  as  usual.       A 

To  plat  this  field,  construct  the  triangle  BEF,  as  in  Art.  (90). 
Produce  the  sides  BE  and  BF,  till  they  become  respectively  equal 
to  BA  and  BG,  as  measured  on  the  ground.  Then  with  ^  and  C 
as  centres,  and  with  radii  respectively  equal  to  AD  and  CD, 
describe  arcs,  whose  intersection  will  be  D,  the  remaining  comer 
of  the  field. 

(99)  It  thus  appears  that  one  tie-iine  is  sufficient  to  determine  a 
four-sided  field;  two,  a  five-sided  field,  and  so  on.  But,  as  a 
check  on  errors,  it  is  better  to  measure  a  tie-line  for  each  angle, 
and  the  agreement,  in  the  plat,  of  all  the  measurements  will  prove 
the  accuracy  of  the  whole  work. 

Since  any  inaccuracy  in  the  length  of  a  tie-line  is  increased  in 
proportion  to  the  greater  length  of  the  sides  which  it  fixes,  the  tie- 
lines  should  be  measured  as  far  &om  the  point  of  meeting  of  these 
sides  as  possible,  that  is,  they  should  be  as  long  as  possible. 

The  radical  defect  of  the  system  is  that  it  is  ^^  working  from  less 
to  greater,"  (which  is  the  exact  converse  of  the  tme  principle^, 
tbus  magnifying  inaccuracies  at  every  step. 
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A  tie-line  may  also  be. employed  as  a  ^^  proof  line/'  in  the  place 
of  a  diagonal,  and  tested  in  the  same  manner. 

Fig.  53. 

K  any  angle  of  the  field  is  re-entering,  as  at       r^^^^§\ 
B  in  the  figure,  measure  a  tie-line  across  the       \^^^^^/ 
laUent  angle  ABC.  \l^^^^^^<^ 

A  C 

(109)  Chain  AngleSt  It  is  convenient,  though  not  necessary, 
to  measure  equal  distances  along  the  sides ;  BE,  BF,  in  Hg.  52, 
and  BA,  BC,  in  Fig.  53.    "  Chain  Angles"  are  thus  formed.* 

(101)  Inaccessible  Areas.  The  method  of  tie-lmes  can  be 
applied  to  measuring  fields  which  cannot  be  entered. 

Thus,  in  the  Figure,  ABCD  is  an  inao-  Fig.  54. 

cessible  wooded  field,  of  four  sides.  To 
survey  it,  measure  all  the  sides,  and  at 
any  comer,  as  D,  measure  any  distance 
DE,  in  tiie  line  of  AD  produced.  Mea- 
sure  also  another  distance  DF  in  the  line 
of  CD  produced.  Measure  the  tie-line  EF,  and  the  figure  can  be 
platted  as  in  the  case  of  the  field  of  Fig.  52,  the  sides  of  the  trian- 
gle being  produced  in  the  contrary  direction. 

The  same  end  would  be  attained  by  prolon^g  only  one  side,  as 
shown  at  the  angle  A  of  the  same  figure,  and  measuring  AG,  AH, 
and  GH.  It  is  better  in  both  cases  to  tie  all  the  angles  in  a 
similar  manner. 

This  method  may  be  applied  to  a  figure  of  any  number  of  sides 
by  prolonging  as  many  of  them  as  are  necessary ;  all  of  them,  if 
possible. 


*  Chain  angles  may  be  reduced  to  angles  measured  in  degrees,  by  observing 
that  the  tie-line  is  the  chord  of  the  ansle  to  a  radius  equal  to  one  of  the  equal  dis* 
tances  measured  on  the  sides.   Tbereforep  divide  the  length  of  the  tie-line  by  the 
length  of  this  distance.     The  quotient  will  be  the  chord  of  the  angle  to  a  radius 
of  (me.    In  the  Table  oy  Chords,  at  the  end  of  this  volutue,  find  this  quotient 
and  the  number  of  de^ees  and  minutes  corresponding  to  it  gives  the  angle  re 
quired.    Otherwise;  smce  the  chord  of  any  an^le  equals  twice  the  sine  of  half 
die  angle,  we  have  this  rule :   Divide  half  the  tie-line  by  the  measured  distance 
find  in  a  table  of  natural  sines  the  angle  corresponding  to  the  quotient,  and  mul 
liply  this  angle  by  two,  to  get  the  aogte  desired. 
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(102)  If  the  sides  CD  and  AD  were  prolonged  by  their  fuU 
length,  tibe  content  of  the  figure  could  be  calculated  without  oqj 
plat ;  for  the  new  triangle  DEF  would  equal  the  triangle  DAG ; 
and  the  sides  of  the  triangle  ACB  would  then  be  known. 

This  principle  may  be  extended  still  farther. 
For  a  five-sided  field,  as  in  Fig.  55,  produce 
two  pairs  of  ndes,  a  distance  equal  to  their 
length,  forming  two  new  triangjles,  as  shown  by 
the  dotted  lines,  and  measure  the  sides  BD', 
and  A'D'^  The  three  sides  of  each  of  these 
triangles  will  thus  be  known,  and  also  the  three 
sides  of  the  triangle  BAD,  since  AD  =  A'D'', 
and  BD  =  B'D'. 


The  method  of  this  article  may  be  employed 
for  a  figure  of  six  sides  as  shown  in  Fig.  56, 
(in  which  the  dotted  lines  within  the  wooded 
field  have  their  lengths  determined  by  the  tri- 
angles formed  outside  of  it,)  but  not  for  figures 
of  a  greater  number  of  sides. 


Fig.  56. 
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By  the  Second  Method. 

(103)  The  method  of  Surveying  by  Perpendiculars  is  founded 
on  the  Second  Method  of  determining  the  position  of  a  pointy 
explamed  in  Art.  (6).  It  is  applied  in  two  ways,  either  to 
making  a  complete  Survey  by  ^^  Diagonals  and  PerpendicularMy* 
or  to  measuring  a  crooked  boundary  by  "  Offsets.*^  Each  will  h% 
considered  in  turn. 
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The  best  methods  of  gettbg  perpendiculars  on  ihe  ground  musti 
howeyer,  be  first  explained. 

TO  SET  Out  perpendiculars. 

(104)  Svyeyor's  Crosst  The  simplest  instrument  ^i§-  ^7. 
for  this  purpose  is  the  Surveyor* %  CrosSj  or  CroB^-SUiffj 
ahown  in  the  figure.  It  consists  of  a  block  of  wood,  of 
any  shape,  haying  in  it  two  saw-cuts,  made  very  precise- 
ly at  right  angles  to  each  other,  about  half  an  inch  deep, 
and  with  centre-bit  holes  made  at  the  bottom  of  the  cuts 
to  assist  in  finding  the  objects.  This  block  is  fixed  on  a 
pointed  staff,  on  which  it  can  turn  freely,  and  which 
should  be  precisely  8  links  (63|  inches)  long,  for  the 
conyenience  of  short  measuremenis. 

To  use  the  Cross-staff  to  erect  a  perpendicular,  set  it 
at  the  point  of  the  line  at  which  a  perpendicular  is  want- 
ed. Turn  its  head  till,  on  looking  through  one  saw-cut, 
you  see  the  ends  of  the  line.  Then  will  the  other  saw- 
cut  point  out  the  direction  of  the  perpendicular,  and  thus 
guide  the  measurement  desired. 

To  find  where  a  perpendicular  to  the  line,  from  some  object,  as 
a  coiner  of  a  field,  a  tree,  ftc,  would  meet  the  line,  set  up  the 
cross-staff  at  a  point  of  the  line  wluch  seems  to  the  eye  to  be  about 
the  spot.  Note  about  how  &r  from  the  object  the  perpendicular 
at  this  point  strikes,  and  move  the  cross-staff  that  distance ;  and 
repeat  the  operation  till  the  correct  spot  is  found. 


Fig.  58.  B   r?.B 


!/ 


(105)  To  test  the  accuracy  of  the  in- 
strument, sigiht  through  one  slit  to  some 
point  A,  and  place  a  stake  B  in  the  line 
of  fflght  of  the  other  slit.  Then  turn  its  a — ' 
head  a  quarter  of  the  way  around,  so 
that  the  second  slit  looked  through,  points  to  A.  Then  see  if  the 
other  slit  covers  B  again,  as  it  will  if  correct.  If  it  does  not  do 
00,  but  sights  to  some  other  point,  as  B',  the  apparent  error  is 
double  the  real  one,  for  it  now  points  as  far  to  the  right  of  the  tnio 
fxnnt,  C  as  it  did  before  to  its  left. 
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This  is  tlie  first  example  we  have  had  of  the  inyaloable  prin- 
eiple  oilteveriwn^  which  is  used  in  abnost  eyeiy  test  of  the  accu« 
racj  of  Suryejing  and  Astrononucal  instnunents,  its  peculiar  merit 
being  that  it  doubles  the  real  error,  and  thus  makes  it  twice  as  easy 
to  perceive  and  correct  it. 

(106)  The  instrument,  in  its  most  finished  form,  is  made  of  a 
hollow  brass  cylinder,  which  has  two  pairs  of  slits  ezactlj  opposite 
to  each  other,  one  of  each  pair  being  narrow  and  the  other  wide, 
with  a  horse-hair  stretched  from  the  top  to  the  bottom  of  the  latter. 
It  is  also,  sometimes,  made  with  eigjbt  faces,  and  two  more  pairs 
of  slits  added,  so  as  to  set  ofi*  half  a  right  angle.  pj    cq 

Another  form  is  a  hollow  brass  sphere,  as  in  the 
figure.  This  enables  the  sunrejor  to  set  off  perpen- 
pendiculars  on  very  steep  slopes. 

Another  form  of  the  surveyor's  cross  consists  of  two  pairs  *^»ff-  ^o 
of  plain  '<  Sights,''  each  shaped  as  in  the  figure,  placed  at 
the  ends  of  two  bars  at  right  angles  to  each  other.  The 
dit,  and  the  opening  with  a  hair  stretched  from  its  top  to 
its  bottom,  are  respectively  at  the  top  of  one  sight  and  at 
the  bottom  of  the  opposite  sight.*  This  is  used  in  the  same 
manner  as  the  preceding  form,  but  is  less  portable  and  more  liable 
to  get  out  of  order. 

A  temporary  substitute  for  these  instruments  may  be      Fig.  6i. 
made  by  sticking  four  pins  into  the  comers  of  a  square 
[aece  of  board ;  and  sighting  across  them,  in  the  direc- 
tion of  the  line  and  at  right  angles  to  it. 

(107)  Optical  Sfoare*  The  most  convenient  and  accurate  in- 
strument is,  however,  the  Optical  Square.  The  figures  give  a  pei> 
spective  view  of  it,  and  also  a  plan  with  the  lid  removed.  It  is  a 
small  circular  box,  containmg  a  strip  of  looking-glass,  from  the 
upper  half  of  which  the  silvering  is  removed.    This  glass  is  placed 

*  Tlie  French  call  \\\v  nnrrnw  opcntng  tri/leCon^  nnd  the  wide  ane  eroite*. 
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BO  as  to  make  procbely  half  a,  right  ^'s-  82- 

an^e  with  the  line  of  sight,  which 
passes  through  a  slit  on  one  ^de 
of  the  box,  and  a  Tertacal  hair 
stretched  across  the  opening  on  the 
other  ude,  or  a  mark  on  the  glass. 
The  box  is  held  in  the  band  over 
the  spot  where  the  perpendicular  is 
desired,  (a  plumb  line  in  the  hand 
will  ^ve  perfect  accuracy)  and 
the  observer  applies  his  eye  to  the 
slit  A,  looking  throngh  the  upper 
or  undlTered  part  of  the  glass,  and 
turns  the  box  till  he  sees  the  otiier 
end  of  the  line  B,  throngh  die  open- 
ing G.     The  assistant,  with  a  rod, 

moves  along  in  the  direction  where  the  perpendi:nlar  is  desired, 
being  seen  in  the  rilvered  parts  of  the  glass,  by  reflectioQ  throu^ 
the  opening  D,  till  his  rod,  at  £,  is  seen  to  coincide  with,  or  to  be 
exactly  uader,  the  object  B.  Then  is  the  line  DE  at  right  angles 
to  the  line  AB,  by  the  optica]  principle  of  the  equality  of  the  an- 
gles of  incidence  and  reflection. 

To  find  where  a  perpendicular  from  a  distant  object  would  strike 
the  line,  walk  along  the  line,  with  die  instrument  to  the  eye,  till 
the  image  of  Uie  object  is  seen,  in  the  silvered  part  of  the  glass,  to 
coincide  with  the  direction  of  the  line  seen  through  the  unalvercd 
part. 

The  instrument  may  be  teatod  by  sighting  along  die  perpendicu- 
lar, and  fixing  a  point  in  the  original  line ;  on  the  principle  of 
"  Beveraon." 

The  surveyor  can  make  it  for  lumself,  fasteiung  the  glass  in  the 
box  by  four  az,gular  [ueces  of  cork,  and  adjusting  it  by  cuttmg 
away  the  cork  on  one  ude,  and  introducing  wedges  on  the  other 
ade.    The  box  should  be  blackened  inside. 

Another  form  of  the  optical  square  contiuns  two  glasses,  fixed  at 
an  angle  of  45°,  and  giving  a  right  angle  on  the  principle  of  the 
Bextant. 
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(108)  Chain  Perpendiculars.    Perpendiculars  maj  be  set  out 

witib  the  chiun  alone,  by  a  yarietj  of  methods.  These  methods 
generally  consist  in  performing  on  the  ground,  the  operations  eze* 
cuted  on  paper  in  practical  geometry,  the  chain  being  used,  in  the 
{lace  of  the  compasses,  to  describe  the  necessary  arcs. 

As  these  operations,  however,  are  less  often  used  for  the  method 
of  surveying  now  to  be  explained,  than  for  overcoming  obstacles  to 
measurement,  it  will  ba  more  convenient  b  consider  them  in  ihat 
connection,  in  Chapter  Y. 

DIAGONALS  AND  PERPENDICULARS. 

(109)  In  Chapter  I,  of  this  Part,  we  have  seen  that  plats  of  sur- 
veys made  with  the  chain  alone,  have  their  contents  most  easily 
determined  by  measuring,  on  the  plat,  the  perpendiculars  of  each 
of  the  triangles,  into  which  the  diagonals  measured  on  the  ground 
have  divided  the  field.  In  the  Method  of  Surveying  by  DiagonaU 
and  Perpe7idicular%j  now  to  be  explained,  the  perpendiculars  are 
measured  on  the  ground.  The  content  of  the  field  can,  therefore, 
be  found  at  once,  (by  adding  together  the  half  products  cf  each 
perpendicular  by  the  diagonal  on  which  it  is  let  fall,)  without  the 
necessity  of  previously  making  a  plat,  or  of  measuring  the  sides  of 
the  field.  This  is,  therefore,  the  most  rapid  and  easy  method  of 
surveying  when  the  content  alone  is  required,  and  is  particularly 
applicable  to  the  measurement  of  the  ground  occupied  by  crops, 
for  the  purpose  of  determining  the  number  of  bushels  grown  to  the 
acre,,  the  amount  to  be  paid  for  moYring  by  the  acre,  &c. 

(110)  A  tliree-si4ed  field.   Measure  the  Fifi-^'^ 
longest  side,  as  AB,  and  the  perpendicular, 
CD,  let  &11  on  it  from  the  opposite  angle  C. 
Then  the  content  is  equal  to  half  the  product 
of  the  side  by  the  perpendicular.    If  obstar   IE'    jj 
cles  prevent  this,  find  the  pomt,  where  a  perpendicular  let  faJl  from 
an  angle,  as  A,  to  the  opposite  side  produced,  as  BG,  would  meet 
it,  as  at  E  in  the  figure.    Then  half  the  product  of  AE  by  GB  is 
the  content  of  the  triangle. 
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(111)  A  fbu-sliei  field. 

Measure  the  diagonal  AG.  Leave 
marks  at  the  points  on  this  diago- 
nal at  which  perpendiculars  from  B  ^^ 
and  from  D  would  meet  it ;  find- 
ing these  points  by  trial,  as  previ- 
ously directed  in  Arts.  (104)  and 
(107).  The  best  marks  at  these 
^  False  Stations/'  have  been  described  m  Art.  (90).  Betum  to 
these  fSEilse  stations  and  measure  the  perpendiculars.  When  these 
perpendiculars  are  measured  before  finishing  the  measurement  of 
the  diagonal,  great  care  is  necessary  to  avoid  making  mistakes  in 
the  length  of  the  diagonal,  when  the  chainmen  return  to  continue 
its  measurement.  One  check  is  to  leave  at  the  mark  ds  many  pins 
as  have  been  taken  up  by  the  hind-chainman  in  coming  to  that 
point  from  the  be^nning  of  the  line. 

Example  9.    Required  tibe  content  of  the  field  of  Fig.  64. 

Ans.  OA.  2R.  29P. 

The  field  may  be  platted  from  these  measurements,  if  desired, 
but  with  more  liability  to  inaccuracy  than  in  the  first  method,  in 
which  the  sides  are  measured.  The  plat  of  the  figure  is  3  chains 
to  1  inch. 

The  field-notes  may  be  taken  by  writing  the  measurements  on  a 
sketch,  as  in  the  figure ;  or  m  more  complicated  cases,  by  the 
column  method,  as  below.  A  new  symbol  may  be  employed,  tins 
mark,  ^,  or  H?  to  show  the  False  Station,  from  which  a  perpen* 
dicular  is  to  be  measured. 

JExample  10.     Calculation. 

ABC=  i  X  480  X  110  =  26400 
ADC=  i  X  480  X  175  =  42000 

sq.  chaina  6.8400 

Acres  0.684 

It  is  still  easier  to  take  the  two 

triangles  together;     multiplying 

the  diagonal  by  the  sum  of  the  pei^ 

pendiculars  and  dividing  by  two. 


^r«>m  200  on  480 


•it* 

g  From  280  on  480 


•9 

S 


H 
From  A 


480 

280 

200 

© 


toG 
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(112)  A  nany-sidel  field.  Hg.  65,  and  the  accompanying 
field^otes  represent  the  field  which  was  sorrey^d  by  the  First 
Method  and  platted  in  Yig.  51. 


From  5.07 

on  7.37 

1.54 

F.  S. 

to  b' 

From  1  60 

on  7.75 

2.53 
F.  S. 

toD 

From  5.45 

on  11.42 

4.93 
F.  8. 

toE 

From  4.95 

on  11.42 

2.67 
F.  8. 

toB 

H 

FromE 

7.37 

5.07 

0 

to  A 

r 

# 

7.75 

1.60 

0 

toE 

r 

JVomA 

11.42 

5.45 

4.95 

0 

toC 

Example  11,  (7aZ<?MZ<rti(m« 
The  content  of  the  triangles  may 
be  expressed  thus : 

sq.  Iks, 
ABO  =  ixll42x267=152457 
AEC  =  ^x  1142x493=281508 
CDE  =  ix  775x253=  98037 
AEF  =  Jx  737x154=  56749 

sq.  chains  58.8746 

Acres  5.88746 

or,  6A.  8R.  22P. 

The  first  two  triangles  might 

have  been  taken  together,  as  m 

the  previoiis  field. 

Content  calculated  from  the 
perpendiculars  will  generally  va- 
ry slightly  from  that  obtained  by 
measuring  on  the  plat. 
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(IIS)  A  smaU  field  which  has  many  sides,  may  sometimes  be 
convemenUy  surveyed  by  taking  one  diagonal  and  measuring  the 
perpendiculars  let  fall  on  it  from  each  angle  of  the  field,  and  thus 
dividing  the  whole  area  into  triangles  and  trapezoids ;  as  in  ilg.  36, 
page  48. 

The  line  on  which  the  perpendiculars  are  to  be  let  fall,  may  also 
be  outside  of  the  field,  aa  in  Fig.  37,  page  48. 

Such  a  survey  can  be  platted  very  readily,  but  the  length  of  the 
perpendiculars  renders  the  plat  less  accurate. 

This  procedure  supplies  a  transition  to  the  method  of  '^  O&ets," 
which  is  explained  in  the  next  article. 

OFFSETS. 

(114)  O&ets  are  short  perpendiculars,  measured  from  a  straight 
Bne,  to  the  angles  of  a  crooked  or  zigzag  line,  near  which  the  straight 
Ime  runs.      Thus,  in  the  figure,                   ^  ^ 'g-  cc 
let  ACDB  be  a  crooked  fence,  ^^ B 


0 


D 
C 


25 
80 


ioB. 


bounding  one  side  of  a  field.  Chain  A.,<::_Vi>9. 
along  the  stnught  line  AB,  which  runs  from  ono  end  of  the  fence 
to  the  other,  and,  when  opposite  each  comer,  note  the  distance 
£rom  the  beginning,  or  the  point  A,  and  also  measure  and  note  the 
perpendicular  distance  of  each  comer  0  and  D  from  the  line. 
These  comeni  will  then  be  ^^  determined*'  by  the  Second  Method, 
Art.  (6). 

The  Hold-notes,  corresponding  to  Yig. 
66,  are  as  in  the  margin.  The  measure* 
ments  along  the  line  are  written  in  the 
column,  as  before,  counting  from  the  be- 
ginning  of  the  line,  and  the  oi&ets  are 
irritten  beside  it,  on  the  right  or  left,  oppo- 
Bite  the  distance  at  which  they  are  taken. 
A  sketch  of  the  crooked  line  is  also  usually  From  A  0 
made  in  the  Field-notes,  though  not  abso- 
Ititely  necessary  in  so  simple  a  case  as 
this.  The  letters  C  and  D  would  not  be  used  in  practice,  but  are 
here  inserted  to  show  the  connection  between  the  Field-notes  and 
the  plat. 
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In  takixig  the  Iield-Notes,  the  widths  of  the  oflEseta  should  no* 
be  drawn  proportionallj  to  the  distances  between  them,  but  the 
breadths  should  be  greatly  exaggerated  in  proportion  to  the  lengths. 

(115)  A  more  extended  example,  with  a  little  different  notation, 
is  ^ven  below.  In  the  figure,  which  is  on  a  scale  of  8  chains  to 
one  inch  for  the  distances  along  the  line,  the  breadths  of  ihe  ofl^ti 
are  exaggerated  to  four  times  their  true  proportional  dimensions. 

Fig.  67. 
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(116)  The  plat  and  Held-notes  of  the  position  of  two  houses, 
determined  by  o&ets,  are  ^ven  below  on  a  scale  of  2  chains  to  1 
incL 

I  I  Fig.  68. 
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(117)  Double  o&ets  are  sometimes  convenient;  and  sometimefl 
triple  and  quadruple  ones.  Below  are  giten  the  notes  and  the 
plat,  1  chain  to  1  inch,  of  a  road  of  varying  width,  both  sides  of 
which  are  detenmned  by  double  ofiets.  It  will  be  seen  that  the 
line  AB  crosses  one  side  of  the  road  at  160  links  from  A,  and  the 
other  side  of  it  at  220. 


CHAP.  III.] 


OAets. 


7T 


Tiro  methods  of  keepmg  the  fleld-Dotoa  are  ^ven.  In  the  first 
form,  tite  ofi&ets  to  each  ddo  of  the  road  are  g^vea  separate!;  and 
coonected  by  the  nga  +.  In  the  second  form,  the  total  distance 
of  the  sectmd  ofiset  is  ffven,  aod  the  two  measorementa  connected 
by  the  word  "  to."    This  is  ea^er  both  for  measuring  and  platting 
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40 
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20 
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(1I&)  These  o^tB  may  generallj  be  taken  viQi  sufficient  aceTii» 
ey  by  measaring  them  as  nearly  at  right  angles  to  the  base  line  as  the 
«ye  can  estimate.  The  surveyor  should  stand  by  the  chiun,  facing 
tiie  fence,  at  the  place  which  he  thinks  opporate  to  the  comer  to 
ndiich  he  wishes  to  take  an  ofiet,  and  measure  "  square"  to  it  by 
Qie  eye,  which  a  little  practice  will  eoablo  lum  to  do  with  »ttcli 
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The  ofibets  may  be  measured,  if  short,  mih  an  0ff%etr9t€^^  a 
light  stick,  10  or  15  links  in  length,  and  divided  accordingly ;  or 
if  they  are  long,  with  a  tape.  They  are  generally  but  a  few  links 
in  length.  A  chiun's  length  should  be  the  extreme  limit,  as  laid 
down  by  the  English  ^^  Titibe  Commissioners,"  and  that  should  be 
employed  only  in  exceptional  cases.  When  the  ^^  GrossHstaff "  is 
in  use,  its  divided  length  of  8  links,  renders  the  ofiet^taff  need- 
loss. 

When  o&ets  are  to  be  taken,  the  method  of  chaining  to  the 
end  of  a  Ime,  described  in  Art.  (2S),  page  21,  is  somewhat  modi* 
fied.  After  the  leader  arrives  at  the  end  of  the  line,  he  should 
draw  on  the  chain  till  the  follower,  with  the  back  end  of  the  cham, 
reaches  the  last  pin  set.  This  facilitates  the  counting  of  the  links 
to  the  places  at  which  the  o&ets  are  taken. 

The  o£ets  are  to  be  taken  to  every  angle  of  the  fence  or  other 
crooked  line ;  that  is,  to  every  point  where  it  changes  its  direc^ 
tion.  These  angles  or  prominent  bends  can  be  best  found  by  one 
of  the  party  walking  along  the  crooked  fence  and  directing  another 
at  the  chiun  what  points  to  measure  opposite  to.  If  the  line  which 
is  to  be  thus  determined  is  curved^  the  o&ets  should  be  taken  to 
points  so  near  each  other,  that  the  portions  of  the  curved  Une  lying 
between  them  may,  without  much  error,  be  regarded  as  stnught. 
It  wiU  be  most  convenient,  for  the  subsequent  calculations,  to  take 
the  ofiEsets  at  equal  distances  apart  along  the  straight  line  irom 
which  they  are  measured. 

In  the  case  of  a  crooked  brook,  such  as  is  shown  in  the  figure 
^ven  below,  ofi&cts  should  be  taken  to  the  most  prominent  angles, 
such  as  are  marked  a  a  a  in  the  figure,  and  the  intermediate  benda 
may  be  merely  sketched  by  eye. 

Fig.  7a 

a 

When  o&ets  from  lines  measured  around  a  field  are  taken  inside 
•f  these  boundmg  lines,  they  are  sometimes  distmguishod  as  In%eiB 
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(119)  Platting.  The  most  rapid  method  of  platting  the  oE&ote, 
is  by  die  use  of  a  Platdng  Scale  (described  in  Art.  49)  and  an 
Offtet  Scale,  vr)Ach  is  a  short  scale  divided  on  its  edges  like  a 
platting  scale,  but  liaring  its  zero  in  the  middle,  as  in  the  figure. 

Fig.  71 


The  platting  scale  is  placed  parallel  to  the  line,  with  its  zero 
pomt  opposite  to  the  be^nning  of  the  line.  The  ol^t  scale  is 
sUd  along  the  platting  scale,  till  its  edge  comes  to  a  distance  on 
the  latter  at  which  an  offiet  had  been  taken,  the  length  of  which  is 
marked  off  with  a  needle  point  from  the  o^t  scale.  This  is  Qien 
elid  on  to  the  next  distance,  and  the  operation  is  repeated.  If 
one  person  reads  off  the  field-not«3,  and  another  plats,  the  opera- 
'  tion  will  be  greatlj  faoilitated.  The  points  thus  obt^ned  are 
joined  by  straight  lines,  and  a  mituature  copy  of  the  curved  line  is 
thns  obt^ed ;  all  the  operations  of  the  platting  being  merely  re- 
petitions of  the  measurements  made  on  the  ground. 

If  no  offiet  scale  is  at  hand,  make  one  of  a  strip  of  thick  drawing 
paper,  or  pasteboard ;  or  use  the  platting  scale  itself,  turned  cross- 
ways,  having  previously  marked  off"  from  it  the  points  from  which 
the  ol&etB  had  been  taken. 

In  plats  made  on  a  small  scale,  the  shorter  ofisets  are  best  esti- 
mated by  eye. 

On  the  Ordnance  Survey  of  Ireland,  the  platting  of  oSeta  is 
fiicilitated  by  the  use  of  a  combination  of  the  ofiaet  scale  and  the 
platting  scale,  the  former  being  made  to  slide  in  a  groove  in  tbe 
latter,  at  right  angles  to  it. 

(129)  Cilcnlatlo;  Conteul>  When  the  crooked  line  deter- 
mined  by  o&ets  is  the  boundary  of  a  field,  the  content,  enclosed 
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oetween  it  and  the  straight  line  surveyed,  must  be  detenmued, 
that  it  may  be  added  to,  or  subtracted  from,  the  content  of  the 
field  bounded  by  the  straight  lines.  There  are  yarious  methods  of 
effecting  this. 

The  area  enclosed  between  the  straight  and  the  crooked  lines  is 
divided  up  by  the  o&ets  into  triarifflea  and  trapeswidsy  Ihe  content 
of  which  may  be  calculated  separately  by  Arts.  (05)  and  (67), 
and  then  added  together.  The  content  of  the  plat  on  page  75, 
will,  therefore,  be  1500  +  4125  +  625  =  6250  square  links  = 
0.625  square  chain.  The  content  of  the  plat  on  page  76,  will  in 
like  manner  be  found  to  be,  on  the  left  of  the  straight  line  80,000 
square  links,  and  on  its  right  5,000  square  links. 

(121)  When  the  offsets  have  been  taken  at  equal  distancesy  the 
content  may  be  more  easily  obtained  by  adding  together  half  of 
the  first  and  of  the  last  ofiet,  and  all  the  intermediate  ones,  and 
multiplying  the  sum  by  one  of  the  equal  distances  between  the  off- 
sets.   This  rule  is  merely  an  abbreviation  of  the  preceding  one. 

Thus,  in  the  plat  of  page  76,  the  distances  being  equal,  the  con- 
tent of  the  offiets  on  the  left  of  the  straight  line  will  be  120  x  250 
=  30,000  square  links,  and  on  the  right  20  X  250  =  5,000 
square  links ;  the  same  results  as  before. 

When  the  line  determined  by  the  ofiets  is  a  curved  line,  '^  Simp- 
son's rule"  ^ves  the  content  more  accurately.  To  employ  it,  an 
even  number  of  equal  distances  must  have  been  measured  in  tho 
part  to  be  calculated.  Then  add  together  the  first  and  last  offiet, 
four  times  the  sum  of  the  even  o&ets,  (i.  e.  the  2d,  4th,  6th,  &c.,) 
and  twice  the  sum  of  the  odd  offsets,  (i.  e.  the  Sd,  5th,  7th,  &c.,) 
not  including  the  first  and  the  last.  Multiply  the  sum  by  one  of 
the  equal  distances  between  the  o&ets,  and  divide  by  3.  The 
quotient  will  be  the  area. 

Example  12.  The  o&ets  from  a  straight  line  to  a  curved  fence, 
were  8,  9, 11, 15, 16, 14,  9,  links,  at  equal  distances  of  5  links. 
What  was  the  content  included  between  the  curved  fence  and  the 
straight  Ime  ?  Am.      371.666 
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(122)  Many  erroneous  roles  have  been  giyen  on  ihis  part  of  the 
subject.  One  rule  directs  tiie  surveyor  to  divide  the  sum  of  all 
the  of&ets  by  one  lose  than  their  number,  and  multiply  the  quotient 
by  the  whole  length  of  the  straight  line ;  or,  what  is  the  same  thing, 
to  multiply  the  sum  of  »11  the  ofiEsets  by  the  common  distance  be- 
tween tiiem.  This  will  be  correct  only  when  the  o&ets  at  each 
end  of  the  line  are  nothing,  i.  e.  when  the  curved  line  starts  from 
the  straight  line  and  returns  to  it  at  the  be^nning  and  end  of  one 
of  the  equal  distances.  In  all  other  cases  it  will  give  too  much. 
A  second  rule  directs  the  surveyor  to  divide  the  sum  of  all  the  ofi^ 
sets  by  their  number,  and  then  to  multiply  the  quotient  by  the 
whole  strsdght  line.  This  may  give  too  much,  or  too  littie,  accord- 
ing to  circumstances. 

Suppose  o&ets  of  10,  30,  20,  80,  50,  30,  links,  to  have  been 
taken  at  equal  distances  of  a  cham.  The  correct  content  of  ti;ie 
enclosed  space  is  200  x  100  =  2  square  chains.  The  first  of  the 
above  rules  would  give  2.2  square  chains,  and  the  second  would 
^ve  1.8333  chains. 

(123)  Reducing  to  one  triangle  the  many-sided  figure  which  is 
formed  by  theofl&ets,  is  the  method  of  calculation  sometimes  adopted* 
This  has  been  fully  explained  in  Part  I,  Art.  (78),  Jnc.  The 
method  of  Art.  (83)  is  best  adapted  for  this  purpose. 

(124)  Equalizing^  or  giving  and  taking^  is  an  approximate 
mode  of  calculation  much  used  by  practical  surveyors.  A  crooked 
line,  determined  by  ofl&cts,  having  been  platted,  a  straight  line  is 
drawn  on  the  plat,  across  the  crooked  line,  leaving  as  much  space 
outside  of  the  straight  line  as  inside  of  it,  as  nearly  as  can  be  esti- 
mated by  the  eye,  "  Equalizing"  it,  or  "  Giving  and  taking"  equal 

Fig.  72. 
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portions.  The  straight  line  is  best  determined  by  laying  across 
the  irregular  outline  the  straight  edge  of  a  piece  of  transparent 
horn,  or  tracing  paper,  or  glass,  or  a  fine  thread  or  horse-hais 
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streeohed  etrai^t  by  a  light  bow  of  whalebone.  In  practical 
handfli  this  method  is  snfficienilj  acemate  in  most  cases.  Hie  stih 
dent  will  do  well  to  try  it  on  figures,  the  content  of  which  he  hap 
previondy  ascertained  by  perfectly  accurate  methods. 

Sometimes  this  meiliod  may  be  advantageondy  combined  with 
the  preceding;  short  lengths  of  the  croooked  boundary  being 
^  Equalized/'  and  the  fewer  resultmg  adgzags  reduced  to  one  line 
by  the  method  of  Art.  (K\  &c. 


CHAPTER  IV. 


SVRTETINC  BY  THE  PRECEDING  HETHODS  COxUBINED. 

125)  All  the  methods  which  have  been  explained  in  the  iliree 
preceding  chapters — Surveying  by  DiaganaUy  by  TMineiy  and 
by  Perpendicularly  particularly  in  the  form  of  ofl^ts — are  fre- 
quently required  in  the  same  survey.  The  method  by  BiaganaU 
should  be  the  leading  one ;  in  some  parts  of  the  survey,  obstacles 
to  the  measurement  of  diagonals  may  require  the  use  of  TMinea  ; 
and  if  the  fences  are  crooked,  strught  Imes  are  to  be  measured 
near  them,  and  their  crooks  determined  by  Off^sets. 

(126)  Ojfsets  are  necessary  additions  to  almost  every  other 
method  of  surveying.  In  the  smallest  field,  surveyed  by  diagonals, 
unless  all  the  fences  are  perfectly  straight  lines,  their  bends  must 
be  determmed  by  ofiets.  The  plat  (scale  of  1  chain  to  1  inch), 
and  field-notes,  of  such  a  case  are  given  below.    A  sufficient  nuin- 
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ber  of  the  sides,  diagonals,  and  proof-lines,  to  prove  the  Trork,  should 
be  platted  before  plattmg  the  o&ets. 


Fig.  73. 
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ExampU  13.    Bequired  the  con- 
feni  of  tbe  above  field.        Ant, 
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(127)  FleM-books*  The  difficulty  and  the  importance  of  keep 
bog  the  Field-notes  clearly  and  distinctlj,  increase  with  each  new 
ecnnbinaiion  of  methods.  For  this  reason,  three  different  methods 
of  keeping  the  field-notes  of  the  same  survey  will  now  be  given, 
(from  Bourns'  Surveying),  and  a  careful  comparison  by  the  stu- 
dent of  the  corresponding  portions  of  each  will  be  very  profitable 
to  him. 
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FIELD-BOOK  S;  1. 
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Field-Book  No.  1  (Iig.  74)  shews  the  Sketch  method,  explub 
«d  in  Art.  (91). 
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FIELD-BOOK  No.  2. 
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Vidd-Book  No.  2  (¥\g.  75)  shoTra  the  Column  met*:od,  teolaia 
fd  in  Art.  (95). 


COAIN  8V1TETIN&. 
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FIELD-BOOK  V;  S. 


1120 


FielJkBook  No.  8  (Hg.  ^%)  is  a  convenient  combination  of  ttit 
two  preceding  methods.  The  bottom  of  the  Book  is  at  the  side  of 
this  figure,  at  A. 
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(128)  It  will  eaeilj  appear  from  ihe  sketch  of  Field-book  No.  1, 
how  much  time  and  labor  may  be  saved,  or  lost,  by  the  mamier  of 
doing  the  work.  Thus,  be^nning  at  A,  and  measuring  750  linksi 
a  pole  should  be  left  there,  and  the  Ime  to  the  right  measured  tc 
17  chains,  or  C,  leaving  a  pole  at  12.30  as  a  new  starting  point  by 
and  by.  Then  firom  G  measure  19  chuns  to  A  again ;  then  mea* 
sure  from  A  to  B,  and  from  B  back  to  ^e  pole  left  at  7.50  on  the 
main  line. 

(129)  The  example  which  will  now  be  ^ven  shows  part  of  the 
Field-notes,  the  plat,  (on  a  scale  of  6  inches  to  1  mile  [1 :  10,560]), 
and  a  partial  calculation  of  the  *^  Filling  up "  of  a  large  triangle, 
the  angular  points  of  which  are  supposed  to  have  been  determined 
by  the  methods  of  Geodesic  Surveying.  They  should  be  well 
studied.* 


Fig.  77. 


*  Capt  Fhoxi,  in  hii  "  Trigonometrical  8orvey/*  from  which  thii  eump!# 
liai  beeD  condented,  remarki,  *'  It  may,  perfaapi,  do  thoaght  that  too  much  itreai 
U  laid  onfonn$  ;  bat  method  ii  a  moit  easentiat  part  of  an  undertaking  of  magni^ 
lode;  and  without  excellent  preliminary  arrangemenU  to  ensure  nniformity  ia 
all  the  mott  trifling  details,  the  work  never  could  go  on  creditably." 
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In  the  above  specimen  of  a  field-book,  (which  resembles  that  on 
page  85),  all  o&ets,  except  those  having  relation  to  the  boondary 
lines,  are  purposely  omitted,  to  prevent  confusion,  the  example 
being  ^ven  solely  to  illustrate  the  method  of  calculating  these 
larger  divisions.  Bough  diagrams  are  drawn  in  the  field-book  not 
to  any  scale,  but  merely  bearing  some  sort  of  resemblance  to  the 
lines  measured  on  the  ground,  for  the  purpose  of  showing,  at  any 
period  of  the  work,  their  directions  and  how  they  are  to  be  connect* 
ed ;  and  also  of  eventually  assisting  in  laying  down  the  diagram 
and  content  plat.  On  these  rough  diagrams  are  written  the  lia> 
tinctive  letters  by  which  each  line  is  marked  in  the  field-book,  and  also 
its  length,  and  tiie  distances  between  points  marked  upon  it,  from 
which  other  measurements  branch  off  to  connect  the  interior  por- 
tions of  the  district  surveyed. 

(ISO)  CaleulaUoBS*  The  calculation  of  one  of  the  figures,  Ut, 
is  given  below  in  detail.  It  is  composed  of  the  triangle  DPQ,  with 
olbets  along  the  sides  PQ ;  and  of  the  triangle  DWX,  with  oflEseti 
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dlcog  the  sides  PW  and  WX.  From  the  content  thus  obtained 
mnst  be  subtracted  the  offsets  on  PQ,  belongmg  to  the  figure  Q09 
and  those  on  WX  belongmg  to  the  figure  ]£.  When  the  ofieta 
are  triangles,  (right  angled,  of  course),  the  base  and  perpendicular 
are  put  down  aa  two  sides;  when  thej  are  trapezoids,  the  two 
parallel  sides  and  the  distance  between  them  occupy  the  columns 
of  "  sides." 
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The  oiher  figorea,  comprised  irithia  &e  large  triangle,  are  record- 
ed and  calculated  in  a  mnilar  manner.  An  abridged  relator  of 
die  results  is  ^ren  belov. 


Divisioir. 


IS 


L 


» 


m 


■   2 


m 


ADDinVBS. 


DNS 

and  o&ets. 


DNO 
and  offiets. 


ANO 
and  offiwts. 


HTN 

NUV 

mas. 

and  offsets. 


SUBTBACnVH. 


DWX 

NUV 
and  o&ets. 


DPQ 
and  ofiEsets. 


NRM 

and  offsets. 


CNS 
and  oflbets. 


DPQ 
DWX 

and  oflEsets. 


Offiiets. 


HTN 

and  offsets. 


DIFFERENCE  IN  * 
SQUARE  CHAINS. 


140.4893 


100.1882 


103.9778 


81.6307 


109.6064 


Ofiets 


137.1271 


Total, 


672.9195 


The  accuracy  of  the  preceding  calculations  of  the  separate  figures 
must  now  be  tested  by  comparing  the  sum  of  their  areas  with  that 
of  the  large  triangle  AGD,  which  comprises  them  all.  Their  area 
must  previously  be  increased  by  the  offiets  on  the  lines  CS  and  GH, 
which  had  been  deducted  from  Q,  and  which  amount  respectively 
to  3.5270  and  2.8690.  The  total  areas  will  then  equal  679.3155 
square  chiuns.  That  of  the  triangle  AGD  is  679.5032 ;  a  differ- 
ence of  less  than  a  fifth  of  a  square  chain,  or  a  fiftieth  of  an  acre ; 
or  about  one-fortieth  of  one  per  cent,  on  the  total  area. 

(181)  The  six  liaes.  In  most  cases,  great  or  small,  no;  fun* 
damental  lines  will  need  to  be  measured ;  viz.  four  approsmate 
boundary  lines,  forming  a  quadrilateral,  and  its  two  diagonals. 
Small  triangles,  to  determine  prominent  points,  can  be  formed  within 
and  without  these  main  lines  by  the  First  Method,  Art.  (4), 
and  the  lesser  irregularities  can  be  determined  by  ofiets. 
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Thus,  in  {he  above  figure,  two  straight  lines  AB  and  CD  are 
measored  through  the  entire  length  and  breadth  of  the  farm,  or 
township,  which  is  to  be  surveyed.  The  connectmg  lines  AG,  OB, 
BD  and  DA  are  also  measured,  uniting  the  extremities  of  the 
first  two  lines.  The  last  four  lines  thus  form  a  quadrilateral,  which 
is  diyided  into  two  trian^es  by  one  of  the  first  measured  lines, 
while  the  second  serves  as  a  proof-line.  The  distance  firom  the 
intersection  of  the  two  diagonals  to  the  extremities  of  each,  being 
measured  on  the  ground  and  on  the  plat,  affords  an  additional  test. 

Other  p<nnts  of  the  district  surveyed  (as  E,  G,  E.,  &c.,  in  the 
figure,)  are  determined  by  measuring  the  distances  firom  them  to 
Imown  points  (as  M,  N,  P,  R,  &c.,  in  the  figure)  situated  on  some 
of  the  rix  fundamental  lines,  thus  forming  the  triangles  T9  T* 

The  intersection  0  of  the  main  diagonals,  and  also  the  intersec* 
tions  of  the  various  minor  lines  with  the  main  lines  and  with  each 
other,  should  all  be  carefiiUy  noted,  as  additional  checks  when  the 
work  comes  to  be  platted. 
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The  larger  figures  are  detemuned  first,  and  ilie  smaller  ones 
based  upon  them,  in  accordance  with  this  important  principle  in 
aQ  surveying  operations,  always  to  work  from  the  whole  to  the 
parts,  and  from  greater  to  less.  The  unavoidable  inaccuracies  are 
thus  subdivided  and  diminished.  The  opposite  course  would  accu- 
mulate and  magnify  them. 

These  additional  Imes,  which  form  secondary  triangles,  should 
be  so  chosen  and  ranged  as  to  pass  through  and  near  as  many  ob- 
jects as  possible,  in  order  to  reqmre  as  few  and  as  short  ofiets  as 
the  portion  of  the  lines  will  permit ;  the  smaller  irregularities  being 
determined  by  o&ets  as  usual.  It  is  better  to  measure  too  many 
lines  than  too  few,  and  to  establish  unnecessary  "  false  stations," 
rather  than  not  to  have  enough. 


(1S2)  Exceptional  eases*  The  preceding  arrangement  of  lines, 
though  in  most  cases  the  best,  may  sometimes  be  varied  with  ad- 
vantage. Unless  the  farm  surveyed  be  of  a  shape  nearly  as  broad 
as  long,  <he  two  diagonals  will  cross  each  other  obliquely,  instead 
of  nearly  at  right  an^es,  as  is  desirable. 

Fiji;.  79 

When  the  &rm  is  mudi 
longer  than  it  is  wide,  two 
systems,  of  six  lines  each, 
may  be  used  witii  much 
advantage,  as  in  Y\g.  79. 
Several  such  may  be  com- 
bined when  necessary. 


<••• 


Ifig.  80. 


in  a  case  like  that  in  Hg. 
80,  five  lines  will  be  better 
than  six,  and  will  tie  one  an- 
other together,  their  points  of 
intersection  being  carefully 
noted. 


'.  IT.]         Dlagttuls,  Tl«-llie9  u<  Olbets. 


In  the  &mi  represented  in 
Ilg.  81,  the  B^tem  of  linos 
there  ehown  is  &o  best,  and 
they  frill  also  tie  one  another. 


(133)  Much  difficulty  irill  often  be  found  m  ranging  and  me»- 
Buring  the  long  lines  required  by  tiaa  m«thod  in  extensive  surreys. 
Various  contrivances  for  overcoming  the  obstacles  vhich  may  bo 
met  wiQi,  frill  be  expluned  in  the  following  chapter.  It  will  often 
be  convenient  to  measure  the  mmor  lines  along  roads,  lanes, 
paths,  &c.,  although  they  may  not  lie  in  the  most  de«rable  direc- 
tions. Steeples,  chimneys,  remarkable  trees,  and  other  objects  of 
that  character,  may  often  be  sighted  to,  and  the  line  measured  to- 
frards  them,  with  much  saving  of  time  and  labor.  The  point  where 
the  measured  lines  cross  one  another  should  always  be  noted,  and 
they  will  thus  form  a  vety  complete  series  of  tie-lines.* 

A  view  of  the  district  to  be  surveyed,  taken  from  some  elevated 
poation,  vrill  bo  of  much  assistance  in  planning  the  general  direo- 
tion  d  the  lines  to  be  measured. 

(131)  iDBCMSslble  Areas.  rig.  «l 

A  combmalion  of  o&ets  and 
tie-lines  supplies  an  easy  me- 
thod of  surveying  an  inacce»- 
tibie  area,  such  as  a  pond, 
swamp,  forest,  block  of  houses, 
tie.,  as  appears  from  the  fi- 
gmre ;  in  which  external  bound- 
ing lines  are  taken  at  will  and 

*  Tn  lind  tha  txtiA  point  of  interaection  :t  Iheu  linoa,  which  tre  onlr  '  Timl 
line*,"  (etplained  in  ArL  (19),)  ihrve  persons  nre  n^ccHnry :  one  imnJi  at  »ir.e 
point  of  one  of  ifae  linei  and  tighU  lo  •iime  otiier  pninl  <in  it ;  a  iccnnd  does  Ilia 
—18  on  iho  second  line  ;  by  ii|;i»  Ihey  direct,  lo  rijrhl  or  left,  ibe  r"""'™'-'""  "f  ■ 
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measured,  and  tied  by  "tie>lmeB'*  meafitired  between  these  lines, 
prolonged  when  neceaeary,  u  in  Art.  (101),  while  o&ets  &om 
tiiem  determine  tbe  irregolaritioB  of  the  actual  boondaries  of  the 
pond,  &o. 

These  offgett  are  ttu«te,  and  their  content  is,  of  coarse,  to  be 
subtracted  from  the  content  of  the  principal  figure. 

Eren  a  circnlar  field  might  thus  be  approziinatelj  measured  &om 
the  outside. 

If  the  shape  of  Ihe  field  admits  (J  F'S-  sa- 

lt, it  will  be  preferable  to  measure 
four  lines  about  the  fiefd  in  auoh 
directions  as  to  enclose  it  in  a  reot- 
an^e,  and  to  measure  o&ets  &om  the 
mdes  of  Ihis  to  the  angles  of  the  _ 
field. 


(135)  When  one  of  the  lines  mth  which  ^'S-  ^ 

an  inaccessible  field  is  surrounded,  as  in 
the  last  two  figures,  cuts  a  comer  of  the 
field,  as  in  Jig.  84,  the  triangle  ABC  is 
to  be  deducted  Sma  (he  content  of  the 
endofflng  figure,  and  the  triangle  CDE 
added  to  it.  The  triangle  DBF  b  also  o<^ 
to  be  added,  and  the  triangle  FGH  de- 
ducted. To  do  this  directly,  it  would  be 
necessary  to  find  the  points  of  intersection 
C  and  F.  But  this  may  be  difficult,  and 
can  be  dispensed  with  by  obtuning  the 
difierence  of  each  piur  of  triangles.  The 
difierence  of  ABC  and  CDE  will  be  ob- 
tuned  at  once  by  multiplying  the  difier- 
ence of  the  ofl^ts  AB  and  DE  by  half  <^  BE ;  and  the  difference 
of  DEF  and  FGH  by  muldp]^^  the  difference  of  DE  and  GH 
by  half  of  EG.' 
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(IM)  Roads*    A  winding  Boad  may  also  be  surveyed  thus,  as 
18  shown  in  Eig.  85 ;  straight  lines  being  measured  in  the  road, 

Fig.  85. 


their  changes  in  direction  determined  by  tie-lines,  tying  one  line  to 
the  preceding  one  prolonged,  as  ezplamed  in  Chapter  11,  of  this 
Part,  and  points  in  the  road-fences,  on  each  side  of  these  strsught 
lines,  bemg  detenmned  by  ofiets. 

A  Rlrer  may  also  be  supposed  to  be  represented  by  the  aboTo 
winding  lines ;  and  the  lower  set  of  lines,  tied  to  one  another  as 
before,  and  with  o&ets  from  them  to  the  water's  edge,  will  be  saf> 
fident  for  making  an  accurate  survey  of  one  side  of  the  river. 

(187)  Towns*  A  town  could  be  surveyed  and  mapped  in  the 
same  manner,  by  measuring  straight  lines  through  all  the  streets, 
determimng  their  angles  by  tieli^es,  and  taldng  ofibets  from  them 
to  the  blocks  of  houses. 


•  ^- 
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CHAPTER  V. 


OBSTACLES  TO  MEASDREnENT  IN  CHAIN  SDRVETMC. 

^S8)  In  the  practice  of  ilie  various  methods  of  sunrejing  vhieb 
Hff^  been  explained,  the  hills  and  vallejs  which  are  to  be  crossed, 
the  sheets  of  water  which  are  to  be  passed  over,  the  woods  and 
houses  which  are  to  be  gone  through — all  these  form  obstacles  to 
the  measurement  of  the  necessary  lines  which  are  to  join  certtun 
points,  or  to  be  prolonged  in  the  same  direction.  Many  special 
precautions  and  contrivances  are^  therefore,  rendered  necessary ; 
and  the  best  methods  to  be  employed,  when  the  cluun  alone  is  to 
be  used,  will  be  given  in  the  present  chapter. 

(139)  The  methods  now  to  be  ^ven  for  overcoming  the  various 
obstacles  met  with  in  practice,  constitute  a  Lakb-Geombtry. 
Its  problems  are  performed  on  the  ground  instead  of  on 
paper :  its  compasses  are  a  chain  fixed  at  one  end  and  free  to  swing 
around  with  the  other;  its  scale  is  the  chsdn  itself;  and  its  ruler 
is  the  sajne  chain  stretched  tight.  Its  advantages  are  that  its  sin- 
gle instrument,  (or  a  substitute  for  it,  such  as  a  tape,  a  rope,  &;c.) 
can  be  found  anywhere ;  and  its  only  auxiliaries  are  equally  easy 
to  obtam,  being  a  few  straight  and  slender  rods,  and  a  plumb-line, 
for  which  a  pebble  suspended  by  a  thread  is  a  sufficient  substitute. 

Many  of  these  problems  require  the  employment  of  perpendicu- 
lar and  parallel  lines.  For  this  reason  we  will  commence  with  ibis 
class  of  Problems. 

The  Demonstrations  of  these  problems  will  be  placed,  in  an  Ap- 
pendix to  this  volume,  which  will  be  the  most  convenient  arrange- 
ment for  the  two  great  classes  of  students  of  surveying ;  those  who 
wish  merely  the  practice  without  the  principles,  and  those  who  wish 
to  secure  both. 

The  elegant  "  Theory  of  Transversals''  will  be  an  important  ele- 
ment in  some  of  these  demonstrations.  All  of  them  will  constitute 
excellent  exercises  for  students. 
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PROBLEMS  ON  PERPENDICULARS/ 
Problem  L     Jb  erect  a  perpendicular  at  any  povnJb  of  a  Knt. 

(140)  Fint  Method.  Let  A  be  the 
point  at  Iff  hich  a  perpeudicular  to  the  line  is 
to  be  set  out.  Measure  off  equal  distances 
AB,  AG,  on  each  side  of  the  point.  Take 
a  portion  of  the  chain  not  quite  \\  times  as 
k  ng  as  AB  or  AC,  fix  one  end  of  this  at  B, 
and  describe  an  arc  with  the  oiher  end. 
Do  the  same  from  0.  The  intersection  of  these  arcs  will  fix  a  point 
D.  AD  Drill  be  the  perpendicular  required.  Repeatihe  operation 
on  the  other  side  of  the  line.  K  that  is  impossible,  repeat  it  on 
the  side  with  a  different  length  of  chain. 


(141)  Second  Method,  Measure  off  as  be- 
fore, equal  distances  AB,  AC,  but  each  about 
only  one-third  of  the  chain.  Fasten  the  ends 
of  the  chain  with  two  pins  at  B  and  C.  Stretch  ^ 
it  out  on  one  side  of  the  line  and  put  a  pin  at  the 
middle  of  it,  D.  Do  the  same  on  the  other 
side  of  the  line,  and  set  a  pm  at  E.  Then  is  DE  a  perpendicular 
to  BC.  If  it  is  impossible  to  perform  the  operation  on  both  sides 
of  the  line,  repeat  it  on  the  same  side  with  a  different  length  of 
chain,  as  shown  by  the  lines  BF  and  CF  in  the  figure,  so  as  to  get 
a  second  pomt. 

(142)  Other  Methods.    All  the  methods  to  be  given  for  iho 
next  problem  may  be  applied  to  this. 


'  Many  of  theae  methods  woald  seldom  be  recjuired  in  practice,  bat  cases  8omo> 
limes  occar,  as  eveiT  surveyor  of  much  experience  in  Field-work  has  found  to 
hia  terioas  inconvenience,  in  which  some  peculiarity  of  the  local  circumstancoi 
forbids  any  of  the  usual  methods  being  applied.  In  such  cases  the  collection  here 
given  will  be  found  of  great  value. 

In  all  the  figures,  the  given  and  measured  lines  are  drawn  witn  fine  full  lines, 
•he  visual  lines,  or  lines  of  sight,  with  broken  lines,  and  the  lines  of  the  resait 
with  heavy  full  lines.  The  points  which  are  centres  around  which  the  chain  \m 
fWQDg,  are  enclosed  in  circles.  The  alphabetical  order  of  the  letters  attached  to* 
Uie  pointa  shows  in  what  order  they  are  taken. 
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ProUem  2«  To  erect  a  perpendicular  to  a  Uiu  at  a  given  pakU^ 
when  the  point  is  at  or  near  the  end  of  the  line* 

(148)  First  Method.      Measure  F>g-88.  w 

40  links  along  the  line.  Let  one  as- 
sistant hold  one  end  of  the  chain  at 
that  point ;  let  a  second  hold  the  20 
link  mark  which  is  nearest  the  other 
end,  at  the  given  point  A,  and  let  a  ^ 
third  take  the  50  link  mark,  and 
tighten  the  chain,  drawmg  equally  on  both  portions  of  it.  Then 
will  the  50  link  mark  be  in  the  perpendicular  desired.  Repeat 
the  operation  on  the  other  side  of  the  line  so  as  to  test  the  work. 

The  above  numbers  are  the  most  easily  remembered,  but  the 
longer  the  lines  measured  the  better ;  and  nearly  the  whole  chain 
may  be  used,  thus :  Fix  down  the  86th  link  from  one  end  at  A, 
and  the  4th  link  from  the  same  end  on  the  line  at  B.  Fix  the 
other  end  of  the  chain  also  at  B.  Take  the  40th  link  mark  from 
this  last  end,  and  draw  the  chain  tight,  and  this  mark  will  be  in 
the  perpendicular  desired.  The  sides  of  the  triangle  formed  by 
the  chain  will  be  24,  82  and  40. 


(144)  Otherwise  :  using  a  50  feet 
tape,  hold  the  16  feet  mark  at  A ; 
hold  the  48  feet  mark  and  the  ring- 
end  of  the  tape  together  on  the  line ; 
take  the  28  feet  mark  of  the  tape,  and 
draw  it  tight ;  then  will  the  28  feet  ^ 
mark  be  in  the  perpendicular  desired. 


Fig.  sn. 
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(145)  Second  Method.  Hold  one  end 
of  the  chain  at  A  and  fix  the  other  end  at  a 
point  B,  taken  at  wiU.  Swing  the  chain 
around  B  as  a  centre,  till  it  again  meets  the 
line  at  G.  Then  carry  the  same  end  around 
(the  o^er  end  remaining  at  B)  till  it  comes 
in  tbe  line  of  CB  at  D.  AD  is  the  perpen- 
dic;^ior  required. 


Fiff.  DO. 


C-^ ^-A 
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(146)  Tldrd  Method.    Let  A  be  the  given  Fig.  9i. 

point.    Choose  any  point  B.    Measure  SA. 

Set  off,  on  the  given  line,  AG  =  AB.    On  GB 

2  AC 
produced  set  off  from  G,  a  distance  =  "Tyd"  * 

This  will  fix  the  point  D,  and  AD  Trill  be  the 
perpendicular  required. 

(147)  Fourtii  Method.     From  the  pig.  92. 
^ven  point  A  set  off  on  the  given  line 
any  distance  AB.    From  B,  in  any 
convenient  direction,  set  off  BG  =  AB. 
Then  on  the  ^ven  line,  set  off  AD  = 

AC.  On  GB  prolonged,  set  off  GE  = 

AD.  Join  DE ;  and  on  DE,  from  D,  set  off  DF  =  2  AB.    Then 
will  Hie  line  AF  be  perpendicular  to  the  line  AD  at  the  point  A. 

Problem  8.  To  erect  a  perpendicular  to  an  inacceeeible  line^ 
at  a  given  point  of  it. 

(148)  Mr9t  Method.  Get  points  in  the  direction  of  the  inao- 
cessible  line  prolonged,  and  from  them  set  out  a  parallel  to  the  line, 
by  methods  which  are  given  in  Art.  (1C5),  &c.  find  by  trial  the 
point  in  which  a  perpendicular  to  this  second  line  (and  therefore  to 
the  first  line)  will  pass  through  the  required  point. 

(149)  Second  Method.  If  the  line  is  not  only  inaccessible, 
but  cannot  have  its  direction  prolonged,  the  desired  perpendicular 
can  be  obtained  only  by  a  complicated  trigonometrical  operation. 

Problem  4«  To  let  fall  a  perpendicul:ir  from  a  given  point  t4 
a  given  line. 

(IJO)  Firet  Method.  Let  P  be 
the  ^ven  point,  and  AB  the  given 
line.  Measure  some  distance,  a  chain 
or  less,  from  C  to  P,  and  then  fix  one 
end  of  the  chain  at  P,  and  swing  it  ^ 
iround  till  the  same  distance  meets 
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ihe  line  at  some  point  D.  The  middle  point  E  of  the  distance  CD 
will  be  the  required  point,  at  which  the  perpendicular  from  P 
would  meet  the  line. 


Fig.  94. 


(151)  Second  Mefhod.  Stretch  a  chain,  or  a  portion  of  it, 
&om  the  giren  pomt  P,  to  some  pomt^as  A,  of  the 
given  line.  Hold  the  end  of  the  distance  at  A, 
and  swing  round  the  other  end  of  the  chain 
from  P,  so  as  to  set  off  the  same  distance  along 
the  given  line  from  A  to  some  point  B.  Mea- 
sure BP.    Then  will  the  distance  BC  from  B  to  the  foot  of  the 

BP* 
desired  perpendicular  =  jr-jrg-. 


Fig.  95. 


(152)    Other  Methods.     All  the  methods  given  m  the  next 
problem  can  be  applied  to  this  ono. 

Problem  5*     To  letfaU  a  perpendicular  to  a  line^from  a  point 
nearly  opposite  to  the  end  of  the  line. 

(US)  First  Method.  Stretch  a  chain  from  the  given  pomt  P, 
to  some  point,  as  A,  of  the  ^ven  line.  Fix  to 
the  ground  the  middle  point  B  of  the  chain 
AP,  and  swing  around  the  end  which  was  at 
P,  or  at  A,  till  it  meets  the  given  line  in  a 
point  C,  which  wiU  be  the  foot  of  the  re* 
quired  perpendicular. 

(151)  Second  Method.  Take  any  point,  Fig.  96 
as  A,  on  the  g^ven  line.  Measure  a  dis- 
tance  AB.  Let  the  end  of  this  distance 
on  the  chain  be  held  at  B,  and  swing  around 
the  end  of  the  cham,  tiU  it  comes  in  the 
line  of  AP  at  some  pomt  0,  thus  making  BC  =  AB.  Measure 
AG  and  AP.    Then  Uie  distance  AD,  from  A  to  the  foot  of  the 

perpendicular  required  =  ■  ^^  .  ^    . 
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(15f )  Third  Method.  At  any  conTenient 
point,  as  A,  of  the  giyen  line,  erect  a  pe^n- 
dictdar,  of  any  conyenient  length,  as  AB,  and 
mark  a  point  0  on  the  given  line,  in  the  line 
of  P  and  B.  Measure  CA,  CB  and  CP. 
Then  the  distance  from  G  to  the  foot  of  the 

perpendicniar,  i.  e.  CD  s=  — r^ — • 


Fig.  97. 


Problem  6t     To  let  fall  a  perpenMeular  to  a  lifUy  from  tm 
inaeees9ible  point* 


(156)  First  Method.  Let  P  be  the  giien 
point.  At  any  point  A,  on  the  ^ven  line,  set  oat 
a  peipendicdar  AB  of  an^onyenient  length. 
Prolong  it  on  the  other  side  of  the  line  the 
same  distance.  Mark  on  the  given  line  a 
p(»nt  D  in  the  line  of  PB;  and  a  pomt  E  in 
the  line  of  PC.  Mark  the  point  F  at  the  in- 
tersection of  DC  and  BE  prolonged.  The  line 
FP  is  the  line  required,  bemg  perpendicular 
to  the  given  line  at  the  point  6. 


(157)  Second  Method.  Let  A  and  B 
be  two  points  of  the  given  line.  From  A 
let  £gJI  a  perpendicular,  AC,  to  the  visual 
line  BP ;  and  from  B  let  fill  a  perpendi- 
cular, BD,  to  the  visual  line  AP.  find 
the  point  at  which  these  perpendiculars 
intersect,  as  at  E  (see  Art.  (133)),  and  the 
line  PE,  prolonged  to  F,  will  give  the 
perpendicular  required. 


Fig.  98. 


Problem  7t     To  let  fall  a  perpendicular  from  a  given  point  to 
m  inaceesetble  line. 
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(158)  JPb'st  Method..   Let  P  be  pj^.  joo. 
Hie  given  point  and  AB  the  given 
line.    By  the  preceding  problem,  let 
fall  perpendiculars  from  A  to  BP,  at 
G ;  and  from  B  to  AP,  at  D ;  the 
line  PE)  pasmng  from  the  given  point 
to  the  intersection  of  these  perpendiculars,  is  the  desured  perpendi« 
cular  to  the  inaccessible  Ime  AB. 

This  method  will  apply  when  only  two  points  of  the  line  ire 
visible. 

(159)  SecoTid  Method.  Through  the  given  point,  set  out,  by 
the  methods  of  Art.  (185),  &c.,  a  line  parallel  to  the  inaccessible 
line.  At  the  ^ven  point  erect  a  perpendicular  to  the  parallel  line, 
and  it  will  be  the  reqtured  perpendicular  to  the  inaccessible  line. 

PROBLEMS  ON  PARALLELS. 

Problem  It  To  run  a  Ivne^  from  a  given  pointy  parallel  to  a 
given  line, 

(IW)  Fir%t  Method.  Let  fall  a  perpendicular  from  the  point 
to  the  line.  At  another  point  of  the  line,  as  far  off  as  possible, 
erect  a  perpendicular,  equal  in  length  to  the  one  just  let  fall.  The 
line  joining  the  end  of  this  line  to  the  given  point  will  be  the  paral- 
lel required. 

(161)  Second  Method.  LetABbe 
the  ^ven  line,  and  P  the  given  point,  a 
Take  any  pomt,  as  0,  on  the  given  line, 
and  from  it  set  off  equal  distances,  as 
long  as  possible,  CD  on  the  ^ven  line, 
and  GE,  on  the  line  GP.  Measure 
DE.  From  P  set  off  PF  =  CE;  and  fi^m  F,  with  a  distanco»i 
DE,  and  from  P,  with  a  distance  =  CD,  describe  arcs  intersecb- 
bg  m  G.  PG  will  be  the  parallel  required.  If  it  is  more  con- 
venient, PC  may  be  prolonged,  and  the  equal  triangle,  CDE,  be 
formed  on  the  other  side  of  the  line  AB. 
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(ICt)  TUrd  Method.  Measure  from 
P  to  any  pomt,  as  G,  of  the  given  line,  and 
put  a  mark  at  the  middle  point,  D,  of  that 
line.  From  any  point,  as  E,  of  the  given 
line,  measure  a  line  to  the  point  D,  and  con- 
tinue it  till  DF  =  DE.  Then  will  the  line 
PF  be  parallel  to  AB. 


Fig.  103. 


Fig.  109. 


(163)  FovrA  Method.  Measure  from 
P  to  any  point  C,  of  the  given  line,  and 
continue  the  measurement  till  CD  =  CP. 
From  D  measure  to  any  point  E  of  the 
given  line,  and  continue  the  measurement 
till  EF  =  ED.  Then  will  the  line  PF 
be  parallel  to  AB.  K  more  convenient, 
CD  may  be  made  one-half,  or  any  other  fraction,  of  CP,.  and  EF 
be  then  made  twice,  &c.,  DE. 


-^r 


D 


Fig.  104. 
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(161)  Fipli  Method.  From  any 
point,  as  C,  of  the  line,  set  off  equal  A 
distances  along  the  line,  to  D  and  E. 
Take  a  pomt  F,  in  the  line  of  PD. 
Stake  out  the  lines  FC  and  FE,  and 
also  the  line  EP,  crossing  the  line  CF 
m  the  point  6.  Lastiy,  prolong  the  line  DG,  till  it  meets  the 
line  EF  in  the  pomt  H.    PH  is  the  parallel  required. 

ProMeni  2t     To  run  a  line  from  a  given  point  parallel  to  an 
inaeeeseible  line. 


(185)  First  Method.     Let  AB  ng.  los. 

be  the  given  line,  and  P  the  given 
point.  Set  a  stake  at  C,  in  the  Ime 
of  PA,  and  another  at  any  conven- 
lent  pomt,  D.  Through  P,  set  out, 
by  the  preceding  problem,  a  parallel 
to  DA,  and  set  a  stake  at  the  point, 
m  E,  where  this  parallel  intersects  DC  prolonged.    Through  B 
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set  oat  a  parallel  to  BD,  and  set  a  stake  at  the  point  F,  where  this 
parallel  intersects  BG  prolonged     PF  b  the  parallel  required 

(166)  Second  Method.  Set  a  stake  ^i«-  io«- 
at  any  point,  C,  in  the  line  of  AP,  and 
another  at  any  convenient  place,  as  at  D. 
Through  P  set  out  a  parallel  to  AD, 
intersecting  CD  in  E.  Through  E  set 
out  a  parallel  to  DB,  intersecting  CB  in 
F.  The  line  PF  will  be  the  parallel  re- 
quired. 

(167)  Alinemeiit  and  IHeasnremeiit.  We  are  now  prepared, 
having  secured  a  variety  of  methods  for  setting  out  Perpendirulars 
and  Parallels  in  every  probable  case,  to  take  up  the  general  sub- 
ject of  overcoming  Obstacles  to  Measurement. 

Before  a  line  can  be  measured,  its  direction  must  be  determined. 
This  operation  is  called  Ranging  the  Ime;  or  Alining  it;  or 
Boning  it.*  The  word  Alinement\  will  be  found  very  convenient 
for  expressing  the  direction  of  a  line  on  the  ground,  whether 
between  two  points,  or  in  their  direction  prolonged. 

This  branch  of  our  subject  naturally  divides  itself  into  two  parta^ 
ihe  first  of  which  is  preliminary  to  the  second ;  viz : 

L  Of  Obstacles  to  Aiiliemeilt ;  or  how  to  establish  the  direc- 
tion of  a  line  in  any  sittiation. 

II.  Of  Obstacles  to  Measnremeiit ;  or  how  to  find  the  length  of 
a  line  which  cannot  be  actucdly  measured. 

I.   OBSTACLES  TO  ALINEMENT. 

(168)  All  the  cases  which  can  occur  under  this  head,  may  be 
reduced  to  two ;  viz: 

A.  To  find  points  in  a  line  beyond  the  given  points,  i.  e.  to 
prolong  the  line. 

B.  To  find  points  in  a  line  between  two  given  points  of  it,  L  e« 
U)  interpolate  points  in  the  line. 

*  This  word,  like  many  others  used  in  En^neering,  is  derive<1  from  a  French 
word,  Banter^  to  mark  out,  or  limit ;  indicating  that  the  Normans  introduced  tb« 
art  of  Surveying  into  England. 

t  Slightly  modified  from  the  French  Alitr^emtnt. 


flOAP.  y.l  Obstacles  to  llleabiremeiit.  lOS 

A.    TO  PROLONG  1  LINE 

(1C9)  By  rangins  with  rods.  When  two  points  uk  %  Ime  aio 
ffi?on«  and  it  is  desired  to  *''§•  ^07. 

prolong  the  line  by  ran^g '^S^^^'^^^^SS^^ 

it  out  with  rods,  three  per-  -^  ^^^^^^^^^.^^^^ 
SODS  are  required,  each  furnished  with  a  straight  slender  rod,  and 
with  a  plumb-line,  or  other  means  of  keeping  their  rods  vertical. 
One  holds  his  rod  at  one  of  the  given  points,  A,  in  the  figure,  and 
•nother  at  B.  A  third,  C,  goes  forward  as  far  as  he  can  without 
losing  sight  of  the  first  two  rods,  and  theii,  lookmg  back,  puts  him- 
self ^^  in  line"  with  A  and  B,  i.  e.  so  that  when  his  eje  is  placed 
at  C,  the  rod  at  B  hides  or  covers  the  rod  at  A.  This  he  can  do 
most  accurately  by  holding  a  plumb-line  before  his  eye,  so  that  it 
shall  cover  the  first  two  rods.  The  lower  end  of  the  plumb-bob 
will  then  indicate  the  pomt  where  the  third  rod  should  be  placed ; 
and  so  with  the  rest.  The  first  man,  at  A,  is  then  signalled,  and 
comes  forward,  passes  both  the  others,  and  puts  himself  at  D,  "  in 
line"  with  C  and  B.  The  man  at  B,  then  goes  on  to  E,  and  ^^  lines" 
himself  with  D  and  C  :  and  so  tftey  proceed,  in  this  ^'  hand  over 
hand"  operation,  as  far  as  is  desired.  Stakes  are  driven  at  each 
point  in  the  line,  as  soon  as  it  is  determined. 

(170)  The  rods  should  be  perfectly  strcdght,  either  cylindrical  or 
polygonal,  and  as  slender  as  they  can  be  without  bending.  They 
should  be  painted  in  alternate  bands  of  red  and  white,  each  a  foot, 
or  link,  in  length.  Their  lower  ends  should  be  pointed  with  iron, 
and  a  projecting  bolt  of  iron  will  enable  them  to  be  pressed  down 
by  the  foot  into  the  earth,  so  that  they  can  stand  alone.  When 
this  is  done,  one  man  can  range  out  a  line.  A  rod  can  be  set  per- 
fectiy  vertical,  by  holding  a  plumb-line  before  the  eye  at  some  dis- 
tance from  the  rod,  and  adjusting  the  rod  so  that  the  plumb-line 
covers  it  from  top  to  bottom ;  and  then  repeating  the  operation  in 
a  direction  at  right  angles  to  the  former.  A  stone  dropped  from 
top  to  bottom  of  the  rods  will  approximately  attain  the  same  end. 

When  the  lines  to  be  ranged  are  long,  and  great  accuracy  is  ro 
quired,  the  rods  may  have  attached  to  them  plates  of  tin  with  oper 
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ings  cut  out  of  ihem,  and  black  hono-haira  atretched  from  ^<^*^^ 
top  to  bottom  of  the  opemngs.    A  amall  telescope  must 
then  be  used  for  ran^g  these  hairs  m  line*    In  a  hasfy 
survej,  straight  twigs,  with  their  tops  split  to  receive  a  pa- 
per folded  as  in  the  figure,  may  be  used. 

(171)  By  perpenMcalars.  Fi^.  109 

The  straight  line,  AB  m  the  — f -"  ^f  f — 

figare,  is  supposed  to  be  stop-       c  b       £  F 

ped  by  a  tree,  a  house,  or  other  obstacle,  and  it  is  desired  to  pro- 
long the  line  beyond  this  obstacle.  From  any  two  points,  as  A 
and  B,  of  the  line,  set  off  (by  some  of  the  methods  which  have  been 
^ven)  equal  perpendiculars,  AC  and  BD,long  enough  to  pass  the 
obstacle.  Prolong  this  line  beyond  the  obstacle,  and  from  any  two 
pomts  in  it,  as  E  and  F,  measure  the  perpendiculars  EG  and 
FH,  eaual  to  the  first  two,  but  in  a  contrary  direction.  Then 
will  G  and  H  be  two  points  in  the  line  AB  prolonged,  which  can 
be  continued  by  the  method  of  the  last  article.  The  pomts  A 
and  B  should  be  taken  aa  far  apart  as  possible,  as  should  also 
the  points  E  and  F.  Three  or  more  perpendiculars,  on  each 
mde  of  the  obstacle,  may  be  set  off,  in  order  to  increase  the  accu- 
racy of  the  operation.  The  same  thing  may  also  be  done  on  the 
other  ude  of  the  line,  as  another  confirmation,  or  test,  of  the  aooo* 
racy  of  the  prolonged  line. 

(172)  By  efuttateral  tnaiigles. 

The  obstacles,  noticed  in  the  last  arti- 
cle, may  also  be  overcome  by  means  of 
throe  equilateral  triangles,  formed  by 
the  chain.  Fix  one  end  of  the  chain, 
and  also  the  end  of  the  first  link  from 
ita  other  end,  at  B ;  fix  the  end  of  the 
88d  link  at  A ;  take  hold  of  the  66th  "^ 

link,  and  draw  the  chain  tij^t,  pulling  equally  on  each  part,  and 
put  a  pin  at  the  point  thus  found,  C,  in  the  figure.  An  equilateral 
triangle  will  thus  be  formed,  each  side  being  S3  Imks.  Prolong 
the  line  AC,  past  the  obstacle,  to  some  point,  as  I).    Make  anoUier 
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equilateral  tiiangle,  DEF,  aa  before,  and  thus  fix  the  point  F.  Pn>* 
long  DF,  to  a  length  equal  to  that  of  AD,  and  thus  fix  a  point  O. 
At  6  form  a  third  equilateral  triangle  6HE,  and  thus  fix  a  point 
K.    Then  will  KG  ^ve  the  direction  of  AB  prolonged. 

(173)  By  symmetrical  triaigies.    Let  AB  be  the  line  to  be 


Fig.  111. 


prolonged.  Take  any  conv^ 
nient  point,  as  G.  Bange 
out  the  line  AC,  to  a  p(»nt 
A',  such  that  CA'  =  CA. 
Bulge  out  CB,  so  that  GB' 
s=  CB.  Bange  backwards 
A^B',  to  8(»ne  pobt  D,  such 

^t  DC  prolonged  will  pass       '^  ^'  A 

the  obstacle,  iind,  by  ran^g,  the  intersection,  at  E,  of  DB  and 
AC.  From  C,  measure,  on  CA^  the  distance  CE'-«  C£.  Then 
range  out  DC  and  B^E'  to  their  intersection  in  P,  which  will  be  a 
required  pomt  in  the  direction  of  AB  prolonged.  The  symmetri- 
cal points  are  marked  by  corresponding  letters.  Several  other 
points  should  be  obtained  in  the  same  manner. 

In  this,  as  in  all  similar  operations,  very  acute  intersections 
should  be  avoided  as  far  as  possible. 


Fig.  iia. 


(171)  By  transversals.  LetABbe 
the  given  line.  Take  any  two  points  C 
and  D,  sach  that  the  line  CD  will  pass 
tiie  obstacle.  Take  another  point,  E, 
m  the  intersection  of  CA  and  DB. 
Measure  AE,  AC,  CD,  BD  and  BE. 
Then  the  distance  from  D  to  P,  a  point 
in  the  required  prolongation,  will  be 
T>p_  CDxBDxAE 
^    ~  BEx  AC— BDxAE' 

Other  points  in  the  proIongati<m  may 
be  obtained  in  the  same  manner,  by 
nunrdy  momg  the  smgle  point  C,  in  the 
line  of  EA ;  in  which  case  the  new  distances  CA  and  CD  wzD 
alone  require  to  be  measured. 


MS  OUn  SDBTEniC.  I»u  n- 

GDxBD 
If  A£  be  mada  equal  to  AC,  then  is  DP  =  ggiigjj' 

If  BE  bo  made  equal  to  BD,  then  is  DP  =  aO— AJi! ' 

'xhe  minaa  dga  la  Hie  denonunatore  moat  be  understood  aa  (ml; 

moaning  that  the  difference  of  the  two  terms  ia  to  be  taken,  mthoot 

regard  to  which  is  the  ffexier. 

Cn&y  By  haravile  cami^ates.  vit-  lu. 

Let  AB  be  the  ^^ren  line.  Set  a 
■take  at  an; point  G.  Setstakesat 
points,  D,  on  the  line  GA,  and  at 
^.  on  the  line  CB ;  these  pconts, 
D  and  E,  being  so  chosen  that  the 
line  DE  will  pass  beyond  the  obsta- 
cle. Set  a  fourth  stake,  F,  at  the 
intorsection  of  the  lines  AE  and 
DB.    Set  a  fifth  stake,  Q,  taj- 

where  in  the  Une  CF ;  a  sixth  stake,  H,  at  the  mtersection  of  CB 
and  DO-  prolonged ;  and  a  seventh,  K,  at  the  intersection  of  CA 
and  EG  prolonged.  Finally,  range  out  the  lines  DE  and  KH, 
and  their  mlxrsecdon  at  P,  will  be  in  the  line  AB  prolonged. 

(174)  By  the  complete  fnwIrlUlrral.'    Let  AB  be  the  given 
Une.     Take  any  conven  Fig.  ui 

lent  point    C ;     measare  T  ^C   G 

Erom  it  to  B,  and  onward, 

in  the  same  line  proloag- 

ed,  an  equal  distance  to  D. 

Take  any  other  convenient 

point,  E,  such  that  GE  and 

DE  produced  will  clear  the  obstacle.    Measure  tna  E  to  A,  and 

onward,  an  equal  distance,  to  F.    Range  out  the  lines  FG  and  DE 

to  their  intersection  in  G.    Bange  out  FD  and  CE  to  inter* 

■oot  in  n.    Measure  GH.    Its  nuddle  point,  P,  is  the  required 

point  in  the  line  of  AB  pndonged.    The  unavoidable  acute  intoi^ 

taetioos  in  this  constmcticn  are  objectioDable. 
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B.  TO  INTERPOUTE  POINTS  IN  A  LINE. 

(177)  The  most  distant  given  point  of  the  line  must  be  made 
as  conspicuous  as  possiblci  by  any  efficient  means,  such  as  placing 
there  a  staff,  bearing  a  flag;  red  and  white,  if  seen  agunst 
uroods,  or  other  dark  back-ground ;  and  red  and  green,  if  seen 
ag^unst  the  sky. 

A  conyenient  and  portable  signal  is  shown  in  the  figure. 


tfmU  Vim 


Fig.  115. 
Sid»  Vnm. 
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Back  View, 


m-- 


The  figure  represents  a  disc  of  tin,  about  riz  inches  in  diameter, 
painted  white  and  hinged  in  the  middle,  to  make  it  more  portable. 
It  is  kept  open  by  the  bar,  B,  being  turned  into  the  catch,  C. 
A  screw,  S,  holds  the  disc  in  a  slit  in  the  top  of  the  pole. 

Another  contrivance  is  a  strip  of  tin,  which  has  its  ends  bent 
horizontally  in  ccmtrary  directions.  As  the  wind  will  take  strong- 
est hold  of  the  nde  which  is  concave  towards  it,  the  bent  strip  wiB 
continually  revolve,  and  thus  be  very  conspicuous.  Its  upper  half 
should  be  painted  red  and  its  lower  half  white. 

A  bright  tin  cone  set  on  the  stafl^  can  be  seen  at  a  great  distance 
when  the  sun  is  shimng. 

178)  Ranging  to  a  point,  thus  made  conspicuous,  3  very  amn* 
pie  when  the  ground  is  leveL  The  surveyor  places  his  eye  at  tbe 
nearest  end  of  the  line,  or  stands  a  Uttle  behmd  a  rod  placed  on  it, 
and  by  dgns  moves  an  assistant,  holding  a  rod  at  some  point  aa 
nearly  m  the  desired  line  as  he  can  guess,  to  the  right  or  left,  tiU 
Ui  rod  appears  to  cover  the  distant  point 


i 


no 
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Wliea  a  valid/,  or  low  spot,  i 
Fig.  118. 


(179)  AcrMS  a  Taller* 

Teoea  between  the  two  ends 
of  the  line,  A  and  Z  la  tlie 
figure,  a  rod  held  in  the 
low  place,  aa  at  B,  wonld  ■■ 
■eldom  bo  high  enoa^  to 
be  seen,  &om  A,  to  cover 
the  distant  rod  at  Z.    In  ^  " 

•och  a  case,  die  sorrejor  at  A  should  h:ld  up  a  pliunb4ine  ovor 
tbo  point,  at  arm's  length,  and  place  nis  eye  so  that  the  plum1>4in« 
oorers  the  rod  at  Z.  He  should  then  direct  tlie  rod  held  at  B  to 
be  moved  tall  it  too  is  covered  by  the  plomb-Iine.  The  point  B  is 
then  said  to  be  "  in  Une  "  between  A  and  Z.  In  geometrical  lan- 
guage, B  has  now  been  placed  in  tlie  vertical  plane  determined  by 
the  vertical  plumb-line  and  the  point  Z.  Anj  number  of  interme- 
diate points  can  thus  be  "  interpolated,"  or  placed  in  line  betweeo 
AandZ. 

(180)  Over  a  kill.     When  a  hill  rises  between  two  points  and 
prevents  one  being  seen  inm  the  other,  aa  in  the  figure,  (the  upper 

Fig.  117. 


of  w^ch  ehowB  the  lull  in  "  Etevatioi,"  and  the  lower  part  m 
"  Flan"),  two  observers,  B  and  C,  each  holding  a  rod,  maj  ptieo 
themselves  on  the  ridge,  in  the  line  between  the  two  points,  u 
nearly  as  they  can  gaess,  and  so  that  each  can  at  once  see  the  o&tet 
and  the  point  beyond  him.     B  loolcs  to  Z,  and  by  rignala  pati  0 
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•<  in  line."  C  titea  looks  to  A,  and  pata  B  in  line  at  B'.  B  n>- 
peats  hia  oper&doa  from  B',  putting  C  at  C,  and  is  then  lumself 
moTod  to  B',  and  so  tbey  alternately  "  line  "  each  other,  contino- 
ally  approzimating  to  the  stnught  hue  between  A  and  Z,  till  the; 
at  last  find  themselves  both  exactly  in  it,  at  B'"  and  C". 

(181)  A.  ungle  person  maj  put  himself  in  line  between  two 
points,  on  the  same  principle,  by  laying  a  etr^^t  stick  on  some 
■apport,  going  to  each  end  of  it  in  turn,  and  makmg  it  point  suo- 
ee«rely  to  each  end  of  the  hne.  Th]  "  Surveyor's  Cross,"  Art. 
(IM),  is  convenient  for  this  purpose,  when  set  up  between  the  two 
given  points,  and  moved  again  and  agab,  until,  by  repeated  trials, 
one  of  its  slits  ughts  to  the  ^ven  fmaia  when  looked  tlirongh  in 
eiUier  direction. 


(182)  Ol  water.    A  am^e  iostnt- 
ment  for  the  same  object,  is  represented 
m  the  figore.    AB  and  CD  are  two 
tabes,  about  1}  mches  in  diaraeter,  con- 
nected by  a  smaller  tube  EF.    A  juece 
of  looking-glass,  GH,  is  pUced  in  the 
lower  part  of  the  tube  AB,  and  another, 
KL,  in  the  tube  CD.    The  planes  of 
the  two  nurrors  are  at  right  angles  to 
each  other.    The  eye  is  placed  at  A,  and 
the  tube  AS  is  directed  to  any  distant 
object,  as  X,  and  any  other  object  be- 
hind the  observer,  as  Z,  will  be  seen,  ap-  >3 
parently  imder  the  first  object  in  the  mirror  GH,  by  reflection  &om 
the  ndrror  KL,  when  the  observer  has  succeeded  in  getting  in  line 
between  tbe  two  objects.    M,  K,  are  screws  by  ^ch  the  nmror 
KL  may  be  adjusted.    The  distance  between  the  two  tubes  iriQ 
eaoao  a  small  parallax,  -which  will,  however,  be  insenublo  except 
iriiac  the  two  objects  are  near  together. 
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(188)  Through  a  wood^    When  a  wood  intervenes  between 
any  two  given  ,  Fig.  119. 

points,      pre- 
venting    one  ^      r-^c 
from       being 

Beeafromthe   ^  ='       '  *='  "       ^'^^'^'   Z' 

other,  as  in  the  figure,  in  which  A  and  Z  are  the  ^ven  points,  pro* 
ceed  thus.  Hold  a  rod  at  some  point  B'  as  nearly  in  the  desired 
line  from  A  as  can  be  guessed  at,  and  as  far  from  A  as  posfflble. 
To  approximate  to  the  proper  direction,  an  assistant  may  be  sent  io 
the  other  end  of  the  line,  and  his  shouts  will  indicate  the  direction ; 
or  a  gun  may  be  fired  there ;  or,  if  very  distant,  a  rocket  may  be 
sent  up  after  dark.  Then  range  out  the  ^^  random  Ime "  AB',  by 
the  method  given  in  Art.  (169)9  noting  also  the  distance  from  A 
to  each  point  found,  till  you  arrive  at  a  point  Z\  opposite  to  the 
point  Z,  i.  e.  at  that  point  of  the  line  from  which  a  perpendicular 
there  erected  would  strike  the  point  Z.  Measure  Z'Z.  Then 
move  each  of  the  stakes,  perpendicularly  from  the  line  AZ',  a  dis- 
tance proportional  to  their  distances  from  A.  Thus,  if  AZ'  be 
1000  links,  and  Z'Z  be  10  links,  then  a  stake  B',  200  links  from 
A,  should  be  moved  2  links  to  a  point  B,  which  will  be  in  the  de- 
sired straight  line  AZ ;  if  C  be  400  links  from  A,  it  should  be 
moved  4  links  to  C,  and  so  with  the  rest.  The  line  should  then 
be  cleared,  and  the  accuracy  of  the  position,  of  these  stakes  tested 
by  ranging  from  A  to  Z. 


(184)  To  ail  invisiUe  iiitersectioii.    Let  AB  and  CD  be  two 

lines,  which,  if  prolong-  ^ *«•  120. 

ed,  would  meet  m  a  ^^:;; ^-|i^S 

pomt  Z,  invisible  from 
either  of  them ;  and  let 
P  be  a  point,  from  which 


*^*' 


a  line  is  required  to  be 

set  out,  tending  tD  this 

invisible     intersection,  c 

Set  stakes  at  the  five  given  points.  A,  B,  C,  D,  P.    Set  a  sixth 

stake  at  E,.in  the  alinements  of  AD  and  CP ;  and  a  seventh  stake 
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at  Fy  in  the  allnements  of  BC  and  AP.    Then  set  an  eighth  stake 

at  Gy  in  the  alinements  of  BE  and  DF.    PG  will  be  the  required 

line. 

Otherwise;  Through  P  range  out  a  parallel  to  the  line  BD. 

Note  the  points  where  this  parallel  meets  AB  and  CD,  and  call 

diese  points  Q  and  B.    Then  the  distance  from  B,  on  the  line  BD, 

to  a  point  which  shall  be  in  the  required  line  running  from  P  to  the 

BDxQP 
invisible  point,  will  be  =  — Qp 


II.   OBSTACLES  TO  MEASUREMENT. 

(185)  The  cases,  in  which  the  direct  measurement  of  a  line  is 
prevented  by  various  obstacles,  may  be  reduced  to  three. 

A.  When  both  ends  of  the  line  are  accessible. 

B.  When  one  end  of  it  is  inaccessible. 

C.  When  both  ends  of  it  are  inaccessible. 

A.  WHEN  BOTH  ESDS  OF  THE  LIKE  ARE  ACCESSIBLE. 

(186)  By  perpendiculars.  On  ^ig.  121. 
reaching  the  obstacle,  as  at  A  in 
the  figure,  set  off  a  perpendicular, 
AJB ;  turn  a  second  right  angle  at  B, 
and  measure  past  the  obstacle ;  turn  a  third  right  angle  at  G ;  and 
measure  to  the  original  line  at  D.  Then  will  the  measured  dis- 
tKDce,  BC,  be  equal  to  the  desired  distance,  AD. 

If  the  direction  of  the  line  is  also  unknown,  it  will  be  most  easily 
obtained  by  the  additional  perpendiculars  shown  in  Hg.  109,  of 
Art.  (171). 


(187)  By  equilateral  triangles. 

The  method  given  in  Art.  (172),  for 
determining  the  direction  of  a  line 
through  an  obstacle,  will  also  give  its 
length ;  for  in  Fig,  121'  (Fig.  110  re- 
peated)  the  desired  distance  AG  is  equal 
to  the  measured  distances  AD,  or  D6. 
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(188)  By  syBBietrieal  triangles. 

Let  AB  be  the  distance  required. 
Measure  from  A  obliquely  to  some 
point  C,  past  the  obstacle.  Mea- 
sure onward,  in  the  same  line,  till 
CD  is  as  long  as  AC.  Place  stakes 
at  C  and  D.  From  B  measure  to 
C,  and  from  C  measure  onward,  in 
the  same  line,  till  CE  is  equal  to  CB,  Measure  EP,  and  it  will 
be  equal  to  AB,  the  distance  required.  If  more  convenient,  make 
CD  and  CE  equal,  respectively,  to  half  of  AC  and  CB ;  then  will 
AB  be  equal  to  twice  DE. 


(189)  By  transTersals.     Let  Fig.  123. 

AB  be  the  required  distance.  Set 
a  stake,  C,  in  the  line  prolonged ; 
set  another  stake,  D,  so  that  C  and 
B  can  be  seen  from  it ;  and  a  third 
stake,  E,  m  the  line  of  BD  pro- 
longed, and  at  a  <Ustance  from  D 
equal  to  the  distance  from  D  to  B. 
Set  a  fourth  stake,  F,  at  the  intersection  of  EA  and  CD.    Measure 

AC 


KG,  AF  and  FE.    Then  is  AB  =  ^  (FE-AF) 


Fig.  124. 


(190)  In  a  Town.  Cases  may  occur, 
m  tiie  streets  of  a  compactly  built  town, 
in  which  it  is  impossible  to  measure  along 
any  other  lines  than  those  of  the  streets. 
The  figure  represents  such  a  case,  in 
which  is  required  the  distance,  AB,  be^ 
tween  points  situated  on  two  streets  which 
meet  at  the  point  C,  and  between  which 
runs  a  cross-street,  DE.  Li  this  case 
moasure  AC,  CE,  CD,  DE  and  CB. 
Then  is  the  required   distance 
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AB  =  ^1  (AC  -  BC)»  +  [dE» -(CE- CD)»]-^g^} 

As  this  expression  is  somewhat  complicated,  an  e^cample  inR  bi 
given :  Let  AC  =  100,  CE  =  40,  CD  =  80,  DE  =  21,  and  CB 
—  80;  then  win  AB  =  51.7. 


B. 


ONE  E9ID  OF  THE  LINE  IS  INACCESSIBLE. 


(191)  By  perpendiculars.  This  principle 
may  be  applied  in  a  variety  of  ways.  In  Hg. 
125,  let  AB  be  the  required  distance.  At  the 
point  A,  set  off  AC,  perpendicular  to  AB,  and  of 
any  convenient  length.  At  C,  set  off  a  perpen- 
dicular to  CB,  and  continue  it  to  a  point,  D,  in 
the  line  of  A  and  B.    Measure  DA.    Then  is 


Fig.  125. 


AB  = 


AC  2 
AD 


(^^3.  ^ 


»0 


iv 


.i\; 


(192)  Othemnse :  At  the  pomt  A,  in  !Eig. 
126,  set  off  a  perpendicular,  AC.  At  C  set 
off  another  perpendicular,  CD.  Find  a  point, 
E,  in  the  line  of  AC,  and  BD.    Measure  AE 

and  EC.    Then  is  AB=  ^^J^^^.  ^ 

If  EC  be  made  equal  to  AE,  and  D  be  set 
in  the  line  of  BE,  and  also  in  the  perpendicular    h 
&om  C,  iJien  will  CD  be  equal  to  AB. 

IfEC  =  iAE,  then  CD=  JAB. 

(198)  Othenme :  At  A,  in  Kg.  127,  mea- 
sure a  perpendicular,  AC,  to  the  line  AB ;  and 
at  any  point,  as  D,  in  this  line,  set  off  a  perpen- 
dicular to  DB,  and  contmue  it  to  a  point  E,  in 
the  line  of  CB.     Measure  DE  and  also  DA. 

AC  X  AD 


Thenis  AB=: 


DB  —  AO' 


Fig.  126 


Fig.  127. 


h  t'  s 
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(194)  By  paraUels.  From  A  measure 
AG}  in  any  convenient  direction.  From  a 
point  D,  in  the  line  of  BO,  measure  a  line 
parallel  to  CA,  to  a  point  E,  in  the  line  of 
A6.    Measure  also  AE. 

AC  X  AE 


Fig.  128. 


JB 


Then  is  AB  = 


DE  — AC' 


Fig.  189 


(195)  By  a  paralleloirrAm.  Set  a  stake,  G, 
in  the  line  of  A  and  B,  and  set  another  stake,  D, 
wherever  convenient.  With  a  distance  equal  to 
GD,  describe  from  A,  an  arc  on  the  ground ;  and, 
with  a  distance  equal  to  AG,  describe  another 
arc  from  D,  intersecting  the  first  arc  in  E.  Or, 
take  AG  and  GD,  so  that  together  they  make 
one  chain ;  fix  the  ends  of  the  chain  at  A  and  D ;  o 
take  hold  of  the  chain  at  such  a  link,  that  one  part  of  it  equals  AC, 
and  the  other  GD,  and  draw  it  tight  to  fix  the  point  £.  Set  a 
stake  at  F,  in  the  intersection  of  AE  and  DB.     Measure  AF  and 


EF.    Then  is  AB 


AC  X  AF 
EF 


or,  CB  = 


AC  X  CD 
EF 


(196)   By  symmetrical    triijngles.  ^ig.  iso. 

Let  AB  be  the  required  distance.  From 
A  measure  a  line,  in  any  convenient  di- 
rection, as  AG,  and  measure  onward,  in 
the  same  direction,  till  GD  =  AG.  Take 
any  point  E  in  the  line  of  A  and  B. 
Measure  from  E  to  0,  and  onward  in  the 
same  line,  till  OF  =  GE.  Then  find  by 
trial  a  pomt  G,  which  shall  be  at  the 
same  time  in  the  line  of  0  and  B,  and  in  Gt' 
the  line  of  D  and  F.  Measure  the  distance  from  G  to  D,  and  it 
will  be  equal  to  the  required  distance  from  A  to  B.  If  more  con- 
vexdent,  make  GD  =  j^  AG,  and  OF  =  ^  GE,  aa  shown  by  the 
finely  dotted  lines  in  the  figure.    Then  will  DG  =  \  AB. 
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(197)  Otherwise:  'Prolong  B A  to  Fig.  I8i. 
8ome  point  C.  Range  out  any  conr 
venient  line  GA',  and  measore  OA'  =s 
OA.  The  triangle  CA^,  is  now  to  be 
reproduced  in  a  sjnunetrical  triangile, 
situated  on  the  accessible  ground,  b" 
For  this  object,  take,  on  AC,  some  pomt 
D,  and  measure  CD' =  CD.  Find  the  "  C 
point  E,  at  the  mtersection  of  AD'  and  AT).  Knd  the  point  F, 
at  the  intersection  of  A'B  and  CE.  Lastlj,  find  the  point  B',  at 
the  intersection  of  AT  and  CA'.  Then  will  A'B'  =  AB.  The 
symmetrical  points  have  correspondmg  letters  affixed  te  them. 

(198)  By  transrersals.  Set  a  stake,  C,  Fig- 133. 
in  the  alinement  of  BA ;  a  second,  D,  at  any 
conyenient  point ;  a  third,  E,  in  the  line  CD ; 
and  a  fourth,  F,  at  the  intersection  of  the 
alinements  of  DA  and  EB.  Measure  AC, 
CE,  ED,  DF  and  FA.    Then  is 

AC  X  AF  X  PE  D- 

CE  X  DF  —  AF  X  DE*  ^e"^  ^0 

If  tiie  point  E  be  taken  in  the  middle  of  CD,  (as  it  is  in  the 


AB  = 


figure)  then  AB  = 


AC  X  AF 

DF  —  AF' 


If  the  point  F  be  taken  in  the  middle  of  AD,  then  AB  =  ^^= — =--. 
The  Tninue  signs  must  be  interpreted  as  in  Art.  (174). 


(199)  By  harmonic  dirision.     Set 

stakes,  C  and  D,  on  each  side  of  A,  and 
so  ihat  the  three  are  in  the  same  straight 
5ne«  Set  a  third  stake  at  any  point,  E, 
of  the  line  AB.  Set  a  fourth,  F,  at  the 
intersection  of  CB  and  DE ;  and  a  fifth, 
6,  at  the  intersection  of  DB  and  CE 
Set  a  sixth  stake,  H,  at  the  mtersection  ^ 


Fig.  133. 


ofABandFG.   Measure  AE  and  EH.   TheniflAB  =  45-^i4^ 

AK  —  EH* 
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(2M)  To  an  liaccessible  lln«.    The  Fig-  im. 

Bhortest  distance,  CD,  from  a  given  point,  ^-r- 
G,  to  an  inftcceenble  strtught  line  A£,  is 
required.  From  C  let  fall  a  perpendicular 
to  AS,  hy  &6  method  of  Art.  (1S8). 
Then  set  a  stake  at  anj  point,  E,  on  the 
line  AO ;  set  a  second,  F,  at  the  int«r- 
Motion  of  EB  and  CD ;  a  third,  Q,  at 
the  intersection  of  AF  and  CB ;  and  a  fourtli,  H,  at  flie  inteiSM' 
tion  of  EG  and  CD.    Measore  CH  and  HF.    Then  is 

Otherm»e ;  When  the  inaccessible  line  is  determined  by  die 
method  of  Art.  (295)  or  (20C),  the  distance  from  any  point  to  it, 
can  be  at  once  measured  to  its  symmetrical  representatiTe. 

(201)  Tt  an  liaccesslUe  litenectton.  When  two  hues  (aa 
AB,GD,intlie  figure)  meet  in  a  Fig-  i^s. 

rirer,  a  bmlding,  or  any  other 
inaccea^ble  point,  the  distance 
&om  any  point  of  either  to  their 
intersection,  D£,  for  example, 
may  be  found  thus.  From  any 
point  B,  on  one  line,  measure  ^ 

BD,  and  contiaue  it,  till  DF  ^  DB.  From  any  other  pcnnt,  G, 
of  the  former  line,  measure  GD,  and  continue  the  line  till  DH  =  GD. 
Continue  HF  to  meet  DC  in  some  point  E.  Measure  ED.  KD 
will  be  equal  to  the  desired  distance  D£. 

BE  can  be  found  by  measuring  FK,  which  is  eqaal  to  it. 

If  DF  and  DH,  be  made  respectively  equal  to  one-half,  or  'me-, 
third,  &c.,  of  DB  and  DG,  then  will  ED  and  KF  be  respectively 
nioal  to  one-half  or  one-third,  &o.,  of  DE  and  BE. 
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Fig.  136. 


C.  WHEW  BOTH  ENDS  OF  THE  LINE  ARE  INACCESSIBLE. 

(202)  By  stanUar  triangles.      Let  AB 

De  the  inaccessible  distance.     Set  a  stake  at  -^ 


any  convenient  point  0,  and  find  the  distan« 
ces  CA  and  CB,  by  any  of  the  methods  just 
g^yen.  Set  a  second  stake  at  any  point,  D, 
on  the  line  CA.  Measure  a  distance,  equal 
CB  X  CD 


to 


CA 
DE.    Then  is  AB  = 


,  firom  G,  on  the  Ime  CB,  to  some  point  E.    Measure 
AC  X  DE 


CD 


If  more  convenient,  measure  CD  in  tbd   Ax:^ 
contrary  direction  fix)m  the  river,  as  in  Fig. 
137,  instead  of  towards  it,  and  in  other  re- 
spects proceed  as  before. 


^   Fig.  137. 


B 


Ar 


Fig.  138. 


Fig.  139. 


(203)  By  parallels.    Let  AB  be  the  in- 

accea^le  distance.    From  any  point,  as  C, 

range  out  a  parallel  to  AB,  as  in  Art.  (165), 

Ac.    Fmd  the  distance  CA,  by  Art.  (191), 

&c.     Set  a  stake  at  the  point  E,  the  inter- 

Boction  of  CA  and  DB,  and  measure  CE. 

_      .    .-J     CD  X  (AC  —  CE) 
Thenis  AB  = ^-^ -• 

(201)  By  a  parallelogram.    Set 

a  stake  at  any  convenient  point  C.  '^^ 

Set  stakes  D  and  E,  anywhere  in 

the  alinements  CA  and  CB.     With 

D  as  a  centre,  and  a  length  of  the 

chain  equal  to  CE,  describe  an  arc ; 

and  with  E  as  a  centre,  and  a  length 

of  the  chab  equal  to  CD,  describe  another  arc,  intersectmg  flie 

fonner  one  at  F.    A  parallelogram,  CDEF,  will  thus  be  formed* 

Set  stakes  at  G  and  H,  where  the  alinements  DB  and  EA  inter> 

feet  the  sides  of  this  parallelogram.    Measure  CD,  DF,  GF,  FH, 
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and  HG.    The  inaccesablo  distance  AB  = 
If  CD  =  CE,  then  AB  = 


CD  X  DF  X  GH 


'  X  GH 


■  FG  X  FH  * 


(205)  By  srmmetrical  trlaB^les.    Take  any  convenient  point, 
as  C.     Set  st^es  at  two  other  ^'s-  ^*'>- 

points,  D  and  D',  in  the  same  ' 
line,  and  at  equal  distances 
from  C.  Take  a  point  E,  in 
the  line  of  AD ;  measure  from 
it  to  G,  and  onward  till  CE' 
=  CE.  Take  a  poiDt  F  id 
the  line  of  BD;  measure  from 
it  to  C,  and  onward  till  CF  = 
CF.  Range  out  the  lines  AC 
and  El)',  and  set  a  stake  at 
their  intersection,  A'.    Range 

out  the  lines  BC  and  F'D',  and  sot  a  stake  at  their  intersecldoa, 
B'.    Measure  A'B'.    It  will  be  equal  to  the  de^red  distance  AB. 


(206)   OtAerwiae:     Take  Fig.  ui. 

any  conTenicnt  p<Mnt,  as  C, 
and  set  oS*  equal  distances 
on  each  side  of  it,  in  the 
UneofCA,toDandD'.  Set 
off  the  same  distances  from 
C,  in  the  line  of  CB,  to  E  and 
E'.  Through  G,  set  out  a 
parallel  to  DE,  or  D'E',  and 
set  stakes  at  the  points  F 
and  F*  where  tlus  parallel 
intersects  AE'  and  BD'. 
Range  out  the  lines  AJy  and  EP,  and  set  a  stake  at  their  inter- 
section A'.  Range  out  the  lines  BE'  and  DF,  and  set  a  stake  at 
their  intersection  B'.  Measure  A'B',  and  it  will  be  equal  to  th« 
desired  distance  AB. 
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The  earnest  method  of  setting  out  the  parallel  ia  the  above  case, 
ia  to  £x  the  middle  of  the  chtun  at  the  point  C,  and  its  ends  on  the 
lines  CD,  CE' ;  then  carry  the  middle  of  the  chain  from  C  towards 
F,  and  mark  the  point  to  which  it  reaches ;  and  repeat  tlua  on  the 
other  side  of  G,  as  shown  hj  the  finely  dotted  lines  in  the  figure. 

INACCESSIBLE  AREAS. 
(207)  Triangles.  In  the  case  of  a  triangular  field,  in  which 
one  side  cannot  be  measured,  or  determined  by  any  of  the  methods 
just  ^ven,  the  two  accessible  sides  may  be  prolonged  to  th^  full 
length,  and  an  equal  symmetrical  triangle  formed,  all  of  whose  sides 
can  be  measured.  Thus  in  I"ig.  102,  page  103,  if  CDE  be  the 
original  triangle,  of  which  the  side  EG  is  ioaccessible,  DFP  will  be 
ojoaltoit.    But  if  this  also  bo  impossible,  por-  Fig.Hs. 

tJonBt^thesidesmay bemeasared,a3AD,AE,  ^\"~'JI^—-,  f 
in  the  figure  in  the  mar^,  and  also  DE,  and         \^W^     / 

tho  area  of  this  triangle  found  by  any  of  the        _\_ 7  b 

methods  which  have  been  given.    Then  ia  the  \     / 

deured  area  of  the  triangle  ABC  =  area  of  \/ 

^^   "^  AD  X  AE- 

(3*8)  l^iadrtUlerals.     In  the  case  fjs-  "3- 

of  a  four-uded  field,  whose  adea  cannot 
be  measured,  or  prolonged,  but  whose 
diagonals  can  be  measnred,  the  area 
may  be  obtfuncd  thus.  Measure  tho 
diagonals  AG  and  JID;  and  also  the 
portions  AE,  EC,  into  which  one  of 
them  is  divided  by  the  other.  Calcu- 
late the  area  of  the  triangle  BCE,  by  the  preceding  method,  or  any 
«f  those  heretofore  given.     Then  &&  area  of  the  quadrilateral 

.ABCD  =  area  of  BCE  x  t^  ^  ^^. 
BE  X  CK 

C20I)  P«IygODSi  Methods  for  obtming  the  areas  of  mac- 
ccsaible  fields  of  more  than  four  sides,  have  been  given  in  Arts. 
<I01,)  *c. 
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OR 

By  the  Third  Method, 


CHAPTER  I. 


ANGULAR  8URTETIN6  IN  GENERAL. 

(210)  Angylar  Surveying  determines  the  relative  poedtions  of 
points,  and  therefore  of  lines,  on  the  Third  pbinciple,  as  ex- 
plained in  Art.  (7),  T?hich  should  now  be  referred  to. 

(211)  When  the  two  Imes  which  form  an  angle  lie  in  the  same 
horizontal  or  level  plane,  the  angle  is  called  a  horizontal  angle* 

When  these  lines  lie  in  a  plane  perpendicular  to  the  former,  the 
angle  is  called  a  vertical  angle. 

When  one  of  the  lines  is  horizontal  and  the  other  line  from  the 
eye  of  the  observer  passes  above  the  former,  and  in  the  same  ver- 
tical plane,  the  angle  is  called  an  angle  of  elevation. 

When  the  latter  line  passes  below  the  horizontal  line,  and  in  the 
same  vertical  plane,  the  angle  is  called  an  angle  of  depreseiofi. 

When  the  two  lines  which  form  an  angle,  lie  in  other  planes 
which  make  oblique  angles  with  each  of  the  former  planes,  the 
angle  is  called  an  oblique  angle. 

Horizontal  angles  are  the  only  angles  employed  in  common  land 
surveying. 

*  A  plane  is  said  to  be  l^rizonialf  or  levd,  when  it  is  parallel  to  the  surface  ol 
standing  water,  or  perpendicular  to  a  plumb-line.     A  line  is  horizontal  when    . 
lies  in  a  horizonta!  plane. 
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(212)  The  angles  between  the  directions  of  two  lines,  which  it 
is  necessary  to  measure,  maj  be  obtained  bj  a  great  yarietj  of  in* 
stniments.  All  of  them  are  in  enibstance  mere  modifications  of  the 
very  simple  one  which  will  now  be  described,  and  which  any  one 
can  make  &r  himself. 


Kig.  144. 


(213)  Provide  a  circular  piece  of 
^rood,  and  divide  its  circumference 
(hj  any  of  the  methods  of  Geometric 
cal  Drafting)  into  three  hundred  and 
mxtj  equal  parts,  or  ^^  Degrees,"  and 
number  them  as  in  the  figure.  The 
divisions  will  be  like  those  of  a  watch 
fiu^e,  but  six  times  as  many.  These 
divisions  are  termed  graduations. 
The  figure  shows  only  every  fifteenth 
one.  In  the  centre  of  the  circle, 
fix  a  needle,  or  sharp-pcnnted  wire,  and  upon  this  fix  a  straight 
stick,  or  thin  ruler  placed  edge-wise,  (called  an  alidade)^  so  that 
it  may  turn  fireely  on  this  point  and  nearly  touch  the  graduations 
of  the  circle.  Fasten  the  circle  on  a  staff,  pomted  at  the  other  end, 
and  long  enough  to  bring  the  alidade  to  the  height  of  the  eyes. 
The  instrument  is  now  complete.  It  may  be  called  a  (xonwrneUrj 
or  Angle-measurer. 


Fig.  145. 


i-C 


(214)  Now  let  it  be  required  to  measure 
the  angle  between  the  lines  AB  and  AG.  Fix 
the  staff  in  the  grcwmd,  so  that  its  centre  shall 
be  exactly  over  the  mtersection  of  the  two 
lines.  Turn  the  alidade,  so  that  it  points,  (as 
determmed  by  ughting  along  it)  to  a  rod,  or 
other  mark  at  B,  a  point  on  one  of  the  lines,  and  note  what  degree 
it  covers,  i.  e.  ''  The  Beading.''  Then,  without  disturbing  the 
circle,  turn  the  alidade  till  it  points  to  G,  a  point  on  the  other  line. 
Ifote  the  new  reading.  The  difference  of  these  readings,  (in  the 
figure,  45  degrees),  is  the  difference  in  the  directions  of  the  two 
lines,  or  is  the  angle  which  one  makes  with  the  other.    If  the  db 
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tance  from  A  (o  C  be  now  measured,  the  point  C  is  ^^  determined/' 
with  respect  to  the  points  A  and  B,  on  the  Third  Principle,  Any 
number  of  points  may  be  thus  determined. 

(215)  Instead  of  the  very  sunple  and  rude  alidade,  which  has 
been  supposed  to  be  used,  needles  may  be  fixed  on  each  end  of  the 
alidade ;  or  sights  may  be  added,  such  as  those  described  in  Art. 
(106) ;  or  a  small  straight  tube  may  be  used,  one  end  being  cover- 
ed with  a  piece  of  pasteboard  in  which  a  very  small  eye  hole  is 
pierced,  and  threads,  called  ^^  cross-hairs,"  being  stretch-  ^-s  i4<>- 
ed  across  the  other  end  of  it,  as  in  the  figure ;  so  that  (*)  ^ 
their  intersection  may  give  a  more  precise  line  for  determining  tlie 
direction  of  any  point. 

(216)  When  a  telescope  is  substituted  for  this  tube,  and  sup- 
ported in  such  a  way  that  it  can  turn  over,  so  as  to  look  both  back- 
wards and  forwards,  the  instrument  (with  various  other  additions, 
which  however  do  not  affect  the  principle),  is  called  the  Engineer* 8 
Transit. 

With  the  addition  of  a  level,  and  a  vertical  circle,  for  measuring 
vertical  angles,  the  instrument  becomes  a  Theodolite;  in  which, 
however,  the  telescope  does  not  usually  admit  of  being  turned  over. 

(217)  The  Compose  differs  &om  the  instruments  which  have 
been  described,  in  the  following  respect.  They  all  measure  the 
angle  which  one  line  makes  with  another.  The  compass  measures 
the  angle  which  each  of  these  lines  makes  with  a  third  line,  viz : 
that  shown  by  the  magnetic  needle,  which  always  points  (approxi- 
mately) in  the  same  direction,  i.  e.  North  and  South,  Fig- 1^7. 
in  the  Magnetic  Meridian.  Thus,  in  the  figure,  the 
line  AB  makes  an  angle  of  30  degrees  with  the  line 
AN,  and  the  line  AC  makes  an  ingle  of  75  de- 
grees with  AN.  The  difference  of  these  angles, 
or  45  degrees,  is  the  angle  which  AC  makes 
with  AB,  agreeing  with  the  result  obtained  in 
Art  (214). 


N         5^ 
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(218)  Survejing  with  the  compass  is,  therefore,  a  less  direct 
operation  than  survejing  with  the  Transit  or  Theodolite.  But  as 
the  use  of  the  compass  is  much  more  rapid  and  easy  (only  one  sight 
and  reading  at  each  station  being  necessary,  instead  of  two,  fts  in 
the  former  case),  for  this  reason,  as  well  as  for  its  smaller  cost,  it 
is  the  instrument  most  commonly  employed  in  land  surveying  in 
this  country,  in  spite  of  its  imperfections  and  inaccuracies. 

As  many  may  wish  to  learn  ^^  Surveying  with  the  Compass,*' 
Tvithout  being  obliged  to  previously  learn  "  Surveying  with  the 
Transit,"  (which  properly,  being  more  simple  in  principle,  though 
less  so  in  practice,  should  precede  it,  but  which  will  be  ccnsidered 
in  Part  IV),  we  will  first  take  up  Compass  Survbting. 

()19)  Angular  Surveying  in  general,  and  therefore  Compass 
Surveying,  may  employ  either  of  the  3d,  4th  and  5th  methods  of 
determining  the  position  of  a  point,  given  in  Part  I ;  that  is,  any 
instrument  which  measures  angles  may  be  employed  for  Polar y 
Triangular^  or  Trilinear  Surveying.  The  first  of  these.  Polar 
Surveying,  is  the  one  most  commonly  adopted  for  the  compass,  and 
is  therefore  the  one  which  will  be  specially  explained  in  this  part. 

The  same  method,  as  employed  with  the  Transit  and  Theodolite, 
inll  be  explained  in  the  following  part. 

The  4th  and  5th  methods  will  be  explamed  in  the  next  two  pans. 

(220)  The  method  of  Polar  Surveying  embraces  two  minor 
meihods.  The  most  usual  one  con^sts  m  going  around  the  field 
with  the  instrument,  setting  it  at  each  comer  and  measuring  there 
the  angle  which  each  side  makes  with  its  neighbor,  as  well  as  the 
length  of  each  ade.  This  method  is  called  by  the  French  the  me* 
ihod  of  Cheminemmt.  It  has  no  special  name  in  English,  but  may 
\)e  called  (from  the  American,  verb,  To  progress),  the  Method  of 
Progression.  The  other  system,  the  Method  of  Radiation^  con- 
ssts  in  setting  the  instrument  at  one  point,  and  thence  measuring 
the  direction  and  distance  of  each  comer  of  the  field,  or  other 
object.  The  corresponding  name  of  what  we  have  called  Triangu* 
hx  ^yxrvQ^gyA  \h^  MelJu>d  of  Intersections  ;  since  it  determines 
points  by  the  intersections  of  strsught  lines. 
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II. 

THE  COMPASS. 

(221)  The  Needle.  The  most  essential  part  of  the  compass  is 
the  nAgnetic  needle.  It  is  a  slender  bar  of  steel,  usually  five  or 
giz  inches  long,  strongly  magnetized,  and  balanced  on  a  pivot,  so 
that  it  may  turn  freely,  and  thus  be  enabled  to  continue  pomting 
in  the  same  direction  (that  of  the  ^^  MagneUe  MericUan^^  approxi* 
mately  North  and  South)  however  much  the  ^^  Compass  Box,"  to 
ifhich  the  pivot  is  attached,  may  be  turned  around. 

As  it  is  important  that  the  needle  should  move  with  the  least 
posdble  fnction,  the  pivot  should  be  of  the  hardest  steel  ground  to 
a  very  sharp  point ;  and  in  the  centre  of  the  needle,  which  is  to 
rest  on  the  pivot,  should  be  inserted  a  cap  of  agate,  or  other  hard 
material.  Iridium  for  the  pivot,  and  ruby  for  the  cap,  are  still 
better. 

If  the  needle  be  balanced  on  its  pivot  before  being  magnetized, 
one  end  will  smk,  or  ^^  Dip,"  after  the  needle  is  magnetized.  To 
bring  it  to  a  level,  several  coils  of  wire  are  wound  around  the  nee- 
dle so  that  they  can  be  slid  along  it,  to  adjust  the  weight  of  its  two 
ends  and  balance  it  more  perfectiy. 

The  North  end  of  the  needle  is  usually  cut  into  a  more  orna- 
mental form  than  the  South  end,  for  the  sake  of  distinction. 

The  principal  requisites  of  a  compass  needle  are,  intensity  of  di- 
rective  force  and  susceptibility.  "Shear  steel"  was  found  by 
Capt.  Kater  to  be  the  kind  capable  of  receiving  the  greatest  mag* 
netic  force.  The  best  form  is  that  of  a  rhomboid,  pig.  149. 
or  lozenge,  cut  out  in  the  middle,  so  as  to  dimi- 
nish the  extent  of  surface  in  proportion  to  the 
mass,  as  it  is  the  latter  on  which  the  directive  force  depends.  Be- 
yond a  certain  limit,  say  five  inches,  no  additional  power  is  gained 
by  increasing  the  length  of  the  needle.  On  the  contrary,  longer 
ones  are  apt  to  have  their  strength  diminished  by  several  consecu- 
tive poles  being  formed.  Short  needles,  made  very  hard,  are 
therefore  to  be  preferred. 
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The  needle  should  not  come  to  rest  very  quicklj.  If  it  does,  it 
indicates  either  that  it  is  weakly  magnetized,  or  that  the  friction  on 
the  pivot  is  great.  Its  sensitiveness  is  indicated  by  the  number  of 
vibrations  which  it  makes  in  a  small  space  before  coming  to  rest. 

A  screw,  with  a  milled  head,  on  the  imder  side  of  the  plate 
which  supports  the  pivot,  is  used  to  raise  the  needle  off  this  pivot, 
when  the  instrument  is  carried  about,  to  prevent  the  point  being 
dulled  hj  unnecessary  friction. 

(222)  The  SightSi  Next  after  the  needle,  which  ^ves  the  di 
rection  of  the  fixed  line,  whose  angles  with  the  lines  to  be  survey- 
ed are  to  be  measured,  should  be  noticed  the  Sights,  which  show 
the  directions  of  these  last  lines.  At  each  end  of  a  line  passing 
through  the  pivot  is  placed  a  ^^  Sight,"  consisting  of  an  upright  bar 
of  brass,  with  openings  in  it  of  various  forms ;  usually  either  slits, 
with  a  circular  aperture  at  their  top  and  bottom* ;  or  of  the  form 
described  in  Art.  (106) ;  all  these  arrangements  being  intended  to 
ciable  the  line  of  sight  to  be  directed  to  any  desired  object,  with 
precision. 

(223)  A  Telescope  which  can  move  up  and  down  in  a  vertical 
plane,  i.  e.  a  plunging  telescope,  or  one  which  can  turn  completely 
over,  is  sometimes  substituted  for  the  sights.  It  has  the  great 
advantage  of  giving  more  distinct  vision  at  long  distances,  and  of 
admitting  of  sights  up  and  down  very  steep  slopes.  Its  accuracy 
of  vision  is  however  rendered  nugatory  by  the  want  of  precision  in 
the  readings  of  the  needle.  If  a  telescope  be  applied  to  the  com- 
pass, a  graduated  circle  with  vernier  should  be  added,  thus  con- 
verting the  compass  into  a  "Transit."  The  Telescope  will  be 
found  minutely  described  in  Part  IV,  "  Transit  Surveying."  y 

(22i)  The  divided  circU.  We  now  have  the  means  of  indi- 
cating the  directions  of  the  two  lines  whose  angle  is  to  be  measur- 
ed. The  number  of  degrees  contained  in  it  is  to  be  read  from  a 
circle,  divided  into  degrees,  in  the  centre  of  which  is  fixed  the 

*  An  inside  ant]  an  oaUide  view,  or  '*  Elevation,"  of  such  sights,  are  given  on 
each  side  of  the  figure  of  ibe  Compass,  on  page  126.     It  is  itself  drawn  in  "  Miii 
tary  Perspective. 
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jMrot  bearing  the  needlo.  The  gradaationB  are  usually  made  to 
half  a  degree,  and  a  quarter  of  a  degree  or  less  can  then  be  "  esti- 
mated."  The  pivot  and  needle  are  sunk  in  a  circular  box,  so  that 
its  top  may  be  on  a  level  with  the  needle.  The  graduatioDB  awi 
usually  made  on  the  top  of  the  surrounding  rim  of  the  box,  but 
should  also  be  continued  down  its  inside  circumference  so  that  it  may 
be  ea^er  to  see  with  what  division  the  ends  of  the  needle  cconcide. 

The  degrees  are  not  numbered  consecatively  from  0°  around  to 
860^ ;  but  run  from  0°  to  90°,  both  ways  from  the  two  diametri- 
cally opposite  points  at  which  a  line,  passing  through  the  slits  in  the 
middle  of  the  sights,  would  meet  the  divided  circle. 

The  lettering  of  the  Surveyor's  Compass  has  one  important  dif 
ference  from  that  of  the  Mariner's  Compass. 

When  we  stand  facing  the  N'orth,  the  East  is  on  our  right  hand, 
and  the  West  on  our  left.  The  graduated  card  of  the  Mariner's 
Compass  which  is  fastened  to  the  needle,  and  turns  with  it,  is 
marked  accordingly.  But,  in  the  Surveyor's  compass,  one  of  the 
0  points  being  marked  N,  or  North,  (or  indicated  by  a  fleni>de- 
lis,)  and  the  opposite  one  S,  or  South,  the  90-degreeB-point  on  the 
riffht  of  this  line,  as  you  stand  at  die  S  end  and  look  towards  the 
N,  is  marked  W,  or  West ;  and  the  /eft  hand  90-degree8-point  ii 
marked  E,  or  East.  The  reason  of  this  will  be  seen  when  the 
method  of  using  the  compass  comes  to  be  explained  in  the  following 
chapter.  A 

(425)  The  Poiits.     In  or-  (."ig.  iso. 

dinaiy  land  surveying,  only  four 
pomts  of  the  compass  have 
oames,  viz :  North,  South,  East 
and  West ;  the  direction  of  a 
line  bemg  described  by  the  an- 
gle which  it  makes  with  a  North 
and  Sou^  Ime,  to  its  East  or  to 
its  West.-  But  for  nautical  pur- 
poses, the  circle  of  tlie  compass 
is  divided  into  32  points,  the 
names  of  which  are  shown  in 
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Uie  figure.  Two  rules  embrace  all  the  cases.  1^  When  the 
letters  indicating  two  points  are  jomed  together,  the  point  half  way 
between  the  two  is  meant ;  thus,  N.  E.  is  half  way  between  North 
and  East ;  and  N.  N.  E.  is  half  way  between  North  and  North 
East.  2^  When  the  letters  of  two  points  are  joined  together 
with  the  intermediate  word  by^  it  indicates  the  point  which  comcfl 
next  after  the  first,  in  going  towards  the  second ;  thus,  N.  by  E,  is 
tlio  pomt  which  follows  North  in  going  towards  the  East ;  S.  E.  by 
S.  is  the  next  point  from  South  East,  going  towards  the  South. 

(226)  Eccentricity.  The  centre-pin,  or  pivot  of  the  needle, 
ought  to  be  exactly  in  the  centre  of  the  graduated  circle ;  the  nee- 
dle ought  to  be  straight ;  and  the  line  of  the  sights  ought  to  pass 
exactly  through  this  centre  and  through  the  0  points  of  the  circle. 
If  this  is  not  the  case,  there  will  be  an  error'  in  every  observation. 
This  is  called  the  error  of  eccentricity. 

When  the  maker  of  a  compass  is  about  to  fix  the.  pivot  in  place, 
he  is  in  doubt  of  two  things ;  whether  the  needle  is  perfectly  straight, 
and  whether  the  pivot  is  exactly  in  the  cen- 
tre. In  figures  151  and  152,  both  of  these 
are  represented  as  being  excessively  in 
error. 

Firstly^  to  examine  if  the  needle  be 
straight.     Fix  the  pivot  temporarily,   so 
that  the  ends  of  the  needle  may  cut  oppo- 
site degrees,  i.  e.  degrees  differing  by 
180^.     The  condition  of  things  at   this 
stage  of  progress,  will  be  represented  by 
Fig.   151.     Then  turn  the  compass-box 
half  way  around.     The  error  will  now  be 
doubled,  as  is  shown  by  Fig.  152,  in  which 
the  former  position  of  the  needle  is  indi- 
cate! by  a  dotted  line.*    Now  bend  the 
needle,  as  in  Fig.  153,  till  It  cuts  divi- 
lions  midway  between  those  cut  by  it  in 
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•  Thifl  is  another  example  of  the  fruitful  pnnciole  o[  Reveravm.  first  no;iced  la 
Art.  (lOijj. 
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its  present  and  in  its  former  position  £ig  153. 

This  makes  it  certain  Hiat  the  needle  is 
straight,  or  that  its  two  ends  and  its  cen- 
tre  Ue  m  aie  saone  straight  line. 

Secondly^  to  put  the  pivot  in  the  cen- 
tre. Move  it  till  the  straightened  needle 
cuts  opposite  divisions.  •  It  is  then  certain 
that  the  direction  of  the  needle  passes 
through  the  centre.  TurQ  the  compass 
box  one-quarter  around,  and  if  the  needle  does  not  then  cut  oppo- 
fflte  divisions,  move  the  pivot  till  it  does.  Repeat  the  operation  in 
various  positions  of  the  box.  It  will  be  a  sufficient  test  if  it  cuta 
the  opposite  divisions  of  0°,  46°  and  90°. 

To  fix  the  sights  precisely  in  line,  draw  a  hair  through  their  slits 
and  move  them  till  the  hair  passes  over  the  0  points  on  the  circle. 

The  surveyor  can  also  examine  for  himself,  by  the  principle  of 
Reversion,  whether  the  line  of  the  sights  passes  through  the  centre 
or  not.  Sight  to  any  very  near  object.  Read  off  the  number  of 
degrees  indicated  by  one  end  of  the  needle.  Then  turn  the  com- 
pass half  around,  and  sight  to  the  same  object.  If  the  two  read- 
ings do  not  agree,  there  is  an  error  of  eccentricity,  and  the  arith- 
metical mean,  or  half  sum  of  the  two  readings  is  the  correct  one. 


Fig.  15^1. 


Fig.  155. 


In  Fig.  154,  the  line  of  sight  AB  is  represented  as  passing  to 
Ofne  side  of  the  centre,  and  the  needle  as  pointing  to  46°.  In  Fig. 
155,  the  compass  is  supposed  to  have  been  turned  half  around  and 
the  other  end  of  the  sights  to  be  directed  to  the  same  object. 
Suppose  that  the  needle  would  have  pointed  to  45°,  if  the  line  of 
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Bight  had  parsed  through  the  centre.  The  needle  will  now  point 
to  44^,  the  error  being  doubled  bj  the  reversion,  and  the  tru« 
reading  being  the  mean. 

This  does  not,  however,  make  it  certain  that  the  line  of  the 
sights  passes  through  the  0  points,  which  can  only  be  tested  bj  the 
hair,  aa  mentioned  above. 

(227)  LerelSt  On  the  compass  plate  are  two  small  spirit  levels. 
Thej  consist  of  glass  tubes,  slightly  curved  upwards,  and  nearly 
filled  with  alcohol,  leaving  a  bubble  of  sdr  within  them.  They 
are  so  adjusted  that  when  the  bubbles  are  in  the  centres  of  the 
tubes,  the  plate  of  the  compass  shall  be  level.  One  of  them  lies  in 
the  direction  of  the  sights,  and  the  ether  at  right  angles  to  this 
direction. 

(228)  Tai^^ent  Scale.  This  is  a  convenient,  though  not  essen* 
tial,  addition  to  the  compass,  for  the  purpose  of  measuring  the 
slopes  of  grpund,  so  that  the  proper  allowance  in  chaining  may  be 
made.  In  the  figure  of  the  compass,  page  126,  may  be  seen,  on 
the  edge  of  the  left  hand  sight,  a  small  projection  of  brass  with  a 
hole  through  it.  On  the  edge  of  the  other  sight  are  engraved 
lines  numbered  from  0^  to  20°,  the  0°  bebg  of  the  same  height 
above  the  compass  plate  that  the  eye-hole  is.  To  use  this,  set  the 
compass  at  the  bottom  of  a  slope,  and  at  the  top  set  a  signal  of 
exactly  the  height  of  the  eye-hole  from  the  ground.  Level  Uie 
compass  very  carefully,  particularly  by  the  level  which  lies  lengthr 
wise,  and,  with  the  eye  at  the  eye-hole,  look  to  the  sigral  and  note 
the  number  of  the  division  on  the  farther  sight  which  is  cut  by  the 
visual  ray.  That  will  be  the  angle  of  the  slope ;  the  distances  of 
the  engraved  lines  from  the  0°  line  being  tangents  (for  the  radius 
equal  to  the  distance  between  the  sights)  of  the  angles  correspond- 
mg  to  the  numbers  of  the  lines. 

(229)  Ternler.  The  compass  box  is  connected  with  the  plate, 
which  carries  it  and  the  nghts,  so  that  it  can  turn  around  on  this 
plate.  This  motion  is  ^ven  to  it  by  a  screw,  (called  a  slow-mo- 
tion, or  Tangent  screw),  the  head  of  which  is  the  nearest  one  in 
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the  figure  on  page  126.  If  two  mturks  be  made  oppoate  to  each 
other,  one  on  the  projecting  part  of  the  compass  box,  and  the  other 
on  the  plate  to  which  the  eights  are  fastened,  these  marks  will  sepa- 
rate when  the  slow-motion  screw  is  turned.  Their  distance  apart 
(in  angular  measurement,  i.  e.  fractions  of  a  circle),  in  an;  posi- 
Uon,  is  measured  by  a  contrivance  called  a  Vernier,  which  is  the 
suimtcly  Prided  arc  of  a  circle  seen  between  the  left  band  aght 
and  Ihe  compass  box.  It  will  be  better  to  defer  explaining  the 
tnode  of  reading  the  remier  for  the  present,  since  it  is  rarely  used 
witfi  the  compass,  and  aa  entire  chapter  will  be  ^ven  to  it  in  Part 
IV.  Its  principle  is  mmilar  to  that  of  the  Yemier  Scale,  described 
in  Art.  (SOi)-  Its  applications  in  "  Held-work "  will  be  noticed 
tinder  that  head. 

(230)  Tripod.  Xbe  compass,  like  most  surveying  instruments, 
is  usually  supported  on  a  Tripod,  consisting  of  tiiree  legs,  shod  with 
iron,  and  so  connected  at  top  as  to  be  movable  in  ^ly  directuHL 
There  are  many  forms 

of  these.      Lightness  ^'«-  ^"-  •"'«  ^"- 

ond  atifinfiftH  are  the 
qualities  de^red.  The 
most  usual  form  is 
■hewn  in  the  figures 
of  the  Trandt  and  the 
Theodolit«;  at  the  be- 
pnning  of  Part  IV. 
Of  the  two  represents 
ed  in  Kgs.  156  and 
167,  the  first  has  the 
advantage  of  being  ve- 
ly  eaaly  and  cheaply 
made;  and  the  second 
that  of  being  hght  and 
yet  capable  of  very  firmly  rousting  horizontal  tormon. 

The  joints,  by  which  the  instrument  is  connected  with  the  tripod, 
ate  also  various.  Fig.  158  is  the  "  Ball-and-socket  joint,"  most 
ngoal  in  this  country.    It  takes  its  name  from  the  ball,  in  which 
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Fis.  159.  Fig.  160 


tenuinatea  the  covered  spindle  nbicfa  enters  &  corresponding  cavity 
under  the  compass  plate,  and  the  socket  in  which  this  hall  turns. 
It  admits  of  motion  in  any  direction,  and  can  be  tightened  or  loos- 
ened by  turning  the  upper  half  of  (he  hollow  piece  encloung  it, 
which  is  screwed  on  the  lower  half.  Fig.  159  is  called  the  "  Shell* 
joint."  In  it  the  two  shell-shaped  pieces  enclosing  the  ball  are 
tightened  bj  a  thiunh-screw.  Rg.  160,  is  "  Cugnot's  joint."  It 
consists  of  two  cylinders,  placed  at  right  angles  to  each  other,  and 
through  the  axes  of  which  pass  bolts,  which  turn  freel;  in  the  cylin- 
der and  can  be  tighteaed  or  loosened  by  thumb-screws  at  their 
ends.  The  combination  of  the  two  motions  which  this  joint  permits, 
enables  the  instrument  which  it  carries,  to  be  placed  in  an;  denred 
portion.     This  joint  is  much  the  most  stable  of  the  three. 

(231)  Jacob's  Stair.  A  single  leg,  called  a  "  Jacob's  Staff," 
has  some  advantages,  as  it  is  lifter  to  carry  in  the  field,  and  can 
bo  made  of  any  wood  on  the  spot  where  it  ie  to  be  used,  thus  sav 
ing  the  expense  of  a  tripod  and  the  tronblo  of  its  trajisportalion 
Its  upper  end  is  fitted  into  the  lower  end  of  a  brass  head  which  has 
a  ball  and  socket  joint,  and  axis  above.  Its  lower  end  should  be 
shod  with  iron,  and  a  s^e  running  through  it  is  useful  for  pressing 
it  into  the  ground  with  the  foot.  Of  course  it  cannot  be  conven* 
iently  used  on  frozen  ground,  or  on  pavements.  It  may,  however, 
he  set  before  or  behind  the  spot  at  which  the  angle  is  to  be  mefc 
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eared,  provided  Qiatit  is  placed  very  precisely  in  the  line  of  direc- 
tion from  that  station  to  the  one  to  which  a  sight  is  to  he  taken. 

(2S2)  The  Prigaalle  Conpass.  The  peculiarity  of  this  instru- 
ment (often  called  Schmalcalder's)  is  that  a  glass  triangular  piiam 
is  substituted  for  one  of  the  sights.  Snoh  a  prism  has  this  peculiar 
property  that  at  Hhe  same  time,  it  can  bo  seen  through,  so  that  a 
light  can  be  taken  tiirough  it,  and  that  its  upper  surface  reflecia 
like  a  mirror,  so  that  the  numbers  of  the  degrees  immediately  under 
it,  can  be  read  off  at  the  same  time  that  a  sight  to  any  object  is 
taken.  Another  peculiarity,  necessary  for  profiting  by  the  last 
one,  is,  that  the  divided  circle  ia  not  fixed,  but  is  a  card  fastened 
to  the  needle  and  moving  around  with  it,  as  in  the  Mariner's  Com- 
pass. The  minute  description,  which  follows,  is  condensed  from 
Sinuns. 

In  the  figure,  A  repre-  "s-  "•> 

gents  the  compass  box,  and 
B  the  card,  which,  bemg 
attached  to  the  magnetic 
needle,  moves  as  it  moves, 
around  the  agate  centre, 
a,  on  which  it  is  suspend- 
ed. The  circumference 
of  the  card  is  usually  di- 
vided to  I  or  ^  of  a  ie- 
gree.  C  is  a  prism,  which  -. 
the  observer  looks  through. 
The  perpendicular  thread 
of  the  sight-vane,  E,  and 

the  divisions  on  tiie  card,  appear  kgether  on  looking  through  the 
prism,  and  tho  division  witii  which  the  thread  coincides,  when  tiia 
needle  is  at  rest,  is  tiie  "  Bearing"  of  whatever  object  tho  thread 
may  bisect,  i.  e.  is  the  angle  which  the  Une  of  sight  makes  with  the 
direction  of  the  needle.  The  prism  is  mounted  with  a  hinge  joint, 
I>.  The  sight-vane  has  a  fine  thread  stretched  along  its  opening, 
in  the  direction'  of  its  length,  which  is  brought  to  bisect  any  object, 
by  tunuog  the  box  around  horizoni^y.    F  is  a  mirror,  made  to 
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dide  on  or  off  the  sighirYane,  E ;  and  it  may  be  reversed  at  ple» 
sure,  that  is,  turned  face  downwards ;  it  can  also  be  inclined  at 
anj  angle,  bj  means  of  its  joint,  d ;  and  it  will  remain  stationary 
on  any  part  of  the  vane,  by  the  friction  of  its  slides.  Its  use  is  to 
reflect  the  image  of  an  object  to  the  eye  of  an  observer  when  the 
object  is  much  above  or  below  the  horizontal  plane.  The  colored 
glasses  represented  at  6,  are  intended  for  observing  the  sim.  At 
0,  is  shown  a  spring,  which  being  pressed  by  the  finger  at  the  time 
of  observation,  and  then  released,  checkd  the  vibrations  of  the  card, 
and  brings  it  more  speedily  to  rest.  A  stop  is  likewise  fixed  to 
the  other  side  of  the  box,  by  which  the  needle  may  be  thrown  of! 
its  centre. 

The  method  of  using  this  instrument  is  very  simple,  first  raise 
the  prism  in  its  socket,  5,  until  you  obtain  a  distinct  view  of  the 
divisions  on  the  card.  Then,  standing  over  the  point  where  the 
angles  are  to  be  taken,  hold  the  instrument  to  the  eye,  and,  looking 
through  the  slit,  (7,  turn  around  till  the  thread  in  the  sight-vane 
bisects  one  of  the  objects  whose  bearing  is  required ;  then  by  touch- 
ing tiie  spring,  e,  bring  the  needle  to  rest,  and  the  divifflon  on  the 
card  which  coincides  with  the  thread  on  the  vane,  will  be  the  bear- 
ing of  the  object  from  the  north  or  south  points  of  the  magnetic 
meridian.  Then  turn  to  any  other  object,  and  repeat  the  opera* 
tion ;  the  difference  bbtween  the  bearing  of  this  object  and  that  of 
the  former,  will  be  the  angular  distance  of  the  objects  in  question. 
Thus,  suppose  the  former  bearing  to  be  40^  30',  and  the  latter 
10°  15',  both  east,  or  both  west, 
from  the  noHh  or  south,  the  angle 
will  be  30^  16'.  The  divisions  are 
generally  numbered  6^,  10^,  15^, 
kc.  around  the  circle  to  360^. 

The  figures  on  the  compass  card 
are  leversed,  or  written  upside 
down,  as  in  the  figure  (in  which 
only  every  fifteenth  degree  is  mark- 
ed), because  they  are  again  re- 
versed by  the  prism. 


Fig.  162. 
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(2SS)  The  prismatic  compass  is  generallj  held  in  the  hand,  the 
bearing  being  caught,  as  it  were,  in  passing ;  but  more  accurate 
readings  would  of  course  be  obtained  if  it  rested  on  a  support,  such 
as  a  stake  cut  flat  on  its  top. 

In  the  former  mode,  the  needle  never  comes  completely  to  rest, 
particularly  in  the  wind.  In  such  cases,  observe  the  extreme  6i* 
Tisions  between  which  the  needle  vibrates,  and  take  their  arith- 
motical  mean. 

(234)  Defects  of  compass*  The  compass  is  deficient  m  both 
precision  and  correctness.* 

The  former  defect  arises  from  the  indefiniteness  of  its  mode  of 
indicating  the  part  of  the  circle  to  which  it  points.  The  point  of 
the  needle  has  considerable  thickness ;  it  cannot  quite  touch  the 
divided  circle ;  and  these  divisions  are  made  only  to  whole  or  half 
degrees,  though  a  fraction  of  a  division  may  be  estimated,  or  guessed 
at.  The  Vernier  does  not  much  better  this,  as  we  shall  see  when 
explaining  its  use.  Now  an  inaccuracy  of  one  quarter  of  a  degree 
in  an  angle,  i.  e.  in  the  difference  of  the  directions  of  two  lines, 
causes  them  to  separate  from  each  other  5^  inches  at  the  end  of 
100  feet ;  at  the  end  of  1000  feet  nearly  4^  feet ;  and  at  the  end 
of  a  mile,  23  feet.  A  difference  of  only  one-tenth  of  a  degree,  or 
mx  minutes,  would  produce  a  difference  of  1|  feet  at  the  end  of 
1000  feet ;  and  9^  feet  at  the  distance  of  a  mile.  Such  are  the 
differences  which  may  result  from  the  want  of  precimn  in  the  in- 
dications of  the  compass. 

Sut  a  more  serious  defect  is  the  want  of  carrectnesa  in  the  com- 
pass. Its  not  pointing  exactly  to  the  true  north  does  not  indeed 
affect  tiie  correctness  of  the  angles  measured  by  it.  But  it  does  not 
point  in  the  same  or  in  a  parallel  direction,  during  even  the  same 
day,  but  changes  its  direction  between  sunrise  and  noon  nearly  a 
quarter  of  a  degree,  as  will  be  fully  explained  in  Chapter  "Vill. 
The  effect  of  such  a  difference  we  have  just  seen.    This  direction 

*  The  stndcut  maat  not  confoand  theae  two  qualities.  To  say  that  Itie  snn  a^ 
pears  to  rise  in  the  eastern  quarter  of  the  heavens  and  to  set  in  the  western,  if 
wrreeit  bnt  not  fneeise.  A  watch  witli  a  second  band  indicates  the  time  of  day 
freeUdy^  bat  not  always  eorrecUy,  The  statement  that  two  and  two  make  five^ 
H  predte,  but  is  not  nsaally  regarded  as  anrreeU 
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may  also  be  greadj  altered  in  a  moment,  without  the  knowledge 
of  the  surveyor,  by  a  piece  of  iron  being  brought  near  to  the  com 
pass,  or  by  some  other  local  attraction,  as  will  be  noticed  hereafter. 
This  is  the  weak  pomt  in  the  compass. 

Notwithstanding  these  defects,  the  compass  is  a  very  valuable 
instrument,  from  its  simplicity,  rapidity  and  convenience  in  use ; 
and  though  never  precise,  and  seldom  correct,  it  is  generally  not 
very  wrong. 


CHAPTER  III. 

r 

THE  FIELD  WORK. 

(235)  Taking  Bearings.  The  <^  Bearing"  of  a  line  is  the  an- 
gle which  it  makes  with  the  direction  of  the  needle.  Thus,  in  Hg. 
147,  page  124,  the  angle  NAB  is  the  Bearing  of  the  line  AB,  and 
NAC  is  the  Bearing  of  AC.  The  Bearing  and  length  of  a  line  aro 
named  collectively  the  Course. 

To  take  the  Bearing  of  any  line,  set  the  compass  exactly  over 
any  point  of  it  by  a  plumb-line  suspended  from  beneath  the  cen- 
tre of  the  compass,  or,  approximately,  by  dropping  a  stone.  Level 
the  compass  by  bringing  the  air  bubbles  to  the  middle  of  the  level 
tubes.  Direct  the  sights  to  a  rod  held  truly  vertical,  or  ^'  plumb," 
at  another  point  of  the  line,  the  more  distant  the  better.  The  two 
ends  are  usually  taken.  Sig|ht  to  the  lowest  visible  pc»nt  of  the 
rod.  When  the  needle  comes  to  rest,  note  what  division  on  the 
circle  it  points  to ;  taking  the  one  indicated  by  the  North  end  of 
the  needle,  if  the  North  point  on  the  circle  is  farthest  from  you, 
and  vice  vena. 

In  reading  the  division  to  which  one  end  of  the  needle  points, 
the  eye  should  be  placed  over  the  other  end,  to  avoid  the  error 
which  nught  result  from  tiie  '^  parallax,"  or  apparent  change  of 
place,  of  the  end  read  from,  when  looked  at  obliquely. 
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Fig.  163. 


Tlie  bearing'is  read  and  recorded  by  noting  between  what  lefctera 
the  end  of  the  needle  comes,  and  to  what  number ;  naming,  or 
writing  down,  fintly^  that  letter,  N  or  S,  which  is  at  the  0^  pomt 
nearest  to  that  end  of  the  needle  from  which  you  are  reading ; 
secondly y  the  number  of  degrees  to  which  it  points,  and  ihirdly^ 
the  letter,  E  or  W,  of  the  90^  point  which  is  nearest  to  the  same 
end  of  the  needle.  Thus,  in  the  figure,  if  when  the  sights  wsro 
directed  along  a  line,  (the  North 
point  of  the  compass  being  most 
distant  from  the  observer),  the 
North  end  of  the  needle  was  at  the 
point  A,  the  bearing  of  the  line 
sighted  on,  would  be  North  45^ 
Blast ;  if  the  end  of  the  needle  was 
at  B,  the  bearing  would  be  Ea%t ;  if 
ate,  S.  30OE;  if  at  D,  ^au^;  if 
at  E,  S-  60O  W;  if  at  F,  West;  if 
at  G,  N.  60^  W;  if  at  H,  North. 


Fig.  164. 


.C 


-B 


(236)  We  can  now  imderstand  why  W  is  en  the  right  hand  of 
the  compass-box,  and  E  on  the  left.  Let  the  direction  from  th« 
centre  of  the  compass  to  the  point 
B  in  the  figure,  be  required,  and 
suppose  the  sights  in  the  first  place 
to  be  pointing  in  the  direction  of  the 
needle,  S  N,-  and  the  North  sight 
to  be  ahead.  When  the  sights  (and 
the  circle  to  which  they  are  fasten- 
ed) have  been  turned  so  as  to  point 
in  the  direction  of  B,  the  point  of 
the  circle  marked  E,  will  have  come  round  to  the  North  end  of  the 
needle,  (jimee  the  needle  remains  immovable^  and  the  reading  will 
therefore  be  '^  East,"  as  it  should  be.  The  efiect  on  the  reading 
Lb  the  same  as  if  the  needle  had  moved  to  the  left  the  same  quantity 
which  the  sights  have  mov^d  to  the  right,  and  the  left  side  is  thero- 
fore  properly  marked  "  East,"  and  vice  versa.  So,  too,  if  the 
Wiring  of  the  line  to  C  be  desired,  half-way  between  North  and 
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East,  i.  e.  N.  45^  E. ;  whon  the  sights  and  the  circle  have 
tamed  45  degrees  to  the  right,  the  needle,  reaUj  standing  stilU 
has  apparently  arrived  at  the  point  half-waj  between  N.  and  E., 
i.  e.  N,  450  E. 

Some  surveyors'  compasses  are  marked  the  reverse  of  this,  the 
£  on  the  right  and  the  W  en  the  left.  These  letters  must  then  be 
reversed  in  the  mind  before  the  bearing  is  noted  down. 

(237)  Reading  with  Ternier*  When  the  needle  does  not  point 
precisely  to  one  of  the  division  marks  on  'the  circle,  the  fractional 
part  of  the  smallest  space  is  usually  estimated  by  the  eye,  as  has 
been  explained.  But  thb  fractional  part  may  be  measured  by  the 
Vernier,  described  in  Art.  (229))  as  follows.  Suppose  the  needle 
to  point  between  N.  SP  E.  and  N.  81 J^  E.  Turn  the  tangent 
screw,  which  moves  the  compass-box,  till  the  smaller  division  (in 
this  case  81^)  has  come  round  to  the  needle.  The  Vernier  will 
then  indicate  through  what  space  the  compass-box  has  moved,  and 
therefore  how  much  must  be  added  to  the  reading  of  the  needle. 
Suppose  it  indicates  10  minutes  of  a  degree.  Then  the  bearing  is 
N.  8P  10'  E.  It  is,  however,  so  difficult  to  move  the  Vernier 
without  disturbing  the  whole  instrument,  that  this  is  seldom  resorted 
to  in  practice.  The  chief  use  of  the  Vernier  is  to  set  the  instru- 
ment for  running  lines  and  making  an  allowance  for  the  variation 
of  the  needle,  as  will  be  explained  in  the  proper  place.    A  Vernier- 

A  Vernier  arc  is  sometimes  attached  to  one  end  of  the  needle 
and  carried  around  bv  it. 

(238)  Practical  Hints.  Mark  every  station,  or  spot,  at  which 
the  compass  is  set,  by  driving  a  stake,  or  dig^g  up  a  sod,  or  piling 
np  stones,  or  otherwise,  so  that  it  can  be  found  if  any  error,  or  other 
cause,  makes  it  necessary  to  repeat  the  survey. 

Very  often  when  the  line  of  which  the  bearing  is  required,  is  a 
fence,  &c.,  the  compass  cannot  be  set  upon  it.  In  such  cases,  set 
the  compass  so  that  its  centre  is  a  foot  or  two  from  the  line,  and 
set  the  flagHStaff  at  precisely  the  same  distance  from  the  line  at  the 
other  end  of  it.  The  bearing  of  the  flag-staff  from  the  compass 
will  bo  the  same  as  that  of  the  fence,  the  two  lines  being  parallel 
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The  distances  diOQld  be  measored  on  the  real  line.  If  more  con- 
▼enient  the  compass  may  be  set  at  some  point  on  the  line  prolong- 
ed, or  at  some  intermediate  *point  of  the  Hue,  ^^  in  line  "  between  its 
extremities. 

In  settmg  the  compass  level,  it  is  more  important  to  have  it  level 
ciosswajs  of  the  sights  than  in  their  direction ;  rince  if  it  bo  not  so, 
on  looking  up  or  down  hiU  through  the  upper  part  of  one  nght  and 
the  lower  part  of  the  other,  the  line  of  sight  will  not  be  parallel  to 
the  N  and  S,  or  zero  line,  on  the  compass,  and  an  incorrect  bear* 
ing  will  therefore  be  obtained. 

The  compass  should  not  be  levelled  bj  the  needle,  as  some  books 
recommend,  i.  e.  so  levelled  that  the  ends  of  the  needle  shall  be  at 
equal  distances  below  the  glass.  The  needle  should  be  brought  so 
onffnsllj  by  the  maker,  but  if  so  adjusted  in  the  morning,  it  will 
not  be  so  at  noon,  owing  to  the  daily  variation  in  the  dip.  If 
then  the  compass  be  levelled  by  it,  the  lines  of  sight  wiD  generally 
be  more  or  less  oblique,  and  therefore  erroneous.  If  the  needle 
touches  the  glass,  when  the  compass  is  levelled,  balance  it  by  slid- 
ing the  coil  of  wire  along  it. 

The  same  end  of  the  compass  should  always  go  ahead.  The 
JXatiik  end  is  preferable.  The  South  end  wiU  then  be  nearest  t9 
the  observer.  Attention  to  this  and  to  the  caution  in  the  next 
paragraph,  will  prevent  any  confusion  in  the  bearings. 

Always  take  the  readings  from  the  same  end  of  the  needle ; 
Iran  the  North  end,  if  the  North  end  of  the  compass  goes  ahead ; 
and  vice  versa.  This  is  necessary,  because  tne  two  ends  will  not 
always  cut  opposite  degrees.  With  this  precaution,  however,  the 
angle  of  two  meeting  lines  can  be  obtained  correctiy  from  either 
end,  provided  the  same  one  is  used  in  taking  the  bearings  of  both 
the  lines. 

Guard  against  a  very  frequent  source  Vig- 165. 

of  error  with  begmners,  in  reading  from 
the  wrong  number  of  the  two  between 
which  the  needle  points,  such  as  reading 
84^  for  26^,  in  iv  case  like  that  in  the 
figure. 


A 
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Check  the  vibrations  of  the  needle  bj  gently  raising  it  oiF  the 
pivot  so  as  to  touch  the  glass,  and  letting  it  down  again,  bj  the  screw 
on  the  under  side  of  the  box. 

The  compass  should  be  smartlj  tapped  after  the  needle  has 
settled,  to  destroy  the  effect  of  any  adhesion  to  the  pivot,  or  fiio- 
tion  of  dust  upon  it. 

All  iron,  such  as  the  chain,  &;c.,  must  be  kept  at  a  distance  from 
the  compass,  or  it  will  attract  the  needle,  and  cause  it  to  deviate 
from  its  proper  direction. 

The  surveyor  is  sometimes  troubled  by  the  needle  refusing  to 
traverse  and  adhering  to  the  glass  of  the  compass,  after  he  has 
briskly  wiped  this  off*  with  a  silk  handkerchief,  or  it  has  been  car- 
ried so  as  to  rub  against  his  clothes.  The  cause  is  the  electricity 
excited  by  the  friction.  It  is  at  once  discharged  by  applying  a 
wet  finger  to  the  glass. 

A  compass  should  be  carried  with  its  fiice  resting  against  the 
side  of  the  surveyor,  and  one  of  the  sights  hooked  over  his  arm. 

In  distant  surveys  an  extra  centre  pin  should  be  carried,  (as  it 
is  very  liable  to  injury,  and  its  perfection  is  most  essential),  and, 
also,  an  extra  needle.  When  two  such  are  carried,  they  should 
be  placed  so  that  the  north  pole  of  one  rests  against  the  south  pole 
of  the  other. 

(239)  When  the  magnetism  of  the  needle  is  lessened  or  destroy- 
ed by  time,  it  may  be  renewed  as  follows.  Obtain  two  bar  mag- 
nets. Provide  a  board  with  a  hole  to  admit  of  the  axis,  so  that  its 
cdilar  may  fit  fairly,  and  that  the  needle  may  rest  flat  on  it,  with- 
out bearing  at  the  centre.  Place  the  board  before  you,  with  the 
north  end  of  the  needle  to  your  right  Take  a  magnet  in  each 
hand,  the  left  holding  the  North  end  of  the  bar,  or  that  which  has 
the  mark  across,  downwards ;  and  the  right  holding  the  same  mark 
upwards.  Bring  the  bars  over  the  axis,  about  a  foot  above  it, 
witiiout  approaching  each  other  within  two  inches: — bring  them 
down  vertically  on  the  needle,  (the  marks  as  directed)  about 
an  inch  on  each  side  of  its  axis ;  slide  them  outwards  to  its  ends 
with  slight  pressure ;  raise  them  up  ;  bring  them  to  their  formci 
position,  and  repea*;  this  a  number  of  times. 
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(210)  Back  SlgktSt  To  test  the  accuracy  of  the  bearing  of  a 
line,  taken  at  one  end  of  it,  set  up  the  compass  at  the  other  end, 
or  point  sighted  to,  and  look  back  to  a  rod  held  at  the  first  station, 
or  point  where  the  compass  had  been  placed  originallj.  The  read- 
ing of  the  needle  should  now  be  the  same  as  before. 

If  the  position  of  the  sights  had  been  reversed,  the  reading 
would  be  the  JReverse  Bearing ;  a  former  bearing  of  N.  80^  E, 
would  then  be  S.  80°  W.,  and  so  on. 

(241)  Local  attraction*  If  the  JBacknsight  does  not  agreo 
with  the  first  or  forward  sight,  this  latter  must  be  taken  over  again. 
If  the  same  difference  is  again  found,  this  shows  that  there  is  local 
attractian  at  one  of  the  stations ;  i.  e.  some  influence,  such  as  a 
mass  of  iron  ore,  ferruginous  rocks,  &c.,  under  the  surface,  which 
attracts  the  needle,  and  makes  it  deviate  from  its  usual  direction. 
Any  high  object,  such  as  a  house,  a  tree,  &c.,  has  recently  been 
found  to  produce  a  similar  effect. 

To  discover  at  which  station  the  attraction  exists,  set  the  com- 
pass  at  several  intermediate  points  in  the  line  which  joins  the  two 
stations,  and  at  points  in  the  line  prolonged,  and  take  the  bearmg 
of  the  line  at  each  of  these  points.  The  agreement  of  several  of 
these  bearings,  taken  at  distant  points,  will  prove  their  correctness. 
Otherwise,  set  the  compass  at  a  third  station ;  sight  to  each  of  the 
two  doubtful  ones,  and  then  from  them  back  to  this  third  station. 
This  will  show  which  is  correct. 

When  the  difference  occurs  in  a  series  of  lines,  such  as  around  a 
field,  or  along  a  road,  proceed  P>s-  ico. 

thus.   Let  G  be  the  station  at  C  A 

which  the  back-sight  to  B  dif-  ^ 
fers  from  the  foresight  from 
B  to  C.  Since  the  back-sight  from  B  to  A  is  supposed  to  have 
agreed  with  the  foresight  from  A  to  B,  the  local  attraction  must  be 
at  C,  and  the  forward  bearing  must  be  corrected  by  the  difference 
just  found  between  the  fore  and  back  sights,  adding  or  subtracting 
it,  according  to  circumstances.    An  easy  method  is  to  draw  a 
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figure  for  the  case,  as  IniElg.  167.  In 
it,  suppose  the  true  bearing  of  BG,  as 
given  by  a  fore-sight  from  B  to  C,  to  be 
N.  40^  E.,  but  that  there  is  local  at- 
traction at  C,  so  that  the  needle  is  drawn 
aside  10^,  and  points  in  the  direction 
S'N',  instead  of  SN.  The  back-sight 
{roi{i  G  to  B  will  then  give  a  bearing 
of  If .  50°  E. ;  a  difference,  or  correc-  ^.^ 
fcion  for  the  next  fore-sight,  of  10°.  If  the  next  fore-dght,  firom  C 
to  D,  be  N.  70°  E,  this  10°  must  be  subtracted  from  it,  making 
the  true  fore-sight  N.  60°  E. 

A  general  rule  may  also  be  given.  When  the  back-eight  i$ 
greater  than  the  fore-eighty  b&  in  this  case,  subtract  the  difference 
from  the  next  fore-sight,  if  that  course  and  the  preceding  one  have 
both  their  letters  the  same  (as  in  this  case,  both  being  N.  and  E.), 
or  both  their  letters  different ;  or  add  the  difference  if  either  the 
first  or  last  letters  of  the  two  courses  are  different.  When  tJie 
hach-eight  is  less  than  the  f ore-eighty  add  the  difference  in  the  case 
in  which  it  has  just  been  directed  to  subtract  it,  and  subtract  it 
where  it  was  before  directed  to  add  it. 

(212)  Angles  of  deflectioiit  When  ^the  compass  indicates 
much  local  attraction,  the  difference  between  the  directions  of 
two  meeting  lines,  (or  the  "  angle  of  defleetian"  of  one  ftom  the 
other),  can  still  be  correctly  measured,  by  taking  the  difference  of 
the  bearings  of  the  two  lines,  as  observed  at  the  same  point.  For, 
the  error  caused  by  the  local  attraction,  whatever  it  may  be,  affects 
both  bearings  equally,  inasmuch  as  a  ^^  Bearing"  is  the  angle 
which  a  line  makes  with  the  direction  of  the  needle,  and  that  here 
remains  fixed  in  some  one  direction,  no  matter  what,  during  the 
takmg  of  the  two  bearings.  Thus,  in  Fig.  167,  let  the  true  bear- 
ing of  BG,  i.  e.  the  angle  which  it  makes  with  the  line  SN,  be,  as 
before,  N.  40°  E.,  and  that  of  CD  N.  60°  E.  The  true  "  Migle 
of  deflection"  of  these  lines,  or  the  angle  B'GD,is  therefore  20°. 
Now,  if  local  attraction  at  G  causes  the  needle  to  point  in  the  direc- 
S'N',  10°  to  tiie  left  of  its  proper  direction,  BG  will  bear  N.  60^ 


CHAP,  ni.] 


The  FteM  Work. 


14S 


£.,  and  CD  N.  70^  E.,  and  the  difference  of  these  bearmgiy  L  e. 
the  angle  of  deJ9ection,  will  be  the  same  as  before. 

(24S)  Angles  between  Conrsest  To  determine  the  an^e  of 
deflection  of  two  courses  meeting  at  anj  point,  the  following  ample 
rules,  the  reasons  of  which  will  appear  from  the  accompanying 
figures,  are  sufficient. 


Fig.  168. 


Case  1.  When  the  first  letters  of  the 
bearing  are  alike,  (i.  e.  both  N.  or  both 
S.),  and  the  last  letters  also  alike,  (i.  e. 
both  E.  or  both  W.),  take  the  difference 
of  the  bearings.  JSxample.  If  AB  bears  vr — 
N.  80^  E.  and  BO  bears  N.  10^  E.,  the 
ang^e  of  deflection  GBB'  is  20^. 


Coie  2.  When  the  first  letters  are 
alike  and  the  last  letters  different ;  take 
the  sum  of  the  bearings.  Ux.  If  AB 
bears  N.  40©  E.  and  BC  bears  N.  20° 
W. ;  tiie  angle  CBB'  is  60°. 


yvF 


« 


Fig.  170. 


Case  3.  When  the  first  letters  are 
Cerent  and  the  last  letters  alike,  sub- 
tract the  sum  of  the  bearings  from  1805. 
JBx.  If  AB  bears  N.  80^  E.  and  BC 
bean  S.  iO^E. ;  the  angle  CBB'isllOo. 


10 
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Fig.  170. 


(jMe  4.  When  boHi  the  first  and 
last  letters  are  different,  subtract  the 
difference  of  the  bearings  from  180^. 
Ex.  K  AB  bears  S.  30©  W.  and  BC 
bears  N.  70^  E. ;  the  angle  CBB'  is 
140^ 


Jf  the  angles  included  between  the  courses  are  demred, 
they  will  be  at  once  found  by  reversing  one  bearing,  and  then  ap- 
plying the  above  rules ;  or  by  subtracting  the  results  obtained  aa 
above  from  180^ ;  or  an  analogous  set  of  rules  could  be  formed 
for  them. 

(244)  To  change  Bearings.  It  is  convenient  in  certain  cal- 
culations to  suppose  one  of  the  lines  of  a  survey  to  change  its  direc- 
tion BO  as  to  become  due  North  and  South ;  that  is,  to  become  a 
new  Meridian  line.  It  is  then  necessary  to  determine  what  the 
bearings  of  the  other  lines  will  be,  supposing  them  to  change  with 
it.  The  subject  may  be  made  plain  by  supposing  the  survey  to  be 
platted  in  the  usual  way,  with  the  North  uppermost,  and  the  plat 
to  be  then  turned  around,  till  the  line  to  be  changed  is  in  the  de- 
sired  direction.  The  effect  of  this  on  the  other  lines  will  be  readily 
seen.    A  General  Rule  can  also  be  formed. 

Take  the  difference  between  the  original  bearing  of  the  side 
which  becomes  a  Meridian  and  each  of  those  bearings  which  have 
both  their  letters  the  same  as  it,  or  both  different  from  it.  The 
changed  bearings  of  these  lines  retain  the  same  letters  as  before,  if 
they  were  originally  greater  than  the  ori^nal  bearing  of  the  new  Me- 
ridian line ;  but,  if  they  were  less,  they  are  thrown  on  the  other  side 
of  the  N.  and  S.  line,  and  their  last  letters  arc  changed ;  E.  being 
put  for  W.  and  W  for  E. 

Take  the  sum  of  the  ori^al  bearing  of  the  new  Meridian  line, 
and  each  of  those  bearings  which  have  one  letter  the  same  aa  one 
letter  of  the  former  bearing,  and  one  different.    If  this  sum  exceeds 
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90^,  this  shears  Jiat  tie  line  is  thrown  on  the  other  side  of  tha 
East  or  West  point,  and  the  difference  between  this  sum  and  180^ 
will  be  the  new  bearing  and  the  first  letter  will  be  changed,  N. 
being  put  for  S.  and  S.  for  N. 

Hxample.  Let  the  Bearings  of  the  sides  of  a  field  be  as  follows : 
If.  82P  E. ;  N.  80^  E. ;  S.  48°  E. ;  S.  18o  W. ;  N.  TSJo  w. ; 
Iforth.  Suppose  the  first  side  to  become  du3  North*;  the  changed 
bearings  will  then  h^  as  follows :  North ;  N.  48^  E. ;  S.  8Qo  E. ; 
S,  140  E. ;  S.  74io  W. ;  N.  82^  W. 

To  applj  the  rule  to  the  ^'  North"  course,  as  above,  it  must  be 
caQed  N.  0^  W. ;  and  then  by  tiie  Rule,  32^  must  be  added  to  it. 

The  true  bearings  can  of  course  be  obtained  from  the  changed 
bearings,  by  reversing  the  operation,  taking  the  sum  instead  of  the 
difference,  and  vice  versa. 


(245)  Line  Sarrey ing*  This  name  may  be  ^ven  to  surveys 
of  lines,  such  as  the  wind^^  of  a  brook,  the  curves  of  a  road,  &c., 
by  way  of  distinction  from  Farm  Surveying^  in  which  the  lines 
surveyed  enclose  a  space. 

To  survey  a  brooks  or  any  similar  line,  set  the  compass  at,  or 
near,  one  end  of  it,  and  take  the  bearing  of  an  imaginary  or 
visual  line,  running  in  the  general  average  direction  of  the  brook, 


Fig.  172. 


such  as  AB  in  the  figure.  Measure  this  line,  taking  o&ets  to  the 
various  bends  of  the  brook,  as  to  the  fence  explained  in  Art.  (115). 
Then  set  the  compass  at  B,  and  take  a  back-sight  to  A,  and  if 
they  agree,  take  a  fore-sight  to  C,  and  proceed  as  before,  noting 
particularly  the  points  where  the  line  crosses  the  brook. 

To  survey  a  roac2,  take  the  bearings  and  lengths  of  the  Imea 

Fig.  173. 
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which  can  be  most  conyenienilj  measured  in  the  road,  and  me» 
sure  ofiets  on  each  side,  to  the  outside  of  the  road. 

When  the  line  of  a  new  road  is  surveyed,  the  bearings  and 
lengths  of  the  various  portions  of  its  intended  centre  line  should  be 
measured,  and  the  distance  which  it  runs  through  each  man's  land 
should  be  noted.  Stones  should  be  set  in  the  ground  at  recorded 
distances  from  each  angle  of  the  line,  or  in  each  line  prolonged  a 
known  distance,  so  as  not  to  be  disturbed  in  maldng  the  road.  . 

In  surveying  a  wide  river,  one  bank  may  be  surveyed  by  Uxo 
method  just  given,  and  points  on  the  opposite  banks,  as  trees,  &c., 
may  be  fixed  by  the  method  of  intersections,  founded  on  the  Fourth 
Method  of  determining  the  position  of  a  point ;  and  fully  explained 
in  Part  IV.     j 

(216)  Checks  by  Intersecting  bearings.  At  each  station  at 
which  the  compass  is  set,  take  bearings  to  some  remarkable  object, 
such  as  a  church  steeple,  a  dbtant  house,  a  high  tree,  &c.  At 
least  three  bearings  should  bo  taken  to  each  object  to  make  it  of 
any  use :  since  two  are  necessary  to  determine  it,  (by  our  Fourth 
Method),  and,  till  thus  determined,  it  can  be  no  check.  When 
the  line  is  platted,  by  the  methods  to  be  explained  in  the  next 
chapter,  plat  also  the  lines  given  by  these  bearings.  If  those  taken 
to  the  same  object  from  three  (Afferent  stations,  intersect  in  the 
same  point,  this  proves  that  there  has  been  no  mistake  in  the  sur 
vey  or  platting  of  those  stations. 

If  any  bearing  does  not  intersect  a  point  fixed  by  previous  bear- 
ings, it  shows  that  there  has  been  an  error,  either  between  the  last 
station  and  one  of  those  which  fixed  the  point,  or  in  the  last  bear- 
ing to  the  point.  To  discover  which  it  was,  plat  the  following  lint, 
of  the  survey,  and,  at  its  extremity,  set  ofi"  the  bearing  from  it  to  the 
point;  and  if  the  line  thus  platted  passes  through  the  pomt,  it 
proves  that  there  was  no  error  in  the  line,  but  only  in  the  bearing 
to  the  point.  If  otherwise,  the  error  was  somewhere  in  the  line 
between  the  stations  from  which  the  bearings  to  that  point  were 
taken. 
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(247)  Keeping  the  FieM-notes.  The  umplost  and  camest 
method  for  a  be^nner  is  to  make  a  rough  sketch  of  fhe  survey  by 
eje,  and  write  down  on  the  lines  their  bearings  and  lengths. 

An  improvement  on  this  is  to  actually  lay  down  the  precise  bear 
mgs  and  lengths  of  the  lines  in  the  field-book  in  the  manner  to  be 
ezidained  in  the  chapter  on  Platting,  Art.  (269). 

(218)  A  second  method  is  to  draw  a  straight  line  up  the  page 
of  the  field-book,  and  to  write  on  it  the  bearings  and  lengths  of 
the  lines.  The  only  advantage  of  this  method  is  that  the  line  will 
not  run  off  the  side  of  the  page,  as  it  is  apt  to  do  in  the  preceding 
method. 

(249)  A  third  method  is  to  represert  the  line  surveyed,  by  a 
doable  column,  as  in  Part  11,  Chapter  I,  Art.  (95),  which  should 
be  now  referred  to.  The  bearings  are  written  obliquely  up  the 
columns.  At  the  end  of  each  course,  its  length  is  written  in  the 
column,  and  a  line  drawn  across  it.  Doited  lines  are  drawn  across 
ttie  column  at  any  intermediate  measurement.  O&ets  are  noted 
as  explained  in  Art.  (114). 

The  interseciion-bearings,  described  in  Art.  (246),  should  be 
entered  in  the  field-book  before  the  bearings  of  the  line,  in  order 
to  avoid  mistakes  of  platting,  in  setting  off  the  measured  distances 
on  the  wrong  line. 

(250)  A  fourth  method  is  to  write  the  Stations,  Bearings,  and 
Distances  in  three  columns.  This  is  compact,  and  has  the  advan* 
tage,  when  appUed  to  fiirm  surveying,  of  presenting  a  form  suitable 
fi>r  the  subsequent  calculations  of  Content,  but  does  not  ^ve  facili- 
ties for  noting  oflbets. 

Examples  of  these  four  methods  are  given  in  Art.  (254) ;  which 
contains  the  field-notes  of  the  lines  bounding  a  field. 

(251)  New-York  Canal  Maps.  The  following  is  a  description 
of  the  ori^nal  maps  of  the  survey  of  the  line  of  the  New-York  Erie 
Canal,  as  published  by  the  Canal  Commissioners.  The  figure 
represents  a  portion  of  such  a  map ;  but,  necessarily,  with  all  its 
lines  black ;  roi  and  blue  lines  being  used  on  the  real  map. 
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^  The  Red  Line  described  along  the  inner  edge  of  the  towing 
path  is  the  base  line,  upon  which  all  the  measurements  in  the  direc- 
tion of  the  length  of  the  canal  were  made.  The  hearings  refer  to 
the  magnetic  meridian  at  the  time  of  the  survey.  The  lengths  of 
the  several  portions  are  inserted  at  the  end  of  each,  in  chains  and 
links.  The  offsets  at  each  station  are  represented  bj  red  lines 
drawn  across  the  canal  in  such  a  direction  as  to  bbect  the  an^es 
formed  bj  the  two  contiguous  portions  of  the  red  or  base  line,  upon 
the  towing  path.  The  intermediate  offiiets  are  set  off  at  right  angles 
to  the  base  line ;  and  the  distances  on  both  are  given  from  it  in 
links.  The  intermediate  offsets  are  represented  bj  red  dotted  lines j 
and  the  distances  to  them  upon  the  base  line  are  reckoned,  in  each 
case,  from  the  last  preceding  station.  The  same  is  likewise  done 
with  the  other  distances  upon  the  base  Ime ;  those  to  the  Bridges 
being  taken  to  the  lines  joining  the  nearest  angles,  or  comer  poets 
of  theb  abutments ;  those  to  the  Locks  extending  to  the  lines  pass- 
ing through  the  centres  of  the  two  nearest  quoin  posts ;  and  tliose 
to  the  Aqueducts,  to  the  faces  of  their  abutments.  The  space 
enclosed  by  the  Blue  Lines  represents  the  portion  embraced  with- 
in the  limits  of  the  survey  as  belonging  to  the  state ;  and  the  names 
of  the  adjoining  proprietors  are  given  as  they  stood  at  the  time  of 
executing  the  survey.  The  dbtances  are  projected  upon  a  scale 
of  two  chains  to  the  inch.'' 

(S52)  Fam  Sarreyfilg.  A  farm,  or  field,  or  other  space  m- 
eluded  witlun  known  lines,  is  usually  surveyed  by  the  compaas 
thus.  Be^  by  walking  around  the  boundary  lines,  and  setting 
stakes  at  all  the  comers,  which  the  flag-man  should  specially  note. 
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sj  that  he  may  readily  find  them  again.  Then  set  the  compass  at 
any  corner,  and  send  the  j9ag-man  to  the  next  comer.  Take  the 
bearing  of  the  bounding  line  running  from  corner  to  comer,  T^hich 
is  usually  a  fence.  Meaflure  its  length,  taking  of&ets  if  necessaJ7. 
Note  where  any  other  fence,  or  road,  or  other  line,  crosses  or  meeta 
it,  and  take  their  bearings.  Take  the  compass  to  the  end  of  this 
first  bounding  line ;  sight  back,  and  if  the  backnsight  agrees,  take 
the  bearing  and  distance  of  the  next  bounding  line ;  and  so  proceed 
till  you  have  got  back  to  the  point  of  starting. 

(253)  Where  speed  is  more  important  than  accuracy  in  a  sur- 
vey, whether  of  a  Une  or  a  farm,  the  compass  need  be  set  only  at 
every  other  station,  taking  a  forward  sight,  from  ihe  1st  station  to 
the  2d ;  then  setting  the  compass  at  the  8d  station,  takiag  a  back- 
idght  to  the  2d  station  (but  with  the  north  point  of  the  compass  al< 
ways  ahead),  and  a  fore-sight  to  the  4th ;  then  going  to  the  5th, 
and  so  on.    This  is,  however,  not  to  be  recommended. 

(251)  FieM-notes*  The  Field-notes  of  a  Farm  survey  may  be 
kept  by  any  of  the  methods  which  have  been  described  with  refer* 
ence  to  a  line  survey.  Below  are  ^ven  the  Field-notes  of  the 
iame  field  recorded  by  each  of  the  methods. 

First  Method. 

Fig.  175. 
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Fig.  176. 


{i5S)  The  Field-notes  of  a  fields  in  which  ofiets  occur,  maj  be 
most  easily  recorded  by  the  Third  Method ;  as  m  Fig.  176. 

When  the  Field-notes  are  recorded  bj  the  FourOi  Method, 
the  of&ets  may  be  kept  in  a  separate  Table;  in  which  the  1st 
eo.umn  will  contain  the  stations  from  which  the  measurements  are 
made,  the  2d  column  the  distances  at  which  they  occur,Nlie  8d 

*  In  the  "  Third  Method,"  the  bearing!  thould  be  written  obliquely  upward, 
«■  directed  in  Art,  (249)  bat  ar«  not  lo  printed  here,  from  tjpogrophical  diffi 
ioltiet, 
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colamn  ilie  lengths  of  the  offiiets,  and  the  4th  column  the  side  of 
die  line,  "  Kght,"  or  "  Left,"  on  'which  tley  lie. 

For  calculation,  four  more  columns  may  be  added  to  tho  tablei 
containing  the  intervals  between  the  offsets ;  the  siuns  of  the 
adjoining  pairs ;  and  the  products  of  the  numbers  in  the  two  pro- 
ceding  columns,  separated  into  Bight  and  Left,  one  bemg  additive 
to  the  field,  and  the  other  subtractive. 

(256)  Tests  of  accvracyi  1st.  The  check  of  intersections  de- 
scribed in  Art.  (216),  may  be  employed  to  great  advantage,  when 
some  conspicuous  object  near  the  centre  of  the  farm  can  be  seen 
from  most  of  its  comers. 

2nd.  When  the  survey  is  platted,  if  the  last  course  meets  the 
starting  point,  it  proves  the  work,  and  the  survey  is  then  said  to 
«  close." 

8d.  Diagonal  lines,  running  from  comer  to  comer  of  the  farm, 
like  the  ^^  Proof-lines"  in  Chain  Surveying,  may  be  measured  and 
their  bearings  taken.  When  these  are  laid  down  on  the  plat,  their 
meeting  the  points  to  which  ihey  had  been  measured,  proves  the 
work. 

4th.  The  only  certain  and  precise  test  is,  however,  that  by 
^^  Latitudes  and  Departures."  This  is  fully  explained  in  Chapter 
V,  of  tiiis  Part. 

(257)  A  very  fallacious  test  is  recommended  by  several  writers 
en  this  subject.  It  is  a  well-known  proposition  of  Geometry,  that 
in  any  figure  bounded  by  straight  lines,  the  sum  of  aU  the  interior 
angles  is  equal  to  twice  aa  many  right  angles,  as  the  figure  has  ddes 
less  two ;  since  the  figure  can  be  divided  into  that  number  of  tri- 
angles.  Hence  this  common  rule.  ^'  Calculate  [by  the  last  para- 
graph of  Art.  (i43)]  the  interior  angles  of  the  field  or  farm  sui^ 
veyed ;  add  them  together,  and  if  their  sum  equals  twice  aa  many 
right  angles  as  the  figure  has  sides  less  two,  the  angles  have  been 
correctly  measmred."  This  rule  is  not  applicable  to  a  compass  suf- 
vey ;  for,  in  Hg.  167,  page  144,  the  interior  angle  BCD  will  con* 
tfun  tlie  same  number  of  degrees  (in  that  case  160^)  whether  the 
bearings   of  the  sides  have  been  noted  correctiy,  as  being  the 


154  COMPASS  SIRTRTMG.  [pa&i  in 

argles  wliicli  they  make  Trith  NS — or  incorrectlj,  as  being  ih6 
angles  ^bich  they  make  with  N'S'.  This  rule  would  iherefor« 
prove  the  work  m  either  case. 

(258)  Method  of  RailatlOD.  A  field  may  be  surveyed  from 
one  station^  either  within  it  or  tvithcnit  it^  by  taking  the  bearings  and 
the  distances  from  that  point  to  each  of  the  comers  of  the  field. 
These  comers  are  then  ^'  determined/'  bj  the  8d  method,  Art.  (T). 
This  modification  of  that  method,  we  named,  in  Art.  (229),  the 
Method  of  Radiation.  All  our  preceding  surveys  with  the  com- 
pass have  been  by  the  Method  of  Progresmn. 

The  compass  may  be  set  at  one  comer  of  the  field,  or  at  a  point 
in  one  of  its  sides,  and  the  same  method  of  Radiation  employed. 

This  method  is  seldom  used  however,  since,  unlike  the  method 
of  Progression,  its  operations  are  not  checks  upon  each  other. 

(259)  Method  of  Intersection.  A  field  may  also  be  surveyed 
by  measuring  a  base  line^  either  within  it  or  without  it,  setting  the 
compass  at  each  end  of  the  base  line,  and  taking,  firom  each  end, 
the  bearings  of  each  comer  of  the  field ;  which  will  then  be  fixed 
and  determined,  by  the  4th  method.  Art.  (8).  This  mode  of  sur- 
veying is  the  Method  of  IntereectionSy  noticed  in  Art.  (220).  It 
wUl  be  fully  treated  of  in  Part  Y,  under  the  tide  of  Triangilar 
Snrreying. 

(260)  Rnnning  ont  oM  lines.  The  original  surveys  of  landa 
in  the  older  States  of  the  American  Union,  were  exceedingly  defi- 
cient in  precision.  This  arose  from  two  principal  causes ;  the  small 
value  of  land  at  the  period  of  these  surveys,  and  the  want  of  skill 
in  the  surveyors.  The  effect  at  the  present  day  is  frequent  dissat- 
isfaction and  litigation.  Lots  sometimes  contain  more  acres  than 
they  were  sold  for,  and  sometimes  less.  lines  which  are  straight 
in  the  deed,  and  on  the  map,  are  found  to  be  crooked  on  the 
ground.  The  recorded  surveys  of  two  adjoining  farms  often  mako 
one  overlap  the  other,  or  leave  a  gore  between  them.  The  most 
difficult  and  delicate  duty  of  the  land-surveyor,  is  to  run  out  these 
old  boundary  lines.    In  such  cases,  his  first  business  is  to  find 
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monuments,  stones,  marked  trees,  stumps,  or  any  other  old  ^^  cor- 
ners," or  landmarks.  These  are  his  starting  points.  The  owners 
whose  lands  join  at  these  comers  should  agree  on  them.  Old 
fences  must  generally  be  accepted  bj  right  of  possession ;  though 
such  questions  belong  rather  to  the  lawyer  than  to  the  surveyor.* 
His  business  is  to  mark  out  on  the  ground  the  lines  given  in  the 
deed.  When  the  bounds  are  given  by  compass-bearings,  the  sur- 
▼oyor  roust  be  reminded  that  these  bearings  are  very  fiur  from  being 
the  same  now  as  origmally,  having  been  chan^g  every  year. 
The  method  of  determining  this  important  change,  and  of  making 
the  proper  allowance,  will  be  found  in  Chapter  "Viil,  of  this  Part* 

(261)  Town  Sorreyiiiff.  Begin  at  the  meeting  of  two  or  more 
of  the  principal  streets,  through  which  you  can  have  the  longest 
prospects.  Having  fixed  the  instrument  at  that  point,  and  taken 
the  bearings  of  all  the  streets  issuing  from  it,  measure  all  these  lines 
with  the  chain,  taking  oflEsets  to  all  the  comers  of  streets,  lanes, 
bendings,  or  windings ;  and  to  all  remarkable  objects,  as  churches, 
markets,  public  buildings,  &c.  Then  remove  the  instrument  to 
the  next  street,  take  its  bearings,  and  measure  along  the  street  as 
before,  taking  ofiets  as  you  go  along,  with  the  offiet-staff.  Proceed 
in  this  manner  from  street  to  street,  measuring  the  distances  and 
offsets  as  you  proceed. 

Fig.  177. 


*  **  In  the  deacriprioD  of  land  conveyed,  the  rale  is,  that  known  and  fixed  nicmi 
Qmcota  nontrol  cooraes  and  diatancea.     So,  the  certainty  of  metea  and  bounds  wiH 
Inclade  and  paaa  all  the  landa  within  them,  though  they  vary  'rooi  the  givpn 
quantify  expressed  in  tiie  deed.     In  New-York,  to  remove,  deface  or  alter  land 
marka  maliciooaly)  is  au  indictable  offence.^'— ^'ni/*s  CommenUrrietf  IV,  515 
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Thas,  in  the  figure,  fix  the  instrument  at  A,  and  measure  lines 
in  the  direction  of  all  the  streets  meeting  there,  noting  their  bear- 
ings ;  then  measure  AB,  noting  the  streets  at  X,  X.  At  the  second 
station,  B,  take  the  bearings  of  all  the  streets  which  meet  there ; 
and  measure  from  B  to  C,  noting  the  places  and  the  bearings  of 
all  the  cross-streets  as  you  pass  them.  Proceed  in  like  manner 
from  C  to  D,  and  from  D  to  A,  ^^  closing"  there,  as  in  a  fiirm  sur- 
vey. Having  thus  surveyed  all  the  principal  streets  in  a  particu- 
lar neighborhood,  proceed  then  to  survey  the  smaller  intermediate 
streets,  and  last  of  all,  the  lanes,  alleys,  courts,  yards,  and  every 
other  place  which  it  may  be  thought  proper  to  represent  in  the 
plan.  The  several  cross-streets  answer  as  good  check  lines,  te 
prove  the  accuracy  of  the  work.  In  this  manner  you  continue  till 
you  take  in  all  the  town  or  city. 

(262)  Okstacles  Id  Compass  Su-Teylng:.  The  various  obsta- 
cles  which  may  be  met  with  in  Compass  Surveying,  such  as  woods, 
water,  houses,  &c.,  can  be  overcome  much  more  easily  than  in 
Chain  Surveying.  But  as  some  of  the  best  methods  for  effecting 
this  involve  principles  which  have  not  yet  been  fully  developed,  it 
frill  be  better  to  postpone  ^ving  any  of  them,  till  they  can  be  ail 
treated  of  together ;  which  will  bo  done  in  Part  YII. 


CHAPTER  IV. 


PLATTING  THE  SVRTET. 

(MS)  The  letting  of  a  stmrej  made  with  fhe  3ompas9|  conaHSti 
b  drawing  on  paper  the  lines  and  the  angles  which  haye  been 
measured  on  the  ground.  The  lines  are  drawn ''  to  scale/'  as  has 
been  fullj  explained  m  Part  I,  Chapter  m.  The  manner  of  plat- 
ting angles  was  referred  to  in  Art.  (Il},  but  its  explanation  has 
been  reserved  for  this  place. 


(264)  WJtk  a  Protractor*  A  Protractor  is  an  instnunent 
made  for  iUs  object,  and  is  usually  a  semicircle  of  brass,  as  in  the 
figure,  with  its  semi-<;ircumference  divided  into  180  equal  parts,  oi 

Fig.  178. 


degrees,  and  numbered  in  both  dbreciions.  It  is,  in  fact,  a  mizda- 
ture  of  the  instrument,  (or  of  half  of  it),  with  which  the  angles 
have  been  measured.  To  laj  off  any  angle  at  any  point  cf  a 
straight  line,  place  the  Protractor  so  that  its  straight  side,  the 
cUameter  of  the  semi-circle,  is  on  the  given  line,  and  the  middle  of 
this  diameter,  which  is  nuuked  by  a  notch,  is  at  the  given  point. 
With  a  needle,  or  sharp  pencil,  make  a  mark  on  the  paper  at  the 
required  number  of  degrees,  and  draw  a  line  from  the  mark  to  the 
given  point. 
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Sometimes  tiie  protractor  has  an  arm  turning  on  its  centre,  and 
extending  beyond  its  circumference,  so  that  a  line  can  be  at  once 
drawn  by  it  when  it  is  set  to  the  desired  angle.  A  Vernier  scale 
is  sometimes  added  to  it  to  increase  its  precbion. 

A  Rectangular  Protractor  is  sometimes  used,  the  divisions  of 
degrees  being  engraved  along  three  edges  of  a  plane  scale.  The 
semi-circular  one  is  preferable.  The  objection  to  the  rectangular 
protractor  is  that  the  division  correspondmg  to  a  degree  is  rery 

Fig.  179. 
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unequal  on  dififerent  parts  of  the  scale,  being  usually  two  or  three 
times  as  great  at  its  ends  as  at  its  middle. 

A  Protractor  embracing  an  entire  circle,  with  arms  carrying 
verniers,  is  also  sometimes  employed,  for  the  sake  of  greater  accu- 
racy. 


(295)  Platting:  Bearing.  Since  <^  Bearings"  taken  with  the 
Compass  are  the  angles  which  the  various  lines  make  with  the 
Magnetic  Meridian,  or  the  direction  of  the  compass-needle,  which, 
as  we  have  seen,  remains  always  (approximately)  parallel  to  itself, 
it  is  necessary  to  draw  tiiese  meridians  through  each  station,  before 
laying  off  the  angles  of  the  bearings. 

The  T  square,  shown  in  Fig.  14,  is  the  most  convenient  instru- 
ment for  this  purpose.  The  paper  on  which  the  plat  is  to  be  madf 
19  fastened  on  the  board  so  that  the  intended  direction  of  the 
North  and  South  line  may  be  parallel  to  one  of  the  sides  of  the 
board.  The  inner  side  of  the  stock  of  the  T  square  bemg  pressed 
against  one  of  the  other  sides  of  the  board  and  slid  along,  the  edge 
of  the  long  blade  of  the  square  will  always  be  parallel  to  itself  and 
to  the  first  named  side  of  the  board,  and  will  thus  represent  the 
meridian  passing  through  any  station. 
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K  a  straight-edged  drawmg 
board  or  table  cannot  be  pro- 
cured, nail  down  on  a  table  of 
any  shape  a  straight-edged  ro- 
ler,  and  slide  along  against  it 
the  outside  of  the  stock  of  a  T 
square,  one  »de  of  the  stock 
being  flush  with  the  blade. 

A  parallel  ruler  may  also  be 
used,  one  part  of  it  being 
screwed  down  to  the  board  in 
the  proper  position. 

If  none  of  these  means  are  at  hand,  approximately  parallel  meri- 
dians may  be  drawn  by  the  edges  of  a  common  ruler,  at  distances 
apart  equal  to  its  width,  and  the  diameter  of  the  protractor  mado 
parallel  to  them  by  measuring  equal  distances  between  it  and  them. 

(266)  To  plat  a  survey  with  these  instruments,  mark,  with  a  fine 
point  enclosed  in  a  circle,  a  convenient  spot  in  the  paper  to  reprc- 
lent  the  first  station,  1  in  the  figure.    Its  place  must  be  so  chosen 
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tliat  the  plat  may  not  '^  run  off"  the  paper.  With  the  T  square 
draw  a  meridian  through  it.  The  top  of  the  paper  is  usuallj, 
though  not  necessarily,  called  North.  With  the  protractor  lay  off 
the  angle  of  the  first  bearing,  as  directed  in  Art.  (264).  Set  off 
the  length  of  the  first  I'lne,  to  the  desired  scale,  by  Art.  (42),  from 
1  to  2.     The  line  1 2  represents  the  first  course. 

Through  2,  draw  another  meridian,  lay  off  the  angle  of  the 
second  course,  and  set  off  the  length  of  this  course,  from  2  to  3. 

Proceed  in  like  manner  for  each  course.  When  the  last  course  is 
platted,  it  should  end  precisely  at  the  starting  point,  as  the  survey 
did,  if  it  were  a  closed  survey,  as  of  a  field.  If  the  plat  does  not 
"  close,"  or  "  come  together,"  it  shows  some  error  or  inaccuracy 
either  in  the  original  survey,  if  that  have  not  been  '^  tested"  by 
Latitudes  and  Departures,  or  in  the  work  of  platting.  A  method 
of  correction  is  explained  in  Art.  (268).  The  plat  here  given  is 
the  same  as  that  of  Fig.  175,  page  151. 

This  manner  of  la^g  down  the  directions  of  lines,  by  the  angles 
which  they  make  with  a  meridian  line,  has  a  great  advantage,  in 
both  accuracy  and  rapidity,  over  the  method  of  plattbg  lines  by 
the  angles  which  each  makes  with  the  line  which  comes  before  it. 
In  the  latter  method,  any  error  in  the  direction  of  one  line  makes 
all  that  follow  it  also  wrong  in  their  directions.  In  the  former,  the 
direction  of  each  line  is  independent  of  the  precedmg  line,  though 
its  position  would  be  changed  by  a  previous  error. 

Instead  of  drawing  a  meridian  through  each  station,  sometimes 
only  one  is  drawn,  near,  the  middle  of  the  sheet,  and  all  the  bear- 
ings of  the  survey  are  laid  off  from  some  one  point  of  it,  as  shown 
in  the  figure,  and  numbered  to  correspond  with  the  stations  from 
which  these  bearings  were  taken.  The  circular  protractor  is  conve- 
nient for  this.  They  are  then  transferred  to  the  places  where 
they  are  wanted,  by  a  triangle  or  other  parallel  ruler,  as  explained 
on  page  27.  The  figure  at  the  top  of  the  next  page  represents 
the  same  field  platted  by  this  method. 

A  semi-<;ircular  protractor  is  sometimes  attached  to  the  stock 
end  of  the  T  square,  so  that  its  blade  may  be  set  at  any  de^red 
angle  with  the  meridian,  and  any  bearing  be  thus  protracted  with- 
out drawing  a  meridian.     It  has  some  inconveniences. 
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(267)  The  Compass  itself  maj  be  used  to  plat  bearings.  For 
Uu0  purpose  it  must  be  attached  to  a  square  board  so  that  the  K 
and  S  line  of  the  compass  box  may  be  parallel  to  two  opposite 
edges  of  the  board.  This  is  placed  on  the  paper,  and  the  box  is 
turned  till  the  needle  points  as  it  did  when  the  first  bearing  was 
taken.  Then  a  line  drawn  bj  one  edge  of  the  board  will  be  in  a 
proper  direction.  Mark  off  its  length,  and  plat  the  next  and  the 
succeeding  bearings  in  the  same  manner.' 

(288)  When  the  plat  of  a  survey  does  not  "  close,"  it  may  be 
corrected  as  follows.    Let       *  Fig.  183. 

ABCDE  be  the  boundary  W 

lines  platted  according  to  x'^S^^^-lT"*^-^-^  C 

the   ^yen  bearings   and 

distances,  and  supposQ  that  ^^""^^  '^     j^^ 

the  last  course  comes  to  E,  A<<C 
instead  of  endmg  at  A,  as      \ 
it  should.     Suppose  also 
that  there  is  no  reason  to      ^ 
suspect  any  single  great  D 

error,  and  that  no  one  of  the  lines  was  measured  over  very  rougfe 
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ground,  or  was  speciaUj  uncertain  in  its  direction  when  observed. 
The  inaccuracy  must  then  be  distributed  among  all  the  lines  in 
proportion  to  their  length.  Each  point  in  the  figure,  B,  C,  D,  £,  must 
be  moved  in  a  direction  parallel  to  E  A,  by  a  certain  distance  which 
is  obtained  thus.  Multiply  the  distance  EA  by  the  distance  AB, 
and  divide  by  the  sum  of  all  the  courses.  The  quotient  will  be  the 
distance  BB'.  To  get  CC,  multiply  EA  by  AB  +  BC,  and  divide 
tlie  product  by  the  same  sum  of  all  the  courses.  To  get  DD',  mul- 
tiply EA  by  AB  +  BC  +  CD,  and  divide  as  before.  So  for  aay 
course,  multiply  by  the  sum  of  the  lengths  of  that  course  and  of  all 
those  preceding  it,  and  divide  as  before.  Join  the  points  thus 
obtained,  and  the  closed  polygon  AB'CD'A  will  thus  be  formed, 
and  will  be  the  most  probable  plat  of  the  given  survey.* 

The  method  of  Latitudes  and  Departures,  to  be  explained  here 
after,  is,  however,  the  best  for  effecting  this  obJQCt. 

(269)  FieM  Platting.  It  is  sometimes  desirable  to  plat  the 
courses  of  a  survey  in  the  field,  as  soon  as  they  are  taken,  as  was 
mentioned  in  Art.  (247),  imdcr  the  head  of  '^Keeping  the  field- 
notes."  One  method  of  doing  this  is  to  have  the  paper  of  the 
Field-book  ruled  with  parallel  lines,  at  unequal  distances  apart, 
and  to  use  a  rectangular  pro- 
tractor (which  may  be  made 
of  Bristol-board,  or  other  stout 
drawmg  paper,)  with  lines  rul- 
ed across  it  at  equal  distances 
of  some  fraction  of  an  inch.  A 
bearing  having  been  taken  and 
noted,  the  protractor  is  laid  on 
the  paper  and  its  centre  placed  at  the  station  where  the  bearing  is 
to  be  laid  off.  It  is  then  turned  till  one  of  its  cross-linos  coincides 
with  some  one  of  the  lines  on  the  paper,  which  represent  East  and 
West  lines.  The  long  side  of  the  protractoi  will  then  be  oa  a 
meridian  and  the  proper  angle  (40®  in  the  figure)  can  be  at  once 
marked  off.  The  length  of  tiie  course  can  also  be  set  off  by  the 
equal  spaces  between  the  cross-lmes,  letting  eacl^fpace  repreeent 
any  convenient  number  of  links. 

•  Thia  wai  demonstrated  by  Dr.  Rowditck.  in  No.  4,  of  "  The  Analyit*- 
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Fig,.18-5. 


(270)  A  common  rectangular  protractor  without  anj  cros£hlineS| 
or  a  semi-<;ircular  one,  can  also 
be  used  for  the  same  purpose. 
The  parallel  lines  on  the  paper 
(which,  in  this  method,  may 
be  equi-distant,  as  in  common 
rziled  writing  paper)  wiU  now 
represent  meridians.  Place 
the  centre  of  the  protractor 
on  the  meridian  nearest  to  the 
station  at  which  the  angle  is  to 
be  laid  off,  and  turn  it  till  the 
given  number  of  degrees  is  cut  by  the  meridian.  Slide  the  pro- 
tractor up  or  down  the  meridian  (which  must  continue  to  pass 
through  the  centre  and  the  proper  degree)  till  its  edge  passes 
through  the  station,  and  then  draw  by  this  edge  a  Imo,  which  will 
have  the  bearing  required. 

(271)  Paper  ruled  into  squares,  (as  are  sometimes  the  right- 
hand  pages  of  surveyors'  field-books),  may  be  used  for  platting 
bearings  in  the  field.  The  lines  running  up  the  page  may  be  called 
North  and  South  lines,  and  those  running  across  the  page  will  then 
bo  East  and  West  lines.  Any  course  of  the  survey  will  be  the 
hypothenuse  of  a  right-angled  triangle,  and  the  ratio  of  its  other 
two  sides  will  dietcrmine  the 
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angle.  Thus,  if  the  ratio  of 
the  two  sides  of  the  right-an- 
gled triangle,  of  which  the  line 
AB  in  the  figure  is  the  hypoth- 
enuse, is  1,  that  line  makes  an 
angle  of  45^  with  the  meridian. 
If  the  ratio  of  the  long  to  the 
short  side  of  the  right-angled 
tiiangle  of  which  the  line  AC 
is  the  hypothenuse,  is  4  to  1, 
the  line  AC  makes  an  angle 
of  14°  with  the  meridian.     The  line  AD,  the  hypothenuse  of  ~an 
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oqual  triangle,  which  has  its  long  side  Ijing  East  and  West,  makes 
likewise  an  angle  of  14^  with  that  side,  and  therefore  makes  an 
angle  of  76°  with  the  meridian.* 

To  facilitate  the  use  of  this  method,  the  following  table  has  bocn 
prepared. 

TABLE  FOR  PLATTING  BY  SQUARES. 


^ — 

1. 

0|» 

Ratio  of 
Ion;  side  to 
ahort  tide. 

Angle  oppo 
long  nae 

1° 

673  to  1 

890 

20 

28.6  to  1 

880 

3° 

19.1  to  1 

870 

40 

14.8  to  1 

860 

6° 

11.4  to  1 

860 

6° 

9.5  to  1 

840 

70 

8.1  to  1 

830 

8° 

7.1  to  1 

820 

9° 

6.8  to  1 

8I0 

10° 

6.7  to  1 

8O0 

11° 

6.1  to  1 

790 

120 

4.9  to  1 

78° 

18° 

4.3  to  1 

770 

14° 

4.0  to  1 

760 

150 

3.7  to  1 

750 

8  « 


Ratio  of 

long  eido  to 

ahort  tide. 


^  a 

bSO 

c  — 


16^ 
170 

I80 
190 
200 
210 

220 
230 
24^^ 
250 
260 
270 
280 
•290 
30O 


3.49  to 
3.27  to 
3.08  to 
2.90  to 
2.75  to 
2.61  to 
2.48  to 
2.36  to 
2.25  to 
2.14  to 
2.05  to 
1.96  to 
1.88  to 
1.80  to 
1.73  to 


74- 

730 

720 

710 

700 
690 
680 
670 
660 
650 
64° 
630| 

620 
610 

60=5 


3 


J 

a  • 


Ratio  of 
long  ride  to 
short  side. 


8 10 
320 
330 
340 
350 
36^ 
370 

380 
390 

40° 
410 

420 

430 
440 

450 


l.(}64  to  1 
1.600  to  1 
1.540  to  1 
1.483  to  1 
1.428  to  1 
1.376  to  1 
1.327  to  1 
1.280  to  1 
1.285  to  1 
1.192  to  1 
1.150  to  1 
1.111  tol 
1.072  to  1 
1.086  to  1 
1.000  to  1 


590 
580 
570 
660 
550 
540 
530 
520 
510 
500 
490 
480 
470 
460 
450 


To  use  this  table,  find  in  it  the  ratio  corresponding  to  the  angio 
which  you  wish  to  plat.  Then  count,  on  the  ruled  paper,  aiij 
number  of  squares  to  the  right  or  to  the  lefl  of  the  point  which 
represents  the  station,  according  as  your  bearing  was  East  or  West ; 
and  count  upward  or  downward  according  as  your  bearing  was  North 
or  South,  the  number  of  squares  given  by  multiplying  the  firat  num- 
ber by  the  ratio  of  the  Table.  Thus ;  if  the  given  bearing  from  A 
in  the  figure,  was  N.  20o  E.  and  two  squares  were  counted  to  the 
right,  then  2  x  2.75  =  5^  squares,  should  be  counted  upward,  to 
E,  and  AE  would  be  the  required  course. 


(272)  Witb  a  paper  protractor*  Engraved  paper  protracton 
may  be  obtained  from  the  instnunent-makers,  and  are  very  conve- 

*  This  and  all  the  following  ratios  may  be  obtained  directly  from  Trigonomis 
trieal  Tables ;  for  the  ratio  of  the  long  side  to  the  short  side,  the  latter  b«;in| 
Aken  OS  anitj,  is  the  natural  cotangent  of  the  anj^le. 
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nient.  A  circle  of  large  size,  divided  into  degrees  and  quai*tera, 
is  engraved  on  copper,  and  impressions  from  it  are  taken  on  draw- 
ing paper.  The  divisions  are  not  numbered.  Draw  a  straight  line 
to  represent  a  meridian,  through  the  centre  of  the  circle,  in  any 
convenient  direction.  Number  the  degrees  from  0  to  90^,  each 
way  from  the  ends  of  this  meridian,  as  on  the  compass-plate.  The 
protractor  is  now  ready  for 
use.  Choose  a  convenient 
point  for  the  -  first  station. 
Suppose  the  first  bearing  to 
be  N.  80°  E.  '  The  line  pass- 
ing through  the  centre  of  the 
circle  and  through  the  oppo- 
mte  points  N.  SO""  E.  and  S. 
80**  W.  has  the  bearing  re- 
quired. But  it  does  not  pass 
through  the  station  1.  Transfer  it  thither  by  drawing  through 
station  1  a  line  parallel  to  it,  which  will  be  the  course  required,  its 
proper  length  being  set  off  on  it  from  1  to  2.  Now  suppose  the 
bearing  from  2  to  be  S.  60°  E.  Draw  through  2  a  line  parallel 
to  the  line  passing  through  the  centre  of  the  circle  and  through 
the  opposite  points  S.  60°  E.,  and  N.  60°  W.,  and  it  will  be  the 
line  desired.  On  it  set  off  the  proper  length  from  2  to  8,  and  so 
proceed. 

When  the  plat  is  completed,  the  engraved  sheet  is  laid  on  a 
clean  one,  and  the  stations  '^  pricked  through,"  and  the  points  thus 
obtained  on  the  clean  sheet  are  connected  by  straight  lines.  The 
pencilled  plat  is  then  rubbed  off  from  the  engraved  sheet,  which  can 
be  used  for  a  great  number  of  plats. 

If  the  central  circle  be  cut  out,  the  plat,  if  not  too  large,  can  be 
made  directly  on  the  paper  where  it  is  to  remain. 

The  surveyor  can  make  such  a  paper  protractor  for  himself,  with 
great  ease,  by  means  of  the  Table  of  Chorda  at  the  end  of  this 
volume,  the  use  of  which  is  explained  in  Art.  (275).  The  engraved 
ones  may  have  shrunk  after  being  printed. 

Such  a  circle  is  sometimes  drawn  on  the  map  itself.  This  will 
be  particularly  convenient  if  the  bearings  of  any  lines  on  the  map, 
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not  taken  on  the  ground,  are  likely  to  be  required.    If  Uie  map  be 
very  long,  more  than  one  may  be  needed. 

(273)  Drawins-Board  Protractort  Such  a  divided  circle^  aa 
has  just  been  described,  or  a  circular  protractor,  may  be  placed  on 
a  drawing  board  near  its  centre,  and  so  that  its  0^  and  90^  lines 
are  parallel  to  the  sides  of  the  drawing  board.  Lines  are  then  to 
be  drawn,  through  the  centre  and  opposite  divisions,  by  a  ruler 
long  enough  to  reach  the  edges  of  the  drawing  board,  on  which 
they  are  to  be  cut  in,  and  numbered.  The  drawing  board  thus 
becomes,  in  fact,  a  double  rectangular  protractor.  A  strip  of 
white  paper  may  have  previously  been  pasted  on  the  edges,  or  a 
narrow  strip  of  white  wood  inlaid.  When  this  is  to  be  used  for 
platting,  a  sheet  of  paper  is  put  on  the  board  as  usual,  and  lines 
are  drawn  by  a  ruler  laid  across  the  0^  points  and  the  90^  points, 
and  the  centre  of  the  circle  is  at  once  found,  and  should  be  marked 
0«    The  bearings  are  then  platted  as  in  the  last  method. 

(274)  With  a  scale  of  chords.  On  the  plane  scale  contained 
in  cases  of  mathematical  drawing  mstruments  will  be  found  a  series 
of  divisions  numbered  from  0  to  90,  and  marked  CH^  or  C* 
This  is  a  scale  of  chords,  and  gives  the  lengths  of  the  chords  of 
any  arc  for  a  radius  equal  in  length  to  the  chord  of  60^  on  the 
scale.  To  lay  off  an  angle  with  this  scale,  as  for  ^ig- 1^ 
example,  to  draw  a  line  making  at  A  an  angle 
of  40°  with  AB,  take,  in  the  dividers,  the  dis- 
tances from  0  to  60  on  the  scale  of  chords ;  with 
this  for  radius  and  A  for  centre,  describe  an  in- 
definite arc  CD.  Take  the  distance  from  0  to 
40  on  the  same  scale,  and  set  it  off  on  the  arc  as 
a  chord,  from  G  to  some  point  D.  Join  AD,  and 
prolong  it.    BAE  is  the  angle  required. 

The  Sector,  represented  on  page  36,  supplies  a  modification  of 
this  method,  sometimes  more  convenient.  On  each  of  its  legs  k 
a  scale  marked  G,  or  OH.  Open  it  at  pleasure ;  extend  die  com- 
pass  from  60  to  60,  one  on  each  leg,  and  with  this  radius  describe 
an  arc.    Then  extend  the  compasses  from  40  to  40^  and  the  dis- 
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tance  will  be  the  chord  of  40^  to  that  radius.     It  can  be  set  off  aa 
above. 

The  smallness  of  the  scale  renders  the  method  with  a  scale  of 
chords  practicallj  deficient  in  exactness ;  but  it  serves  to  illustrate 
die  next  and  best  method. 

(275)  With  a  Table  ef  chords.  At  the  end  of  this  volume 
will  be  found  a  Table  of  the  lengths  of  the  chords  of  arcs  for  every 
degree  and  minute  of  the  quadrant,  calculated  for  a  radius  equal 
tol. 

To  use  it,  take  in  the  compasses  one  inch,  one  foot,  or  any  other 
convenient  distance  (the  longer  the  better)  divided  into  tenths  and 
hundredths,  by  a  diagonal  scale,  or  otherwise.  With  this  as  radius 
describe  an  arc  as  in  the  last  case.  Find  in  the  table  of  chords 
the  length  of  the  chord  of  the  desired  angle.  Take  it  from  the 
scale  just  used,  to  the  nearest  decimal  part  which  the  scale  will 
give.  Set  it  off  as  a  chord,  as  in  tlie  last  figure,  and  join  the  point 
thus  obtained  to  the  starting  point.     This  gives  the  angle  desired. 

The  superiority  of  thb  method  to  that  which  employs  a  protrac- 
tor, is  due  to  the  greater  precision  with  which  a  straight  line  can 
be  divided  than  can  a  circle. 

A  slight  modification  of  this  method  is  to  take  in  the  compasses 
10  equal  parts  of  any  convenient  length,  inches,  half  inches,  quar- 
ter inches,  or  any  other  at  hand,  and  with  this  radius  describe  an 
arc  as  before,  and  set  off  a  chord  10  times  as  great  as  the  one 
found  in  the  Table,  i.  e.  ima^e  the  decimal  point  moved  one 
place  to  the  right. 

If  the  radius  be  100  or  1000  equal  parts,  imagine  the  decimal 
^unt  moved  two,  or  three,  places  to  the  right. 

Whatever  radius  may  be  taken  or  ^ven,  the  product  of  that 
radius  into  a  chord  of  the  Table,  will  give,the  chord  for  that  radius. 

This  gives  an  easy  and  exact  method  of  getting  a  right  angle ; 
by  describing  an  arc  with  a  radius  of  1,  and  setting  off  a  chord 
equal  to  1.4142. 

If  the  angle  to  be  constructed  is  more  than  90^,  construct  on 
tlie  other  side  of  the  given  point,  upon  the  given  ]ine  prolonged,  an 
angle  equal  to  what  the  given  angle  wants  of  180^ ;  i.  e.  its 
/iifvplementj  in  the  language  of  Trigonometry. 
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ThiB  same  Table  gives  the  means  of  measuring  anj  angle. 
With  the  angular  point  for  a  centre,  and  1,  or  10,  for  a  racUus, 
describe  an  arc.  Measure  the  length  of  the  chord  of  tlie  arc 
between  the  legs  of  the  angle,  find  this  length  in  the  Table,  and 
the  angle  corresponding  to  it  is  the  one  desired.* 

(276)  Witb  a  Table  of  nataral  sines.  In  the  absence  of  a 
Table  of  chords,  heretofore  rare,  a  table  of  natural  sines,  which  can 
be  found  anywhere,  maj  be  used  as  a  less  convenient  substitute. 
Since  the  chord  of  anj  angle  equals  twice  the  sine  of  half  the 
angle,  divide  the  given  angle  by  two ;  find  in  the  table  the  natural 
sine  of  this  half  angle ;  double  it,  and  the  product  is  the  chord  of 
the  whole  angle.  This  can  then  be  used  precisely  as  was  the 
chord  in  the  preceding  article. 

An  ingenious  modification  of  this  method  has  been  much  used. 
Describe  an  arc  from  the  given  point  as  centre,  as  in  the  last  two 
articles,  but  with  a  radius  of  5  equal  parts.  Take,  from  a  Table, 
the  length  of  the  natural  sine  of  half  the  ^ven  angle  to  a  radius  of 
10.  Set  oflf  this  length  as  a  chord  on  the  arc  just  described,  and 
join  the  point  thus  obtained  to  the  given  point.t 

(277)  By  Latltndes  and  Departures.  When  the  Latitudes 
and  Departures  of  a  survey  have  been  obtained  and  corrected,  (as 
explained  in  Chapter  Y),  either  to  test  its  accuracy,  or  to  obtain 
its  content,  they  afford  the  easiest  and  best  means  of  platting  it. 
The  description  of  this  method  will  be  given  in  Art.  (285). 

*  ThU  Table  will  alflo  serve  to  find  the  natural  sme,  or  toiine,  of  any  ansle 
Multiply  the  given  an^le  by  tvtro  ;  find,  in  the  Table,  the  chord'  of  this  doiri>le 
angle ;  and  half  of  this  chord  will  be  the  natural  sine  required  Vor,  the  chord 
of  any  ande  is  ec|ual  to  twice  the  sine  of  half  the  angle.  To  find  the  eotme,  pro- 
ceed  as  above,  with  the  angle  which  added  to  the  given  angle  would  make  90^. 

Another  use  of  this  Table  is  to  inscribe  regular  polygons  in  a  circle  by  setting 
off  the  chords  of  the  arcs  which  their  sides  suotend. 

Still  another  use  is  to  divide  an  arc  or  angle  into  any  number  of  equal  parts 
by  setting  off  the  fractional  arc  or  angle. 

T  The  reason  of  this  is  apparent  from  tlie 
figure.  DE  is  the  sine  of  half  the  angle 
RAC,  to  a  radius  of  10  equal  parts,  and 
BC  is  the  chord  directed  to  be  set  off,  to  a 
radius  of  5  c  qnal  parts.  BO  is  equal  to  DE  ; 
for  BO  mm  2.BF,  by  Trigonometry,  and  DE 
—  2.BFy  by  similar  triangles  ;  hence  BO  ^ 
DE. 


CHAPTER  V. 


LATITUDES  AND  DEPARTURES 

(278)  Deftnitioiis.  The  Latitude  of  a  point  is  it3  distaace 
North  or  South  of  some  "  Parallel  of  Latitude ^^  or  line  running 
East  or  West.  The  Longitude  of  a  point  is  its  distance 
East  or  West  of  some  *' JMm&aw,"  or  line  running  North  and 
South.  In  Gompass-Survejing,  the  Magnetic  Meridian^  i.  e.  the 
direction  in  which  the'  Magnetic  Needle  points,  is  the  line  from 
which  the  Longitudes  of  points  are  measured,  or  reckoned. 

The  distance  which  one  end  of  a  line  is  due  North  or  South  of 
the  other  end,  is  called  the  Difference  of  Latitude  of  the  two  enda 
rf  the  line ;  or  its  Northing  or  Southing  ;  or  simply  its  Latitude. 

The  distance  which  one  end  of  the  line  is  due  East  or  West  of 
the  other,  is  here  called  the  Difference  of  Longitude  of  the  two 
ends  of  the  line ;  or  its  JSasting  or  Westing;  or  its  Departure. 

Latitudes  and  Departures  are  the  most  usual  terms,  and  will  be 
generally  used  hereafter,  for  the  sake  of  brevity. 

This  subject  may  be  illustrated  geographically,  by  noticing  that 
a  traveller  in  going  from  New- York  to  Buffalo  in  a  straight  line, 
would  go  about  150  miles  due  north,  and  250  miles  due  west. 
These  distances  would  be  the  differences  of  Latitude  and  of  Longi- 
tude between  the  two  places,  or  his  Northing  and  Westing.  Re- 
taming  from  Buffido  to  New-York,  the  same  distances  would  be 
his  Southing  and  Easting.* 

Li  mathematical  language,  the  operation  of  finding  the  Latitude 
and  Longitude  of  a  line  from  its  Bearing  and  Length,  would  be 
called  the  transformation  of  Polar  Co-ordinates  into  Rectangular 
Co-ordinates.  It  consists  in  determining,  by  our  Seco7id  Prineiple^ 
the  position  of  a  point  which  had  originally  been  determined  by 
the  Third  Principle.    Thus,  in  the  figure,  (which  is  the  same  as 

*  Itshoald  be  remembeied  that  the  following  disctisBions  of  the  Latitudes  and 
Ltfin^itudcfl  of  the  poiiiia  of  a  sarvey  will  not  always  be  fully  applicable  to  those 
of  distant  planes,  such  as  the  cities  just  named,  in  consequence  of  the  surface  ol 
the  purth  nol  being  a  plane.  ^,  - ' 

^ 
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that  of  Art. (9)),  the  point  S  is  determin- 
ed by  the  angle  SAC  and  by  the  dis- 
tance AS.  It  is  also  determined  bj  the 
distances  AG  and  CS,  measured  at  right 
angles  to  each  other ;  and  then,  supposing 
CS  to  run  due  North  and  South,  CS  will  be  the  Latitude^  and  AC 
the  Deforture  of  the  line  AS. 


w 


(279)  Calcalatlon  of  Latitudes  and  Departares.      Let  AB 

be  a  given  line,  of  which  the  length 
AB,  and  the  bearing  (or  angle,  BAC, 
which  it  makeci  with  the  Magnetic 
Meridian),  are  known.  It  is  required 
to  find  the  differences  of  Latitude  and 
of  Longitude  between  its  two  extremi- 
ties A  and  B :  that  is,  to  find  AC  and 
CB ;  or,  what  is  the  same  thing,  BD 
and  DA. 

It  will  be  at  once  seen  that  AB  is 
the  hypothenuse  of  a  right-angled  tri- 
angle, in  which  the  ^'  Latitude"  and  the  '^  Departure  "  are  the  sides 
about  the  right  angle.  We  therefore  know,  from  the  principles  of 
trigonometry,  that 

AC  =  AB .  COS.  BAC, 
BC  =  AB .  sin.  BAC. 

Hence,  to  find  the  Latitude  of  any  course,  multiply  the  natural 
cosine  of  the  bearing  by  the  length  of  the  course ;  and  to  find  the 
Departure  of  any  course,  multiply  the  natural  sine  of  the  bearing 
by  the  lengtii  of  the  course. 

If  the  course  be  Northerly,  the  Latitude  will  be  North,  aad 
will  be  marked  with  the  algebraic  sign  +,jpZti«,  or  additive;  if 
it  be  Southerly,  the  Latitude  will  be  South,  and  will  be  marked 
with  the  algebraic  sign  — ,  minuSy  or  subtractive. 

If  the  course  be  Easterly,  the  Departure  will  be  East,  and 
marked  4  ,  or  additive ;  if  the  course  be  Westerly,  the  Departure 
will  be  West,  and  marked  — ,  or  subtractive. 
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(280)  Formulas.    The  rules  of  the  preceding  article  may  be 
expressed  thus ; 

Latitude  ss  Distance  x  cos.  Bearing, 
Departure  =  Distance  X  sin.  Bearing.* 
From  these  formulas  may  be  obtained  others,  by  which,  when 
any  two  of  the  above  four  things  are  given,  the  remaining  two  can 
be  found. 

Wlien  the  Bearing  and  Latitude  are  given; 

Distance  =  — li^HJl-  =  Latitude  X  sec.  Bearins:, 
Departure  =  Latitude  x  tang.  Bearing. 

When  the  Bearing  and  Ihparture  art  given; 
Distance  =  ^.^""^"^^^^^^^^  =  Departui^  X  cosec.  Bearing, 
Latitude  =  Departure  x  cotang.  Bearing. 

When  the  Distance  and  Latitude  are  given; 
Cos.  Bearing  =  -?-I-^,         s  i- vl  V.'lo.  '...o      <^.ct .  ;^  '^'^^\ 

Departure  =  Latitude  X  taAg.  Bearing. 
When  the  Distance  and  Departure  are  given  ; 
Sin.  Beanns  =  -—f , 

Latitude  =  Departure  X  cotang.  Bearing. 
When  iJie  Latitude  and  Departure  aare  given  ; 

Tang,  of  Beanng  =   ,  ..    .  , 

o  °  Latitude  ' 

Distance  =  Latitude  X  sec.  Bearing. 
Still  more  simply,  any  two  of  these  three — Distance,  Latitudo 
and  Departure — being  given,  we  have 

Distance  =  ^/(Latitude^  +  Departure^) 
Latitudes  ^(Distance^ — Departure^) 
Departures  VC^istance^ — Latitude^) 

(281)  Trarerse  Tables*  The  Latitude  and  Dcpartiue  of  any 
ilistanco,  for  any  bearing,  could  be  found  by  the  method  given  b 
Art.  (279)  9  with  the  aid  of  a  table  of  Natural  Sines.     But  to 

*  Whenever  «»ineii,  cosines,  tangents,  &c.,  are  here  unnietl,  they  menu  ihe  nnin 
ral  siuea  &a:,^  of  an  arc  ctescribed  with  a  ratlias  equal  to  ami,  or  to  u.e  unit  V)]^ 
vrbicb  the  aiues,  &c.»  ore  measured. 


A 
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facilitate  these  ealculataons,  which  are  of  bo  frequent  occorrence 
and  of  so  great  use,  Traverse  Tables  have  been  prepared,  origin- 
allj  for  navigators,  (whence  the  name  SVaver^e),  and  subsequently 
for  surveyors.* 

The  Traverse  Table  at  the  end  of  this  volume  ^ves  the  Latitude 
and  Departure  for  any  bearing,  to  each  quarter  of  a  degree,  and 
for  distances  from  1  to  9. 

To  use  itj  find  in  it  the  number  of  degrees  in  the  bearing,  on 
the  left  hand  side  of  the  page,  if  it  be  less  than  45^,  or  on  the  right 
hand  side  if  it  be  more.  The  numbers  on  the  same  line  running 
across  the  page,t  are  the  Latitudes  and  Departures  for  that  bear- 
ing, and  for  the  respective  distances — 1,  2,  8,  4,  5,  6,  7,  8,  9, — 
which  are  at  the  top  and  bottom  of  the  page,  and  which  may 
represent  chains,  links,  rods,  feet,  or  any  other  unit.  Thus,  if  the 
bearing  be  15^,  and  the  distance  1,  the  Latitude  would  be  0.966 
and  the  Departure  0.259.  For  the  same  bearing,  but  a  distance 
of  8,  the  Latitude  would  be  7.727,  and  the  Departure  2.071. 

Any  distance,  however  great,  can  have  its  Latitude  and  Depar- 
ture readily  obtained  from  this  table ;  since,  for  the  same  bearing, 
they  are  directiy  proportional  to  the  distance,  because  of  the  simi- 
lar triangles  which  they  form.  Therefore,  to  find  the  Latitude  or 
Departure  for  60,  multiply  that  for  6  by  10,  which  merely  moves 
the  decimal  point  one  place  to  the  right ;  for  500,  multiply  the 
numbers  found  in  the  Table  for  5,  by  100,  L  e.  move  the  decimal 
point  two  places  to  the  right,  and  so  on.  Merely  moving  the  deci« 
mal  point  to  the  right,  one,  two,  or  more  places*,  will  therefore 
enable  this  Table  to  give  the  Latitude  and  Departure  for  any  deci- 
mal multiple  of  the  numbers  in  the  Table. 

For  compound  numbers,  such  as  873,  it  is  only  necessary  to 
find  separately  the  Latitudes  and  Departures  of  800,  of  70,  and  of 
8,  and  add  them  together.  But  this  may  be  done,  with  scarcely 
any  risk  of  error,  by  the  following  simple  rule. 

*  The  first  Traverse  Table  for  Sarveyors  seems  to  have  been  published  in  1/9 1, 
by  John  Gale.  The  most  extensive  table  is  that  of  Capt.  Boileau,  of  the  British 
army,  being  calculated  for  every  minute  of  bearing,  and  to  five  decimal  placea, 
for  distances  from  1  to  10,  The  Table  in  this  volume  was  calculated  for  it,  and 
then  compared  with  the  one  just  mentioned. 

t  In  usin^  this  or  any  similar  Tabl^,  lay  a  ruler  across  the  png'*,  just  above  oi 
bdow  the  bne  to  be  followed  out    Tnls  is  a  very  valuable  mecbauica.  assistaoce 
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Write  down  the  Latitude  and  Departure  for  the  first  figure  of 
the  given  number,  as  found  in  the  Table,  neglecting  the  decimal 
point ;  write  under  them  the  Latitude  and  Departure  of  the  second 
figure,  setting  them  one  place  farther  te  the  right ;  onder  them 
write  the  Latitude  and  Departure  of  the  third  figure,  setting  them 
one  place  fartiier  te  the  right,  and  so  proceed  with  all  the  figures 
of  the  given  number.  Add  up  these  Latitudes  and  Departures, 
and  cut  off  the  three  right  hand  figures.  The  remaining  figures 
will  be  the  Latitude  and  Departure  of  the  given  number  in  links, 
or  chains,  or  feet,  or  whatever  unit  it  was  g^ven  in. 

For  example ;  let  the  Latitude  and  Departure  of  a  course  hav 

mg  a  distance  of  873  links,  and  a  bearing  of  20^,  be  required.    In 

the  Table  find  20^,  and  then  take  out  the  Latitude  and  Departure 

for  8,  7  and  3,  in  tum^  placing  them  as  above  directed,  thus : 

IH»tance$,  Latitudes,  Dy>arture9* 

800  7518  2736 

70  6578  2394 

_3  2819  1026 

873  820.399  298.566 

Taking  the  nearest  whole  numbers  and  rejecting  the  decimals, 

we  find  the  desired  Latitude  and  Departure  te  be  820  and  299.^ 
When  a  0  occurs  in  the  given  number,  the  next  figure  must  bo 

set  two  places  te  the  right,  the  reason  of  which  will  appear  from 

the  following  example,  in  which  the  0  is  treated  like  any  other 

number. 

Given  a  bearing  of  85^,  and  a  distance  of  3048  links. 

IHitances,  Latittides.  Dqmrtures, 
3000  2457  1721 
000  0000  0000 
40  8277  2294 
8  6658  4589 

3048  2496.328  1748.529 

Here  the  Latitudes  and  Departures  are  2496  and  1749  finks. 

*  It  13  frequently  doubtful,  in  many  calculations,  when  the  final  decimal  is  5, 
whether  to  increase  the  preceding  figure  by  one  or  not.  Thus,  43.5  may  be  called 
43  or  44  with  equal  correctness,  it  is  better  in  such  cases  not  to  increase  tb« 
"wbole  number,  so  as  to  escape  the  troable  of  changing  the  original  figure,  an^ 
the  increased  chance  of  error.  If,  however,  more  than  one  such  a  case  occurs  in 
the  same  coIudmi  to  be  added  np»  the  larger  and  smaller  number  should  be  takes 
alternately. 
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When  the  bearing  is  over  45^,  Uie  names  of  the  columns  must 
be  read  from  the  bottom  of  the  page,  the  Latitude  of  anj  bearing, 
as  50^,  being  the  Departure  of  the  complement  of  this  bearing,  or 
40"*,  and  the  Departure  of  40""  being  the  Latitude  of  50%  &c.  The 
reason  of  this  will  be  at  once  seen  on  inspecting  the  last  figure,  (page 
170),  and  imagming  the  East  and  West  line  to  become  a  Meri- 
dian. For,  if  AC  be  the  magnetic  meridian,  as  before,  and  there- 
fore BAG  be  the  bearing  of  the  course  AB,  then  is  AG  the  Lati- 
tude, and  GB  the  Departure  of  that  course.  But  if  AE  be  the 
meridian  and  BAD  (the  complement  of  BAG)  be  the  bearing, 
then  is  AD  (which  is  equal  to  GB)  the  Latitude,  and  DB,  (which 
is  equal  to  AG),  the  Departure. 

As  an  example  of  this,  let  the  bearing  be  63^^,  and  the  distance 
8469  links.    Proceeding  as  before,  we  have 


2>t<tonce«. 

Itot^udea. 

Departure*. 

3000 

1350 

2679 

400 

1800 

3572 

60 

2701 

5358 

9 

4051 

803T 

3469.  1561.061  8097.817 

The  required  Latitude  and  Departure  are  1561  and  3098  links. 

In  the  few  cases  occurring  in  Gompaas-Surveying,  in  which  the 
bearing  is  recorded  as  somewhere  between  the  fractions  of  a  degreo 
given  in  the  Table,  its  Latitude  and  Departure  may  be  found  by 
interpolation.  Thus,  if  the  bearing  be  10  f*^,  take  the  half  sum  of 
the  Latitudes  and  Departures  for  lOJ**  and  10^°.  If  it  be  10**  20% 
add  one-third  of  the  difference  between  the  Lats.  and  Deps.  for 
lOJ  and  for  10 J^,  to  those  opposite  to  10^° ;  and  so  in  any  similar 
case. 

The  uses  of  this  table  are  very  varied.  The  principal  applica> 
lions  of  it,  which  will  now  be  explained,  are  to  Tesiinff  the  accur- 
racy  of  %urvey%;  to  Supplying  omis8i0n8  in  them;  \o  Platting 
them^  and  to  Caiculatiny  their  content.*       j^ 

*  The  Traverse  Table  admita  of  many  other  minor  uses.  Tbns,  It  may  be  used 
for  solving,  approximately,  auy  right-angled  triangle  b^  mere  inspection,  tfao 
bearing  being  taken  for  one  of  the  acute  angles ;  the  Latitude  bein^  the  side  ad- 
jacent, the  Departure  the  side  opposite,  and  the  Distan<!e  the  hypotbenuse.  An  r 
two  of  these  being  given,  the  others  are  given  by  the  Table.  The  Table  wifi 
thfirefore  acrve  to  show  the  allowaiice  tu  be  m«de  in  ohaiuing  on  slopes  (see  Art 
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(282)  Application  to  Testing  a  Suryey.  It  is  self-evident, 
that  when  the  surveyor  has  gone  cojnpletely  arouni  a  field  or 
farm,  takmg  the  bearings  and  distances  of  each  boundary  line,  till 
he  has  got  back  to  the  starting  point,  that  he  has  gone  precisely 
as  far  South  as  North,  and  as  far  West  as  East.  But  the  sum  of 
tlie  North  Latitudes  tells  how  far  North  he  has  gone,  and  the  sum 
of  the  South  Latitudes  how  far  South  he  has  gone.  Hence  tlieso 
two  sums  will  be  equal  to  each  other,  if  the  survey  has  been  cor- 
rectly made.  In  like  manner,  the  sums  of  the  East  and  of  the 
West  Departures  must  also  be  equal  to  each  other. 

We  will  apply  this  principle  to  testing*  the  accuracy  of  the  sur- 
vey of  which  Fig.  175,  page  151,  is  a  plat.  Prepare  seven 
columns,  and  head  them  as  below.  Rnd  the>Jjatitude  and  Depar- 
ture of  each  course  to  the  nearest  link,  and  write  them  in  their 
appropriate  columns.  Add  up  these  columns.  Then  will  tlio 
diflference  between  the  sums  of  the  North  and  South  Latitudes, 
and  between  the  sums  of  the  East  and  West  Departures,  indicate 
tlie  degree  of  accuracy  of  the  survey. 


STATION. 

BEARINO. 

DISTANCE. 

LATITUDE. 

DKPARTDRE. 

N. 

S. 

E. 

W. 

1 

2 
3 
4 
6 

N.  36°  E. 
N.  83i°  E. 
S.  67°  E. 

S.  34r  w. 

N.664°W. 

2.70 

1.29 
2.22 
3.56 
3.23 

2.21 
.16 

1.78 

1.21 
2.93 

1.56 
1.28 
1.86 

2.00 
2.69 

4.14 

4.14 

4.69 

4.69 

The  entire  work  of  the  above  example  is  given  below, 


85- 


1638 
57340 


270.        221.140 


1147 
40160 

154.850 


34io      2480 
4133 
4133 


355.   293.463 


1688 
2814 
2814 

199.754 


<«6)) ;  fef,  look  in  tlie  colamn  of  bearings  for  the  slope  of  the  ground,  i.  e.  the, 
angle  it  makes  witn  the  horizon,  find  the  given  distance,  and  the  Latitude  3orre> 
•ponding  will  bo  the  detired  horizontal  measurement,  and  the  diflerence  betweeD 
it  and  the  Distance  will  be  the  allowance  to  be  made 
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88  JO        113                 994             56^0      1656  2502 

226               1987                          1104  1668 

1019               -8942                          1656  2502 


129t  14.579  128.212         823.       178.296  269.382 


The  nearest  link  is  taken 


57®         1089  1677 

1089               1677         ^  ^®  inserted  in  the  Table, 
and  the  remainins  Decimals 


222.         120.879  186.147        are  neglected. 

In  the  preceding  example  the  respective  sums  ivere  found  to  be 
exactly  equal.  This,  however,  will  rarely  occur  in  an  extensive 
survey.  If  the  difference  be  great,  it  indicates  some  mistake,  and 
the  survey  must  be  repeated  with  greater  care ;  but  if  the  differ* 
ence  be  small  it  indicates,  not  absolute  errors,  but  only  inaccarup 
cies,  unavoidable  in  surveys  with  the  compass,  and  tlie  survey  may 
be  accepted. 

How  great  a  difference  in  the  sums  of  the  columns  may  bo 
allowed,  as  not  necessitating  a  new  survey,  is  a  dubious  point. 
Some  surveyors  would  admit  a  difference  of  1  link  for  every  8 
chains  in  the  sum  of  the  courses :  others  only  1  link  for  every  10 
chains.  One  writer  puts  the  limit  at  5  links  for  each  station ; 
another  at  25  links  in  a  survey  of  100  acres.  But  every  practical 
surveyor  soon  learns  how  near  to  an  equality  his  instnmient  and 
his  skill  will  enable  him  to  come  in  ordinary  cases,  and  can  there- 
fore establish  a  standard  for  himself,  by  which  he  can  judge  whether 
the  difference,  in  any  survey  of  his  own,  is  probably  the  result  of 
an  error,  or  only  of  his  customary  degree  of  inaccuracy,  two  things 
to  be  very  carefully  distinguished.* 

(283)  Application  to  supplying  omi^ions.  Any  two  omis 
sions  in  the  Field-notes  can  be  supplied  by  a  proper  use  of  the 
method  of  Latitudes  and  Departures ;  as  will  be  explained  in  Part 
VII,  which  treats  of  "  Obstacles  to  Measurement,"  under  which 
head  this  subject  most  appropriately  belongs.  But  a  knowledge 
of  the  fact  that  any  two  omissions  can  be  supplied,  should  not  lead 

*  A  French  writer  fixes  the  alhiwable  difierence  in  chaining  at  1-400  of  level 
lioes     1*200  ol*  liucs  on  moderate  slopes  ;  l-lOU  of  lines  ou  steep  slopes. 
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the  young  surveyor  to  be  negligent  in  making  every  possible  mea- 
surement, since  an  omission  renders  it  necessary  to  assume  all  tlie 
notes  taken  to  be  correct,  the  means  of  testing  them  no  l^ger 
existing. 


(384)  Balancing  a  Surrey.  The  subsequent  applications  of 
this  method  require  the  survey  to  be  previously  Balanced.  ITiis 
operation  consists  in  correcting  the  Latitudes  and  Departures  of 
the  courses,  so  that  their  sums  ihall  be  equal,  and  thus  ^^  balance." 
This  is  usually  done  by  distributing  the  differences  of  the  sums, 
among  the  courses  in  proportion  to  their  length ;  saymg,  Ae  the 
sum  of  the  lengths  of  all  the  courses  In  to  the  whole  difference  of 
the  Latitudes,  So  is  the  length  of  each  course  To  the  correction 
of  its  Latitude.    A  similar  proportion  corrects  the  Departures.* 

It  is  not  oflen  necessary  to  make  the  exact  proportion,  as  the 
correction  can  usually  be  made,  with  sufficient  accuracy,  by  noting 
how  much  per  chain  it  should  be,  and  correcting  accordingly. 

Li  the  example  given  below,  the  differences  have  purposely  been 
made  considerable.  The  corrected  Latitudes  and  Departures  have 
been  here  inserted  in  four  additional  columns,  but  in  practice  they 
should  be  written  in  red  ink  over  the  ori^al  Latitudes  and 
Departures,  and  the  latter  crossed  out  with  red  ink. 


mtju 

BSARXHQ. 

DI8T. 



LATITUDES. 

dbp'tures. 

CORBIOTED 
LATirUDBS. 

OOBBBCTKD 
DEPABTURX8. 

N.+ 

8.-     E.+ 

W.— 

N.+ 

a— 

E.+ 

W.— 

1 
2 
8 

4 

N.  62'*  E. 
a  29r  E. 

a8irw. 

N.  61**  W. 

10.68 
4.10 
7.69 
7.18 

6.64 
8.46 

8.66 
6.64 

8.88 
2.03 

4.06 
6.24 

6.68 
'8.48 

8.66 
6.61 

8.84 
2.01 

4.08 
6.27 

29.66 

10.00 

10.10 

1041 

10.29- 

10.06 

10.06 

10.85 

10.86 

The  corrections  are  made  by  the  following  proportions ;  the 
nearest  whole  numbers  being  taken.:^  .  ^l 


U,  IW  theiLatitudet 
10.63  ::  W 


29.55 
29.55 
29.55 
29.55 


4.10 
7.69 
7.13 


10 
10 
10 


i- 

1 

3 

_2 

10 


jF&r  ih«  Dtparturt*. 


29.55 
29.55 
29.55 
29.55 


10.68 
4.10 
7.69 
7.13 


12 
12 
12 
12 


:  4 
;  2 
:  8 
|_8 

12 


*  A  demonslration  of  this  principle  'was  gireo  by  Dr.  Bovditob,  in  Ka  4  of 
•*  Tke  Anal/it"  -12 
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This  rule  is  not  always  to  be  strictly  followed.  If  one  line  of  a 
survey  has  been  measured  over  ye?y  uneven  and  rough  ground,  or 
if  its  bearing  has  been  taken  with  an  indistinct  sight,  while  the 
other  lines  have  been  measured  over  level  and  clear  ground,  it  is 
probable  that  most  of  the  error  has  occurred  on  that  line,  and  tlio 
correction  should  be  cUefly  made  on  its  Latitude  and  Departure. 

If  a  slight  change  of  the  bearing  of  a  long  course  will  favor  the 
Balancing,  it  should  be  so  changed,  since  the  compass  is  much 
more  subject  to  error  than  the  chain.  So,  too,  if  shortening  any 
doubtful  line  will  favor  the  Balancing,  it  should  be  done,  since  dis- 
tances are  generally  measured  too  long. 

• 

(285)  Application  to  PlattiBg.  Rule  three  columns ;  one  for 
Stations ;  the  next  for  total  Latitudes ;  and  the  third  for  total  De« 
partures.  Fill  the  last  two  columns  by  be^nning  at  any  conven* 
lent  station  (the  extreme  East  or  West  is  best)  and  adding  up 
(algebraically)  the  Latitudes  of  the  following  stations,  noticing 
that  the  South  Laikitudes  are  subtractive.  Do  the  same  for  tlie 
Departures,  observing  that  the  Westerly  ones  are  also  subtractive. 

Taking  the  example  given  on  page  175,  Art.  (282),  and  begjui- 
Ding  with  Station  1,  the  following  wiU  be  the  results : 


•  T  A 

TOTAL  LATITUDES 

TOTAL  DEPARTURES 

3TA. 

1 

FROM  STATION  1. 

FROM  STATIOIt   1. 

0.00 

0.00 

2 

+2.21  N. 

+  1.55  E. 

3 

+2.36  N. 

+2.83  E. 

4 

+  1.16  N. 

+4.69  E. 

5 

—1.78  S. 

+2.69  E. 

1 

0.00 

0.00 

It  will  be  seen  that  the  work  proves  itself,  by  the  total 
Latitudes  and  Departures  for  Station  1,  again  coming  out  equal 
to  zero. 

To  use  this  table,  draw  a  meridian  through  the  point  taken  for 
Station  1,  as  in  the  figure  on  the  following  page.  Set  off,  upward 
from  this,  along  the  meridian,  the  Latitude,  221  links,  to  A,  and 
from  A,  to  the  right  perpendicularly,  set  off  the  Departure,  156 
Imks.*    This  gives  the  point  2.    Join  1....2.     From  1  again,  set 

*  This  if  Diost  easily  done  with  the  aid  of  a  right-angled  triangle,  sliding  onm 
of  the  sides  adjacent  to  the  right  angle  along  the  ulade  of  the  square,  to  wUicb 
the  other  side  will  then  be  perpendicular. 
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Fig.  192. 


off,    upward,     236 
links,  to  B,  and  from 
B,  to  the  right,  per- 
pendicularly, set  off  -^ 
283  links,  which  will 
fix  the  point  3.    Join 
2....8 ;  and  so  pro-  ^ 
ceed,     setting     off 
North        Latitudes 
along  the  Meridian  i 
upwards,  and  South 
Latitudes    along    it 
downwards ;      East 
Departures  perpen- 
dicularly to  the  right,  D 
and   West    Depar-   91 
tares  perpendicularly  to  the  left. 

The  advantages  of  this  method  are  its  rapidity,  ease  and  accu- 
racy ;  the  impossibility  of  any  error  in  platting  any  one  course 
affecting  the  following  points ;  and  the  certainty  of  the  plat  <<  com- 
ing together,"  if  the  Latitudes  and  Departures  have  been  ^^  Bal- 
anced." 
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CALCULATIH6  THE  CONTEKT. 

(S8C)  methods.  When  a  field  has  been  platted,  bj  irhat 
erer  method  it  may  have  been  sorvejed,  its  content  can  be  obtained 
from  its  plat  bj  dividing  it  np  into  triangles,  and  measuring  on 
the  plat  their  bases  and  perpendiculars ;  or  by  any  of  the  other 
means  explained  in  Part  I,  Chapter  lY. 

Bat  these  are  only  approximate  methods ;  their  degree  of  accuracy 
depending  on  the  largeness  of  scale  of  the  plat,  and  the  skill  of  the 
drafisman.  The  invaluable  method  of  Latitudes  and  Departures 
gives  another  means,  perfectly  accurate,  and  not  requiring  the 
previous  preparation  of  a  plat.  It  is  sometimes  called  the  Bectar* 
gular,  or  the  Pennsylvania,  or  Rittenhouse's,  method  of  calculation  * 

(287)  DellllttioBS.  Imagine  a  Meridian  line  to  pass  through 
the  extreme  East  or  West  comer  of  a  field.  According  to  the 
definitions  established  in  Chapter  Y,  Art.  (278),  (and  here  reca- 
pitulated for  convenience  of  reference),  the  perpendicular  distance 
of  each  Station  from  that  Meridian,  is  the  Longitude  of  that  Sta- 
tion ;  additive,  or  plus^  if  East ;  subtractive,  or  minusj  if  West 
The  distance  of  the  middle  of  any  line,  such  as  a  side  of  the 
field,  from  the  Meridian,  is  called  the  Longitude  of  that  edde.f 
The  difierence  of  the  Longitudes  of  the  two  ends  of  a  line  is  called 
the  Departure  of  that  line.  The  diflference  of  the  Latitudes  of  the 
two  ends  of  a  line  is  called  the  Latitude  of  the  line. 

*  It  is,  however,  substantially  the  same  as  Mr.  Thomas  Burgh's  *' Method  ta 
determine  the  areas  of  right  lined  figures  universally,*'  published  nearly  a  centarj 
ago. 


rowed  from  Navigation,  seems  to  put  beyond  all  question  the  propriety  of  the 
innovation  here  introduced. 
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(288)  liOngitudes*  To  give  more  definitencsa  to  the  develop 
ment  of  this  subject^  the  figure  in  the  mar^  will  be  referred  to, 
aiid  may  be  considered  to  represent  an;  space  enclosed  by  straight 
lines. 

Let  NS  be  the  Meridian  passing  through  the  extreme  Westcily 
Station  of  the  field  ABODE.  From     _^  Fig.  193. 

the  middle,  and  ends  of  each  side 
draw  perpendiculars  to  the  Meridi- 
an. These  perpendiculars  will  be 
the  L(mgitude9  and  Departures  of 
the  respective  sides.  The  Lon^- 
tude,  FG,  of  the  firit  eaursey  AB, 
]3  evidently  equal  to  half  its  Depar- 
ture HB.  The  Lon^'tude,  JK,  of 
the  second  course,  BC,  is  equal  to  A( 
JL  +  LM  +  MK,  or  equal  to  the 
Longitude  of  the  preceding  course, 
plus  half  its  Departure,  phis  half 
the  Departure  of  tlie  course  itself. 
The  Lon^tude,  TZ,  of  some  other 
course,  as  EA,  taken  anywhere,  is 
equal  to  WX  ~  VX  —  UV,  or  equal  to  the  Lonptude  of  the  pre* 
ceding  course,  minus  half  its  Departure,  minus  half  the  Departure 
of  the  course  itself,  i.  e.  equal  to  the  Algebraic  sum  of  these  three 
parts,  remembering  that  WeBterly  Departures  are  negative,  and 
therefore  to  be  subti*actod  when  the  directions,  are  to  make  an 
Algebraic  addition. 

To  avoid  fractions,  it  will  be  bettor  to  double  each  of  the  preced- 
ing  expressions.     We  shall  then  have  a 

GENERAL  RULE  FOR  FINDING  DOUBLE  LONGITUDES. 

The  Ihuile  Longitude  of  the  fibst  coubsb  is  equal  to  its  2)^ 
porture* 

The  Doulle  Longitude  of  the  seconi)  coubss  is  equal  to  the 
Dmlle  Longitude  of  the  first  coursSy  plus  ihe  Departure  of  that 
eouTse^  phis  the  Departure  of  the  second  course. 

The  Double  Longitude  of  the  xhibd  coxtbsb  is  equal  to  the 
Double  Longitude  of  the  second  course j  plus  ihe  Departure  of  tltai 
xmrse,  plus  the  Departure  of  ihe  course  itself. 
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The  Double  Longitude  of  aky  cour9e  is  equal  to  the  Doubli 
Longitude  of  the  preceding  course^  plue  the  Departure  of  thai 
eoursej  plus  the  DepoTture  of  the  course  itself,^ 

The  Double  Longifcade  of  the  last  course  (as  well  as  of  the  first} 
is  equal  to  its  Departure.  Its  "  coming  out"  so,  when  obtained 
by  the  above  rule,  proyes  the  accuracy  of  the  calculation  of  all  th9 
preceding  Double  Longitudes. 

(289)  Areas*  We  will  now  proceed  to  find  the  Area,  or  Con- 
tent  of  a  field,  by  means  of  the  ^^  Double  Lon^tudes  "  of  its  eddes, 
which  can  be  readily  obtained  by  the  preceding  rule,  whatever  their 
number. 


(2M)  Be^nning  with  a  three-sided  fields  ABC  in  the  figure,  draw 
a  Meridian  through  A,  and  draw  perpendi-  ^'S-  ^9^* 

culars  to  it  as  in  the  last  figure.  It  is 
plain  that  its  content  is  equal  to  the  differ- 
ence of  the  areas  of  the  Trapezoid  DBCE, 
and  of  the  Triangles  ABD  and  ACE. 

The  area  of  the  Triangle  ABD  is  equal   ^^ 
to  the  product  of  AD  by  half  of  DB,  or  to 
the  product  of  AD  by  FG ;  i.  e.  equal  to 
the  product  of  the  Latitude  of  the  Ist  course 
by  its  Longitude. 

The  area  of  the  Trapezoid  DBCE  is  equal 
to  the  product  of  D£  by  half  the  sum  of  DB 
and  CE,  or  by  HJ ;  i.  e.  to  the  product  of 
the  Latitude  of  the  2d  course  by  its  Lon^tude. 

The  area  of  the  Triangle  ACE  is  equal  to  the  product  of  AE  by 
half  EC,  or  by  KL ;  i.  e.  to  the  product  of  the  Latitude  of  the  3d 
course  by  its  Longitude. 

Calling  the  products  m  which  the  Latitude  was  North,  North 
Products^  and  the  products  in  which  the  Latitude  was  SouOi, 
South  Products^  we  shall  find  the  area  of  the  Trapezoid  to  be  a 
8(nUh  Product^  and  the  areas  of  the  Triangles  to  be  North  Pro* 

*  The  last  ccmne  i«  a  '*  preoeding  course"  to  the  first  coarse,  as  will  appenr  ov 
icmembering  that  these  two  courses  join  each  other  ou  the  ground 
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dttets.  The  Differences  of  the  North  Products  and  the  South 
Products  is  therefore  the  desired  area  of  the  three-sided  field  ABC. 
Using  the  Double  Lon^tades,  (in  order  to  avoid  fractions),  in 
each  of  the  preceding  products,  their  difference  will  be  the  dotible 
area  of  the  Triangle  ABC. 


(291)  Taking  now  a  four-sided  fi^ldy  ABCD  in  the  figure,  and 
drawing  a  Meridian  and  Longitudes  as  be*  Fig.  1:5. 

fore,  it  is  seen,  on  inspection,  that  its  area 
would  be  obtained  bj  taking  the  two  Trian- 
gles, ABB,  ADG,  from  the  figure  EBCDGE, 
or  from  the  sum  of  the  two  Trapezoids  EBCF 
and  FCDG. 

The  area  of  the  Triangle  AEB  will  be 
found,  as  in  the  last  article,  to  be  equal  to 
the  product  of  the  Latitude  of  the  1st  course 
by  its  Longitude,  The  Product  will  be 
North. 

The  area  of  the  Trapezoid  EBCF  will  be 

found  to  equal  the  Latitude  of  the  2d  course 

by  its  Longitude.     The  product  will  be 

South. 

The  area  of  the  Trapezoid  FCDG  will  be  found  to  equal  the 

product  of  the  Latitude  of  the  3d  course  by  its  Longitude.     The 

product  will  be  South. 

The  area  of  the  Triangle  ADG  will  be  found  to  equal  the  pit>- 
duct  of  the  Latitude  of  the  4th  course  by  its  Longitude.  The  pro- 
duct will  be  North. 

The  difference  of  the  North  and  South  products  mil  there- 
fore  be  Hie  desired  area  of  the  four-sided  field  ABCD. 

Using  the  Double  Lon^tude  as  before,  ui  each  of  the  preceding 
products,  their  difference  wiU  be  double  the  area  of  the  field. 


(292)  VThateyer  the  number  or  directions  of  the  sides  of  a  field, 
or  of  any  space  enclosed  by  straight  lines,  its  area  will  always  be 
equal  to  half  of  the  difference  of  the  North  and  South  Products 
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arising  from  m;iltiplymg  together  the  Latitude  and  Double  Longi« 
tude  of  each  course  or  side. 
We  have  therefore  the  following 

GENERAL  RULE  FOR  FINDING  AREAS, 

1.  Prepare  ten  columns^  headed  as  in  the  example  below ^  and 
in  the  first  three  write  the  StaiionSy  Bearings  and  Distances, 

2.  Find  the  Latitudes  and  Departures  of  each  course^  hy  (hs 
TVaverse  Table^  as  directed  in  Art,  ({Sl)^  placing  them  in  the 
fowr  following  columns, 

3.  Balance  them,  as  in  Art.  (281)9  correcting  them  in  red  ink. 

4.  Fijid  the  Double  Longitudes ^^as  in  Art.  (288))  with  refer^ 
encc  to  a  Meridian  passing  through  the  extreme  Fast  or  West 
Station^  and  place  them  in  the  eighth  column. 

5.  Multiply  the  Double  Longitude  of  each  course  by  the  cor^ 
rected  Latitude  of  that  course^  placing  the  North  Products  in  the 
ninth  column^  and  the  South  Products  in  the  tenth  column. 

6.  Add  up  the  last  two  columns^  subtract  the  smaller  sum  from 
the  larger  J  and  divide  the  difference  by  two.  The  quotient  will 
be  the  content  desired. 

(293)  To  find  the  most  Easterly  or  Westerly  Station  of  a  sor* 
yej,  without  a  plat,  it  is  best  to  make  a  rough  hand-sketch  of  the 
survey,  drawing  the  lines  in  an  approximation  to  their  true  direc* 
tions,  by  drawing  a  North  ani  South,  and  East  and  West  lines, 
and  cohsidering  the  Bearings  as  fractional  parts  of  a  right  angle, 
or  90^ ;  a  course  N.  45^  E.  for  example,  being  dravm  about  half 
*^ay  between  a  North  and  an  East  direction ;  a  course  N.  28®  W. 
being  not  quite  one-third  of  the  way  around  from  North  to  West ; 
and  so  on,  drawing  them  of  approximately  true  proportional  lengths. 

(294)  Example  1,  ^ven  below,  refers  to  the  five-sided  field,  of 
which  a  plat  is  given  m  Fig.  175,  page  151,  and  the  Latitudes  and 
Departures  of  which  were  calculated  in  Art.  (282),  page  176. 
Station  1  is  the  most  Westerly  Station,  and  the  Meridian  will  be 
ropposed  to  pass  through  it.    The  Double  Lon^tudes  are  befft 
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Found  bj  a  conimual  addition  and  subtraction^ 
as  in  the  mar^,  where  thej  are  marked  D.  L. 
The  Double  Longitude  of  the  last  course  comes 
out  equal  to  its  Departure,  thus  proving  the 
work. 

The  Double  Longitudes  bemg  thus  obtained, 
are  multiplied  bj  the  corresponding  Latitudes, 
and  the  content  of  the  field  obtained  as  directed 
in  the  General  Rule. 

This  example  may  serve  as  a  pattern  for  the 
most  compact  manner  of  arrangmg  the  work. 


STA. 


+  1.55  D.  L. 
•t-  l.S.'i 
+  1.28 


-f  4.38  D.  L. 
+  1.28 
-f  1.86 


+  7.52  D.  L. 
4-  1-86 
—  2.00 


+  7.38  D.  L. 

—  2.00 

—  2.69 


-f  2.69  P.  L 


STATIOK. 

BSARINQS. 

DIS- 
TANCES. 

LATITUDKS. 

DKP'TURKS 

DUUBLB 

DUUBLK  AKSAS.| 

M.-f 

8.— 

B.-h 

VV.— 

LUNGITUDCA. 

N.-f 

S.— 

1 

N.  35*'    B. 

2.70 

2.21 

1.55 

- 

h  1..55 

3.4255 

2 

N.  83io  E. 

1.29 

.15 

1.28 

- 

-  4.38 

0.6570 

3 

8.  57<»  E. 

2.22 

1.21 

1.86 

- 

h  7..52 

9.0992 

4 

S.  34*0  W. 

3.55 

2.93 

2.00 

- 

h7.38 

21.6234 

5 

N.  56i*  W. 

3.23 

1.78 

2.69 

- 

1-2.69 

4.7882 

4.14  1  4.141 

4.69 

4.69 

118.8707  |JU.7:i*,>6 

8,8707 

i^*anterU—lA.  OR.  15P. 


2)21.8519 


Square  Chains,  10.9259 

(295)  The  Meridian  might  equally  well  have 
been  supposed  to  pass  through  the  most  Easterly 
station,  4  m  the  figure.  The  Double  Lon^tudes 
could  then  have  been  calculated  as  in  the  mar- 
gin. They  will  of  course  be  all  West,  or  minus. 
The  products  being  then  calculated,  the  sum  of 
the  North  products  will  be  found  to  be  29.9625, 
and  of  the  South  products  8.1106,  and  their 
difference  to  be  21.8519,  the  same  result  as  be- 
fore. 


STA. 

4 
5 
1 
2 
3 

—  2.00  D.  L. 

—  2.00 

—  2.69 

—  6.69  D.  L. 

—  2.69 
+  1  .W 

—  7.83  D.  L. 
-h  I. ,55 
+  1.28 

—  5.00  D  L. 
+  1.28 
-H  1.86 

—  1.86 

(2M)  A  number  of  examples,  with  and  without  answers,  will 
now  be  given  as  exercises  for  the  student,  who  should  plat  them 
by  some  of  the  methods  given  in  the  preceding  chapter,  using  each 
of  them  at  least  once.  He  should  then  calculate  their  content  by 
the  method  just  given,  ani  check  it,  by  also  calculating  the  area  of 
the  plat  by  some  of  the  geometrical  or  Instrumental  methods  given 
ID  Part  I,  Chapter  lY ;  for  no  single  calculation  is  ever  reliable. 
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All  the  examples  (except  the  last)  are  from  the  author's  actual 
surveys. 

^  Fig.  196. 

Example  2,  given  below,  is 
also  folly  worked  out,  as  anoth- 
er pattern  for  the  student,  who 
need  hare  no  difficulty  with  any 
possible  case  if  he  strictly  fol- 
lows the  directions  which  have 
been  given.  The  plat  is  on  a 
scale  of  2  chains  to  1  inch, 
(=1:1584), 


STATION. 

BEARINGS. 

DIS- 
TANCKS. 

LATITUDES. 

DKP'TURKS 

DOUBLE 
LONOITUDBS. 

DOUBLE  AREAS.] 

N.-f  S.— 

B.+ 

W.— 

N.+ 

8.— 

1 

N.  121®  R. 

2.81 

2.75 

.60 

4-  6.56 
-  -  4.05 

18.0400 

O 

N.  76»    W. 

3.20 

.77 

3.11 

3.1185 

3 

S.  244«  W. 

1.14 

1.04 

.47 

4-     -47 

.4888 

4 

S.  A^    E. 

1.53 

1.02 

1.14 

+  1.14 

1.1628 

5 

8.  124«  E. 

1.12 

1.0.9 

.24 

4-  2.52 

2.7468 

6 

8.77®    E. 

1.64 

.37 

1.60 

4-  4.36 

1 

1.6132 

a.52  1  3.52| 

3.58    3.58 

1121.1585 

6.01A4 

6.0116 

Content =0A..  3R.  IR 


Example  3 


2)15.1469 


Square  Chains,   7.5734 


8TA. 
1 

2 

O 

4 

BBARtNO. 

DISTANCB. 

N.62*   E. 
S.  29i'»  E. 

s.  3ir  w. 
N.er  w. 

10.64 
4.09 
7.68 
7.24 

JExampl 

«4. 

STA. 
1 

2 
3 
4 

BBARING. 

DISTANCB. 

S.  21°  W. 
N.  831°  E. 
N.  12'  E. 
N.  47»  W. 

12.41 
5.86 
8.25 
4.21 

Ans.    4A,  3R.  28P, 
Example  5. 


Am.    4A.  2R.  87P. 
Example  G. 


STA. 
1 

2 
3 
4 
5 

BBARINO. 

DISTANCE. 

.N.841»E. 
N.85*  E. 
S.  56|'  E. 
S.  341"  W. 
N.  56J"  W. 

2.73 

1.28 
2.20 
3.53 
3.20 

Ans.    lA.  OR.  14P. 


STA. 
1 

BBAKING. 

DISTANCB^ 

N.  36"     E. 

6.49 

2 

S.  561"  E. 

14.15 

3 

S.  34°   W. 

5.10 

4 

N.  66°    W, 

5.84 

5 

S.  294°  "W. 

2.52 

6 

N.  48i°  W. 

8Y8 
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Example  8. 


STA. 

BEAKma. 

DIBTANOB. 

1 

S.  21i'»  W. 

17.62 

2 

S.  84»  W. 

10.00 

3 

N.  56°  W. 

14.15 

4 

N.  34°    E. 

9.76 

6 

N.  67°    E. 

2.80 

6 

N.  23°    E. 

7.03 

7 

N.  184"  E. 

4.43 

8 

S.  76i»  E. 

12.41 

STA. 
1 

BEARUrO.    DISTANCB. 

S.  654"  E. 
S.58^  E. 

4.98 

2 

8.56 

3 

S.  14i'  W. 

20.69 

4 

S.47<'    W. 

0.60 

6 

S.  57i'  W. 
N.  66*   W. 

8.98 

6 

12.90 

7 

N.  84°    E. 

10.00 

8 

N.  21J  E. 

17.62 

Example  9. 


Example  10. 


STA. 

BEAKIKa. 

DISTANCE. 

1 

2 
8 
4 
5 
6 
7 
8 
9 

8.67°    E. 

s.  sei"  W. 

S.  89i»  W. 
S.  70i«  W. 
N.  681°  W. 
N.  56'   W. 
N.  38i°  E. 
N.  66  J'  W. 
N.  83i<»  E. 

6.77 

2.25 
1.00 
1.04 
1.23 
2.19 
1.05 
1.64 
8.18 

STA. 

BEARIKa. 

DISTANCE. 

1 

N.  63"  51'  W. 

6.91 

2 

N.  eS"  44'  W 

7.26 

3 

N.  69"'  85'  W. 

3.84 

4 

N.  77°  50'  W. 

6.64 

5 

N.  31°  24'  E. 

14.38 

6 

N.  31°  18'  E. 

16.81 

7 

S.  68°  55'  E. 

13.64 

8 

S.  68°  42'  E. 

11.54 

9 

S.  38°  45'  W. 

81.65 

Ans.    2A.  OR.  82P. 


Ans.     74  Acres. 
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Example  11. 7^/,^   /lu  ^\<i,  Example  12. 


BEARINQ. 


I8TA. 

r  N.  18|°  E. 
2  N.  9°      W. 
^  N.  14°    W.I 
4  N.  74°    E. 
6   S.  484°E. 

6  S  14J°  E. 

7  S  194"  E. 

8  S.  23A»W. 

9  8.5° 

10  8.80° 

11  8.  81i 

12  IN.  82J°W. 


B.    ) 


w. 
w. 
w. 


OC 


*Jic 


s.-. 


STAT 

BE  A  B  TNG. 

DISTANCE. 

1 

N.  72|°  E. 

0.88 

2 

S.  20i°  E. 

0.22 

8 

8.63°    E. 

0.75 

4 

N.  51°    E. 

2.35 

5 

N.  440    E. 

1.10 

6 

N.  254°  W. 
N.  84*   W. 

1.96 

7 

1.05 

8 

8.29°    W. 

1.63 

9 

N.  714°  W. 

0.81 

10 

N.  134°  W. 
N.  63*^   W. 

1.17 

11 

1.28 

12 

West. 

1.68 

13  N.  49°    W. 

0.80 

14 

;S.  19i    E. 

6.20 

\ 
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Example  13.  A  &rm  is  described  in  aoi  old  Deed,  as  bdimded 
thus.  Beginning  at  a  pile  of  stones,  and  running  thence  tVenty- 
seven  chains  and  seventy  links  South-Easterly  sizty-siz  and  a  half 
degrees  to  a  white-oak  stump ;  thence  eleyenNchains  and  siiteen 
links  North-Easterly  twen- 
ty and  a  half  degrees  to  a 
hickory  tree;  thence  two 
chains  and  thirty-five  links 
North-Easterly  thiriy-mx 
degrees  to  the  South-East- 
erly  comer  of  the  home- 
stead ;  thence  nineteen 
chains  and  thirty-two  links 
Korth-Easterly  twenty-six 
degrees  to  a  stone  set  in 
the  ground;  thence  twenty- 
eight  chains  and  eighty  links 
North-Westerly  sixty-six 
degrees  to  a  pine  stump; 
thence  thirty-three  chains  and  nineteen  links  South-Westerly 
twenty-two  degrees  to  the  place  of  beginning,  containing  luneiy-two 
acres,  be  the  same  more  or  less.    Bequired  the  exact  content. 

'  (297)  Maschcront's  Theorem.  The  tuxfaee  of  any  polygon 
is  equal  to  hdf  the  sum  of  the  products  of  its  sides  (omitting  any 
one  side')  taken  ttvo  and  two,  into  the  sines  of  the  angles  uld6h 
those  sides  make  with  each  other. 

Fig.  198. 

Thus,  take  any  polygon,  such  as  the  five- 
mded  one  in  the  figure.  Express  the  angle  wliich 
the  directions  of  any  two  sides,  as  AB,  CD,  make 
with  each  other,  thus  (ABaCD).  Then  will 
the  content  of  that  polygon  be,  as  below ; 


I  [AB  .  BC  .  sin  (AB  A  BC)  -h  AB  .  CD  .  sin  (AB  A  CD) 
+  AB  .  DE  .  BID  (AB  A  DE)  +  BC  .  CD  sin  (BC  A  CD) 
+  BC  .  DB  .  sin  (BC  A  DE)  +  CD  .  DE    sin  (CD  A  DE)] 
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The  demonstration  consists  merely  in  dividing  the  polygon  mto 
triangles  bj  lines  drawn  finom  any  angle,  (as  A) ;  then  expressing 
the  area  of  each  trian^e  by  half  the  product  of  its  base  and  the 
perpendicnlar  let  fall  upon  it  from  the  above  named  angle ;  and 
finally  separating  the  perpendicular  into  parts  which  can  each  be 
expressed  by  the  product  of  some  one  side  into  the  sine  of  the 
angle  made  by  it  with  another  side.  The  sum  of  these  triangles 
equals  the  polygon. 

The  expressions  are  simplified  by  dividing  the  proposed  polygon 
into  two  parts  by  a  diagonal,  and  computing  the  area  of  each  part 
separately,  making  the  diagonal  the  side  omitted/ 


CHAPTER  VII. 

THE  TARIATIOIH  OF  THE  IHAGNETiC  NEEDLE. 

(298)  Definitions.  The  Magnetie  Meridian  is  the  ^l^J^ 
direction  indicated  by  the  Magnetic  Needle.  The  Thie 
Meridian  is  a  true  North  and  South  line,  which,  if  pro- 
duced, would  pass  through  the  poles  of  the  earth.  The 
Tariatianj  or  Declination^  of  the  needle  is  the  angle 
which  one  of  these  Imes  makes  with  the  other.f 

In  the  figure,  if  NS  represent  the  direction  of  the  True 
Meridian,  and  N'S'  the  direction  of  the  Magnetic  Meri- 
dian at  any  place,  then  is  the  angle  NAN'  the  Variation 
of  the  Needle  at  that  place. 

(2W)  Direction  of  NeeiUet  The  directions  of  these  two  meri- 
dians do  not  generally  coincide,  but  the  needle  in  most  places 
pmnts  to  the  East  or  to  the  West  of  the  tiue  North,  more  or  less 

*  The  original  Theorem  ii  Qioally  accredited  to  Lhuillier,  of  Geneva,  who  pul^ 
liihed  it  in  1789.  Bat  Maacheronii  the  ingenioiii  author  of  the  "  GeoHetir  of 
the  Compasses,"  had  poblished  it  at  Payia,  two  years  previoofly.  The  methocl 
la  well  develo|)ed  in  Prof.  Whitlock's  **  Elements  of  Geometry.*' 

t  '*  Declination*'  is  the  more  correct  term,  and  "  Variatioo'*  should  \to  reserved 
far  the  dkange  in  the  Declination  which  will  be  considered  in  the  next  ckapter } 
bot  custflNxi  has  established  tlte  ase  of  Tariaticm  »  the  sense  of  I>eclinatioB. 
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Fig.  200. 

N 


according  to  the  locaiitj.  ObservatioDB  of  the  tunoont  and  the 
direction  of  this  variation  have  been  made  in  nearly  all  parts  of  the 
world.  In  the  United  States  the  Variation  in  the  Eastern  States 
is  Westerly,  and  in  the  Western  States  is  Easterly,  as  will  bo 
pven  in  detail,  after  the  methods  for  determining  the  True  Meii* 
dian,  and  consequently  the  Variation,  at  any  }Jace,  have  been 
explained. 

TO  DETERMINE  THE  TRUE  MERIDIAN. 

(800)  By  efial  shadows  of  the  Sn.  On  the  South  side  of 
any  level  surface,  erect  an  up- 
right staff,  shown,  in  horizon- 
tal projection,  at  S.  Two  or 
three  hours  before  noon,  mark 
the  extremity,  A,  of  its  shadow. 
Describe  an  arc  of  a  circle  with 
S,  the  foot  of  the  staff,  for  cen- 
tre, and  SA,  the  distance  to 
the  extremity  of  the  shadow,  for  radius, 
after  noon  as  it  had  been  before  noon  when  the  first  mark  was 
made,  watch  for  the  moment  when  the  end  ef  the  shadow  touches 
the  arc  at  another  point,  B.  Bisect  the  arc  AB  at  N.  Draw  SIT, 
and  it  will  be  the  true  meridian,  or  North  and  South  line  required. 

For  greater  accuracy,  describe  several  arcs  before  hand,  mark 
the  points  in  which  each  of  them  is  touched  by  the  shadow,  bisect 
each,  and  adopt  the  average  of  all.  The  shadow  will  be  better 
defined,  if  a  piece  of  tin  with  a  hole  through  it  be  placed  at  the  top 
of  the  staff,  as  a  bright  spot  will  thus  he  substituted  for  the  less 
definite  shadow.  Nor  need  the  staff  be  vertical,  if  from  its  summit 
a  plumb-line  be  dropped  to  the  ground,  and  the  point  which  this 
strikes  be  adopted  as  the  centre  of  the  arcs. 

This  method  is  a  very  good  approximation,  though  perfectly 
correct  only  at  the  time  of  the  solstices ;  about  June  21st  and 
December  22d.  It  was  employed  by  the  Romans  in  laying  out 
cities. 

To  get  the  Variation,  set  the  compass  at  one  end  of  the  True 
Meridian  line  thus  obtained,  sight  to  the  other  end  of  it,  and  take 


About  as  many  hours 
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the  Bearing  as  of  any  ordinary  line.    The  number  of  degrcca  in 
tho  reading  will  be  the  desired  variation  of  the  needle. 


Fig.  1201. 

A 
.-'--if— --, 


(Ml)  By  tke  Nortk  Star,  wben  in  tke  Meridian.  The  North 
Star,  or  Pole  Star,  (called  by  astronomers  Alpha  Ursce  MinariSy 
cr  Polaris^  J  is  not  situated  precisely  at  the  North  Pole  of  the 
heavens.  If  it  were,  the  Meridian  could  be  at  once  determined  }>y 
sighting  to  it,  or  placing  the  eye  at  some  distance  behind  a  plnmb- 
line  so  that  this  line  should  hide  the  star.  But  the  North  Star  is 
about  1^^  from  the  Pole.  Twice  in  24  hours,  however,  (more 
precisely  28h.  56m.),  it  is  in  the  Meri- 
dian, being  then  exactly  above  or  below 
the  Pole,  as  at  A  and  C  in  the  figure.  To 
know  when  it  is  so,  is  rendered  easy  by  the 
aid  of  another  star;  easily  identified,  which 
at  these  times  is  almost  exactly  above  or 
below  the  North  Star,  i.  e.  situated  in  the 
same  vertical  plane.  If  then  we  watch  for 
the  moment  at  which  a  suspended  plumb-  C 

line  will  cover  both  these  stars,  they  will  then  be  in  the  Meridian. 

The  other  star  \s  in  the  well  known  constellation  of  the  Great 
Bear,  called  also  the  Plough,  or  the  Dipper,  or  Charles's  Wain. 


B^ 


^. 


i« 


./ 


/ 


Fig.  302. 


'Fig.  203. 


f<^ 


V 


f 


A- 


■f 


^ 


Two  of  its  five  bright  stars  (the  right-hand  ones  in  Fig.  202)  are 
Irnown  as  the  "  Pointers,"  from  their  pointing  near  to  the  North 
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Star,  thus  assbting  in  finding  it.  The  star  in  the  tail  or  handle, 
nearest  to  the  four  which  form  a  quadrilateral,  is  the  star  which 
comes  to  the  Meridian  at  the  same  time  with  the  North  Star, 
twice  in  24  hours,  as  in  Fig.  202  or  203.  It  is  known  as  Aliothj 
or  Upnlon  Ur8(B  Mc^'oris* 

To  determme  the  Meridian  by  this  method,  suspend  a  long 
plumb-line  from  some  elevated  pomt,  such  as  a  sdck  projecting 
from  the  highest  window  of  a  house  suitably  situated.  The  plumb- 
bob  may  pass  into  a  pul  of  water  to  lessen  its  vibrations.  Soq& 
of  this  set  up  the  compass,  at  such  a  distance  from  the  plumb-line 
that  neither  of  the  stars  will  be  seen  above  its  highest  point,  i.  e. 
in  Latitudes  of  40^  or  50^notquiteasfarfrom  the  plumb-line  as  it  is 
long.  Or,  instead  of  a  compass,  place  a  board  on  two  stakes,  so 
as  to  form  a  sort  of  bench,  running  East  and  West,  and  on  it  place 
one  of  the  compass-sights,  or  anything  having  a  small  hole  in  it  to 
look  through.  As  the  time  approaches  for  the  North  Star  to  be 
on  the  Meridian  (as  taken  from  the  table  given  below}  place  the 
compass,  or  the  sight,  so  that,  looking  through  it,  the  plumb-line 
shall  seem  to  cover  or  hide  the  North  Star.  As  the  star  moves 
one  way,  move  the  eye  and  sight  the  other  way,  so  as  to  constantly 
keep  the  star  behind  the  plumb-line.  At  last  Aliothf  too,  will  be 
covered  by  the  plumb-line.  At  that  moment  the  eye  and  tho 
plumb-line  are  (approximately)  in  the  Meridian.  Fasten  down  the 
sight  on  the  board  till  morning,  or  with  the  compass  take  the  bear 
ing  at  once,  and  the  reading  is  the  variation.f 

Instead  of  one  plumb-line  and  a  sight,  two  plumb-lines  may  be 
suspended  at  the  end  of  a  horizontal  rod,  turning  on  the  top  of  a 
pole. 

The  line  thus  obtained  points  to  the  East  of  the  true  line  when 
the  North  Star  is  above  Alioth,  and  vice  versa.  The  North 
Star  is  exactly  in  the  Meridian  about  17  minutes  after  it  has  been 
m  the  same  vertical  plane  with  Alioth,  and  may  be  sighted  to  after 
that  interval  of  tune,  with  perfect  accuracy. 

*  The  Noiih  Pole  is  very  nearly  nt  the  intersection  of  tho  line  from  Polaris  to 
Alioth,  and  a  perpendicular  to  this  line  from  the  small  star  seen  t'l  the  left  of  it  in 
Fig.  202. 

t  If  a  Transit  or  Theodolite  bo  used,  the  cross-hairs  must  he  illuminated  hj 
dirowiog  the  light  of  a  lamf  into  the  telescope  by  its  reflection  from  white  paper 
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Another  bright  star,  which  is  on  the  opposite  side  of  the  Pole, 
and  is  known  to  astronomers  as  Gamma  Cas9iopeice^  also  comes  on 
the  Meridian  nearly  at  the  same  time  as  the  North  Star,  and  will 
thus  assist  in  determining  its  direction.  ' 

(SQ2)  The  time  at  which  the  North  Star  passes  the  Meriilian 
above  the  Pole,  for  every  10th  day  in  the  year,  is  given  in  the  fol- 
lowing Table,  in  common  clock  time.*  The  upper  transit  is  the 
most  convenient^  since  at  the  other  transit  Alioth  is  too  high  to  be 
eonveniently  observed. 


1 

MONTH. 

1st  Day. 

nth  Day, 

21st  Day. 

n.    M. 

H^     M. 

n.    M. 

January, 

February, 

March, 

6  21  p.  M. 
4  18  p.  M. 
2  28  p.  M. 

5  41  p.  M. 
3  89  p.  M. 
1  49  p,  M. 

5  02  p.  M. 
3  00  p.  H. 
1  09  p.  M. 

1 

1 

April, 

0  26  p.  M. 

11   47  A.  M. 

11   08  A.  M. 

May, 

10  28  A.  M. 

9  49  A.  M. 

9   10  A.  H. 

J 

June, 

8  27  A.  M. 

7  48  A.  M. 

7  08  a;  m. 

M  of  North  & 

July, 
August, 
September, 
October, 

6  29  A.  M. 

4  28  A.  M. 
2  26  A.  M. 
0  28  A.  M. 

5  50  A.  M. 
8  49  A.  M. 

1   47  A.  M. 

11  45  p.  M. 

5   11  A.  M. 

8  09  A.  M. 

1    07  A.  M. 

11  06  p.  M. 

1 

November, 
December, 

10  22  p.  M. 

8  24  p.  M. 

9  43  p.  M. 
7  45  p.  M. 

9  04  p.  M. 
7  06  p.  M. 

*  To  calculate  the  time  of  the  North  Star  pauing  the  Meridiao  at  itf  upper  col 
minatioQ :  Find  in  the  *'  American  Almanac/*  (Botton),  or  the  '*  Astronomical 
Iiphemerii,"  (Washington),  or  the  *'  Nautical  Almanac,"  (London),  or  by  interpo* 
lation  from  the  data  at  the  end  of  this  note,  the  right  ascension  of  the  star,  and  from 
it  (increased  hj  twenty-four  hours  if  necessary  to  render  the  subtraction  possible) 
•abtract  the  Right  ascension  of  the  Sun  at  mean  noon,  or  the  sidereal  time  at 
mean  noon,  for  the  given  day,  as  found  in  the  "  Ephemeris  of  the  Son,"  in  the 
same  Almanacs.  From  the  remainder  subtract  the  acceleration  of  sidereal  on 
mean  time  corresponding  to  this  remainder,  (3m.  56s.  for  24  hours),  and  the  new 
remainder  is  the  requirra  mean  solar  time  of  the  upper  passage  of  Uie  star  across 
the  Meridian,  in  "Astronomical"  reckoning,  the  astronomical  day  beginning  at 
noon  of  the  common  civil  day  of  the  same  date. 

The  right  ascension  of  the  North  Star  for  Jan.  1,  1850,  is  Ih.  05m.  01.4s. ;  for 
1S0O.  lb.  OSm.  03.8s. ;  for  1870,  Ih.  11m.  16.9s. ;  for  1880,  Ih.  14m.  45.1s. ;  for 
1890   Ih.  18m.  29.2s. ;  for  1900,  Ih.  22m.  31s. 

13 
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To  find  the  time  of  the  star's  passage  of  the  Meridiau  for  othei 
days  than  those  given  in  the  Table,  take  from  it  the  time  for  &e 
day  most  nearly  preceding  that  desired,  and  subtract  from  this 
time  4  minutes  for  each  day  from  the  date  of  the  day  in  the  Table 
to  that  of  the  desired  day ;  or,  more  accurately,  interpolate,  by 
saying :  As  the  number  of  days  between  those  given  in  the  Table 
is  to  the  number  of  days  from  the  next  preceding  day  in  the  Table 
to  tlie  desired  day,  so  is  the  difference  between  the  times  given  in 
the  Table  for  the  days  next  preceding  and  following  the  deored 
day  to  the  time  to  be  subtracted  from  that  of  the  next  preceding 
day.  The  first  term  of  the  preceding  proportion  is  always  ten^ 
except  at  the  end  of  months  having  more  or  less  than  80  days. 
For  example,  let  the  time  of  the  North  Star's  passing  the  Meridian 
on  July  26th  be  required.  From  July  21st  to  August  1st  being 
11  days,  we  have  this  proportion :  11  days  :  5  days  : :  43  minutes  : 
19x\  minutes.  Taking  this  from  5h.  11m.  A.  M.,  we  get  4h. 
51]^m.  A.  M.  for  the  time  of  passage  required. 

The  North  Star  passes  the  Meridian  later  every  year.  In 
18G0,  it  will  pass  the  Meridian  about  two  minutes  later  than  in 
1854 ;  in  1870,  five  minutes,  in  ]  S80,  eight  minutes,  in  1890, 
twelve  minutes,  and  in  1900,  sixteen  minutes,  later  than  in  1854: 
the  year  for  which  the  preceding  table  has  been  calculated. 

rhe  times  at  which  the  North  Star  passes  the  Meridian  below 
the  Pole,  in  its  lower  Transit,  can  be  found  by  adding  llh.  58m. 
to  the  time  of  the  upper  Transit,  or  by  subtracting  that  interval 
*rom  it.* 

(308)  By  the  Nortk  Star  at  its  extreme  elongation.    When 

the  North  Star  is  at  its  greatest  apparent  angular  distance  East  or 
West  of  the  Pole,  as  at  B  or  D  in  Fig.  201,  it  is  said  to  be  at  its 
extreme  Eastern,  or  extreme  Western,  Elongation.  If  it  be  observed 
at  either  of  these  times,  the  direction  of  the  Meridian  can  be  easily 

*  The  North  Star,  which  is  now  about  !•  28^  from  the  Pole,  wai  12^  diitant 
from  it  when  its  place  was  first  recorded.  Its  distance  is  now  dimiuisfains  at  the 
rate  of  aboat  a  third  of  a  minute  in  a  year,  and  will  continue  to  do  so  till  it  ap- 
iiroaches  to  within  half  a  degree,  when  it  will  again  recede.  The  brightest  star 
in  the  Northern  hemisphere,  Alpha  Lyra,  will  be  the  Pole  Star  in  abont  12,000 
▼ears,  being  then  within  about  5^  of  the  Pole,  though  now  more  than  51*dt8Uiil 
nom  it 
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obtained  from  the  observation.    The  great  advantage  (/f  ilufl  method 

» 

over  &e  preceding  is  that  then  the  star's  motion  apparently  ceoseB 
for  a  short  time« 

(304)  The  following  Table  gives  the 

TIMES  OP  EXTREME  ELONGATIONS   OP  THE  NORTH   3TAR/ 


Monn. 

• 

1st  Day. 

11th  Day. 

21st  Day. 

EASTERN. 

WESTERN. 

EASTERN. 

WESTERN. 

EASTERN. 

WESTERN. 

H.   M. 

H.   M. 

H.   M. 

H.   M. 

H.  M. 

H.   M. 

Jan'y, 

0  27  P.M. 

019  a.m. 

1147  a.m. 

11 35  P.M. 

1108  a.m. 

1056  p.m. 

Feb'y, 

1024  a.m. 

10 13  P.M. 

945  a.m. 

933  p.m. 

9  06  a.m. 

854  p.m. 

March, 

834  a.m. 

8  22  P.M. 

756  a.m. 

7  43  P.M. 

715  a.m. 

•^  04  p.m. 

April, 

632  a.m. 

6  20  P.M. 

553  a.m. 

5  41  P.M. 

514  a.m. 

502  p.m. 

May, 

434  a.m. 

4  22  P.M. 

355  a.m. 

3  43  P.M. 

816  a.m. 

3  04  P.M. 

Uune, 

233  a.m. 

2  21  P.M. 

153  a.m. 

1 42  P.M. 

114  a.m. 

1 02  P.M. 

July, 

0  35  A.M. 

0  23  P.M. 

11 52  P.M. 

1144  a.m. 

U 13  P.M. 

1105  a.m. 

August, 

10  30  P.M. 

10  22a.m. 

9  51  P.M. 

943  a.m. 

9  11  P.M. 

903  a.m. 

Sept'r, 

8  28  P.M. 

820  a.m. 

7  49  P.M. 

741a.m. 

7  09  P.M. 

7  01a.m. 

OciV,  ^ 

6  30  P.M. 

6  22  a.m. 

5  51  P.M. 

543  a.m. 

5 12  P.M. 

504A.M 

Nov'r,     4  28  p.m. 

421a.m. 

3  49  P.M. 

341a.m. 

3 10  P.M. 

3  02  a.m. 

bec'r,  1  2  30  p.m. 

222  a.m. 

1  51  P.M. 

143  a.m. 

1 12  P.M. 

104A.M, 

The  Eastern  Elongations  from  October  to  March,  and  the  West- 
cm  Elongations  fron:  April  to  September,  occurring  in  the  day 
time,  they  will  generally  not  be  visible  except  with  the  tud  of  a 
powerful  telescope. 

*  To  calculate  the  times  of  the  greatest  elongation  of  the  North  Star :  Find  in 
one  of  the  Almanacs  before  referred  to,  or  from  the  data  below,  its  Polar  dis- 
tance at  the  given  time.  Add  the  logarithrar  of  its  tansent  to  the  logarithm  of  the 
tangent  of  the  Latitude  of  the  place,  and  the  sum  will  be  the  logarithm  of  the 
CQCine  t<f  the  Hour  angle  before  or  after  the  culmination.  Reduce  the  space  to 
time;  correct  for  sidereal  acceleration  (3m.  56s.  for  24  hours^  and  subtract  the 
result  from  the  time  of  the  star's  passing  the  meridian  on  that  day.  to  get  the  time 
of  the  Bastem  elongation,  or  add  it  to  get  the  Western. 

The  Polar  distance  of  the  North  Star,  for  Tan.  1,  1850,  is  1^  29'  25";  for  1860, 
!•  26'  I2".7;  for  1870,  1*  23*  01";  for  1880,  !•  1?  50".i;  for  1890,  1*  16'  40" 7; 
for  1900,  1^  13*  32".2. 
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The  preceding  Table  waa  cdcnlated  for  Latitude  40^.  Th« 
Time  at  which  the  Elongations  occur  vary  slightiy  for  other  Lati- 
tudes. In  Latitude  50^,  the  Eastern  Elongations  occur  about  2 
minutes  later  and  the  Western  Elongations  about  2  minutes  earlier 
tiian  the  times  in  the  Table.  In  Latitude  26°,  precisely  the 
reverse  takes  place. 

The  Times  of  Elongation  are  continuallj,  though  slo^rlj,  becom- 
mg  later.  The  preceding  Table  was  calculated  for  July  1st,  1854. 
In  1860,  the  times  will  be  nearly  2  minutes  later;  and  in  1900, 
the  Eastern  Elongations  will  be  about  15  minutes,  and  the  Western 
Elongations  17  mmutes  later  than  in  1854. 

(305)  ObserTations.  Knowing  from  the  preceding  Table  the 
hour  and  minute  of  the  extreme  Elongation  on  any  day,  a  littie 
before  that  time  suspend  a  plumb-line,  precisely  as  in  Art.  (SOI), 
and  place  yourself  south  of  it  as  there  directed.  As  the  North 
Star  moves  one  way,  move  your  eye  the  other,  so  that  the  plumb- 
line  shall  continually  seem  to  cover  the  star.  At  last  the  star  will 
appear  to  stop  moving  for  a  time,  and  then  begin  to  move  back- 
wards. Fix  the  sight  on  the  board  (or  the  compass,  &c.)  in  the 
position  in  which  it  was  when  the  star  ceased  moving ;  for  the  star 
was  then  at  its  extreme  apparent  Elongation,  East  or  West,  as  the 
case  may  be. 

(S06)  Azimutlis.  The  angle  which  the  line  from  the  eye  to  the 
plumb-line,  makes  with  the  True  Meridian  (i.  e.  the  angle  between 
the  meridian  plane  and  the  vertical  plane  passing  through  the  eye 
and  the  star)  is  called  the  Azimuth  of  the  Star.  It  is  ^ven  in  the 
following  Taole  for  different  Latitudes,  and  for  a  number  of  years  to 
come.  For  the  intermediate  Latitudes,  it  can  be  obtamed  by  a 
simple  proportion,  similar  to  that  explained  in  detail  in  Art.  (302).* 

*  To  calculate  this  Azimuth :  From  the  logarithm  of  the  sine  of  the  Polar  clii 
tance  of  the  star,  subtract  the  logarithm  of  the  cosine  of  the  Latitude  of  the  place  t 
Ibe  remainder  will  be  the  loganthm  of  the  sine  of  the  angle  required  Toe  P» 
sr  distance  can  be  obtained  as  directed  in  the  last  note 
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AZIMUTHS   OF  THE   NORTH   OTAR. 


ILatltndea 

.  1854    1855 

1856 

1857 

1858 

1859     1860 

1870 

60^ 

:J3  16|' 

23  16i' 

20 16' 

20 15V 

20 15' 

2->  14V 

20 14V 

20  09i' 

493 

23  14' 

20  13V 

20 13V 

20 12V 

20  12V 

23  12' 

20  iiv 

20  OGV 

480 

23  llj' 

23 11' 

23  lOV 

23  lOV 

20  09V 

20  09V 

20  09' 

20  04' 

470 

23  09' 

2P  08V 

23  08' 

23  07V 

20  07  V 

20  06V 

20  06V 

20  OIV 

46= 

23  06%' 

20  06i' 

23  06V 

20  05V 

2^05' 

20  04V 

20  04V 

10  69V 

46° 

23  04J' 
23  02i' 

20  04' 

23  03V 

20  03V 

23  02V 
23  01' 

2-'  02V 

23  02' 

P  57V 

440 

23  02' 

20  OIV 

20  OIV 

23  OOV 

20  00' 

P  56V 

430' 

23  00V 

20  00' 

10  69V 

1059' 

P  68V 

P  68V 

P58' 

P  63V 

420 

P  58i' 

10  58' 

P  57V 

P  67V 

P  56V 

P  56V 

pse' 

P  51V 

41° 

1-3  66J' 

P  66i' 

10  66V 

P  66V 

P56' 

P54V 

P  54V 

I05O' 

403 

13  55' 

P  54i' 

P54' 

P  53V 

10  53V 

10  63' 

P  52V 

P  48V 

393 

13  53J' 

P  52|' 

P  52  V 

10  62' 

P  51V 

P  51V 

P51' 

1°  46V 

383 

1°  51|' 

P  61i' 

PSl' 

10  60V 

P60' 

10  49V 

P  49V 

P  46V 

370 

P  50i' 

10  49i' 

P  49V 

P49' 

P  48V 

10  48V 
1047' 

P  48'  • 

P44' 

363 

1°  48|' 

13  48  V 

P48' 

10  47V 

P  47V 

P  46V 

P42|' 

353 

P  47  J' 

P47' 

P  46V 

10  46V 

P46' 

1°  45V 

P  45V 

P  41V 

1   340 

P  46i' 

10  46|' 

P  46V 

P46' 

P44V 

P  44V 

P44' 

10  40V 

33^ 

P45' 

10  44i' 

P44V 

P  43V 

P  43V 

P43' 

P42V 

1039* 

1   323 

P44' 

10  434' 

P43' 

P  42V 

10  42V 

1042' 

P  41V 

P38' 

310 

P  42|' 

10  42V 

P42' 

P  41V 

P41' 

10  40V 

P  40V 

P37' 

303 

1041  J' 

13  41V 

P41' 

P  40V 

P  40V 

I04O' 

10  89V 

10  36' 

(307)  Setting  oit  a  Meridian.  When  two  points  in  the  direc- 
tion of  the  Nordi  Star  at  its  extreme  elongation  have  been  F'S-  204 
obtained,  as  in  Art.  (305)  9  the  True  Meridian  can  be  7  1^ 
found  thus.  Let  A  and  B  be  the  t^o  points.  Multiply  the 
natural  tangent  of  the  Azimuth  given  in  the  Table,  by  the 
distance  AB.  The  product  will  be  the  length  of  a  line 
irhich  is  to  be  set  off  from  B,  perpendicular  to  AB,  to 
some  point  C.  A  and  G  will  then  be  points  in  the  True 
Meridian.    Tliis  operation  may  be  postponed  till  morning.     CnB 

I£  the  directions  of  both  the  extreme  Eastern  and  extreme 
Western  elongations  be  set  out,  the  lino  lying  midway 
between  them  will  be  the  True  Meridian. 
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(308)  Determining  tke  Variation.  The  variation  would  of 
course  be  given  by  taking  the  Bearing  of  the  Meridian  thus 
obtidned,  but  1^  can  also  be  determined  bj  taking  the  Bearing  of 
the  star  at  the  time  of  tlie  extreme  elongation,  and  applying  tho 
following  rules. 

When  the  Azimuth  of  the  star  and  its  magnetic  bearing  are  one 
East  and  the  other  West,  the  sum  of  the  two  is  the  Magnetic  Van* 
tion,  which  is  of  the  same  name  as  the  Azimuth ;  i.  e.  East,  if  that 
be  East,  and  West,  if  it  be  West. 

When  the  Azimuth  of  the  star  and  its  Magnetic  Bearing  are 
both  East,  or  both  West,  their  difference  is  the  Variation,  which 
will  be  of  the  same  name  as  the  Azimuth  and  BeaiiLg,  if  the  Azi* 
muth  be  the  greater  of  the  two,  or  of  the  contrary  name  if  the 
Azimuth  be  the  smaller.  Fig.  205. 

All  these  cases  are  presented  together  in  the  f   |  ^^    iV 
figure,  in  which  P  is  the  North  Pole ;  Z  the  place 
of  the  observer;  ZP  the  True  Meridian;  S  the 
star  at  its  greatest  Eastern  elongation ;  and  ZN, 
ZN'jZN",  various  supposed  directions  of  the  needle. 

Call  the  Azimuth  of  the  star,  i.  e.  the  angle 
rZS,  2°  East. 

Suppose  the  needle  to  point  to  N,  and  the  Bear- 
ing of  the  star,  i.  e.  SZN,  to  be  5°  West  of  Mag- 
netic North.  The  variation  PZN  will  evidently  be 
7°  East  of  true  North. 

Suppose  the  needle  to  point  to  N',  and  the  bearing  of  the  star, 
i.  e.  N'ZS,  to  be  1^°  East  of  Magnetic  North.  The  Variation 
will  be  1°  East  of  true  North,  and  of  the  same  name  as  the  Azimuth, 
because  that  is  greater  than  the  bearing. 

Suppose  the  needle  to  point  to  N''  and  the  bearing  of  the  star, 
i..e.  N"ZS,  to  be  10^  East  of  Magnetic  North.  The  Variation 
will  be  8**  West  of  true  North,  of  the  contrary  name  to  the  Azimuth, 
because  that  is  the  smaller  of  the  two.* 

•  Algebraically,  always  sabtract  the  Bearing  from  the  Azimuth,  and  give  the  ro« 
mainder  its  proper  resulting  algebraic  sign.  It  wiU  be  the  Variation;  East  if  pfvt, 
and  West,  if  minus.  Thus  in  the  first  case  above,  the  Variation  i»  -f-  2®  — 
(—  5**)  s-  -f  7®  «  7®  East.  In  the  second  case,  the  Variation  —  +  2"  —  (  +  IJ*) 
-■  -j-  I®  =.  |o  East.  lu  the  third  case,  the  Variation  —  4.  2»  —  r+  IQ^\  «- 
—  8*»  -=  8*  West. 
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If  the  star  ^vas  on  the  other  side  of  the  Pole,  the  rules  \yovli 
apply  likewise. 

(309)  Otber  Metbods.  Many  other  methods  of  determining  the 
true  Meridian  are  employed ;  such  as  by  equal  altitudes  and  azi- 
muths of  the  sun,  or  of  a  star ;  by  one  azimuth,  knowing  the  time ; 
by  observations  of  circumpolar  stars  at  equal  times  before  and  after 
their  culmination,  or  before  and  after  their  greatest  elongation,  &c 

All  these  methods  however  require  some  degree  of  astronomical 
knowledge ;  and  those  which  have  been  expihined  are  abundantiy 
sufficient  for  all  the  purposes  of  the  ordinary  Land-Surveyor. 

"Burt's  Solar  Compass"  is  an  instrument  by  which,  "when 
adjusted  for  the  Sun's  decimation,  and  the  Latitude  of  the  place, 
the  azimuth  of  any  Ime  from  the  true  North  and  South  can  be  read 
off,  and  the  difference  between  it  and  the  Bearing  by  the  compass 
will  then  be  the  variation." 

(SIO)  Slagnetie  rariation  in  tlie  United  States.  The  vari- 
ation of  the  Magnetic  needle  in  any  part  of  the  United  States, 
can  be  approximately  obtained  by  mere  inspection  of  the  map 
at  the  beginning  of  this  volume.^  Through  all  the  places  at 
which  the  needle  in  1850,t  pointed  to  the  true  Korth,  a  line  is 
drawn  on  the  map,  and  called  the  Zine  of  iw  Variation,  It  will 
be  seen  to  be  nearly  straight,  and  to  pass  in  a  N.N.  W.  direction 
from  a  little  west  of  Cape  Hatteras,  N.  0.  through  the  middle  of 
Virginia,  about  midway  between  Cleveland,  (Ohio),  and  Erie, 
(Pa.),  and  through  the  middle  of  Lake  Erie  and  Lake  Huron.  If 
followed  South-Easteny  it  would  be  found  to  touch  the  most 
Easterly  point  of  South  America.  It  is  now  slowly  moving 
Westward. 

At  all  places  situated  to  the  East  of  this  line  (including  the 
New-England  States,  New- York,New- Jersey,  Delaware,  Mary- 
land, nearly  all  of  Pennsylvania,  and  the  Eastern  half  of  Virginia 
and  North  Carolina)  the  Variation  is  Westerly,  i.  e.  the  north  end 
of  the  needle  points  to  the  west  of  the  true  North.  At  all  places 

*  Copied  (by  pennission)  from  one  prepared  in  1856,  by  Prof.  A.  D.  Bache,  Sapi  17. 
8.  Coaift  Surrey,  from  the  U.  S.  C.  S.  Observations.  The  dotted  portions  of  the  linei 
are  interpolations  doe  to  the  kindness  of  J.  E.  Hilgard,  Assist  U.  S.  Coast  Surrey. 

t  A  eradoal  chanice  in  the  Variation  is  ffoing  on  from  year  to  year,  as  will  be  e» 
plained  in  the  next  Chapter. 
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nkiated  to  the  West  of  this  line  (inclading  the  Western  and  South- 
ern States)  the  Variation  is  easterly,  i.  e.  the  North  end  of  the 
needle  points  to  the  East  of  the  true  North.  This  variation  in* 
creases  in  proportion  to  the  distance  of  the  place  on  either  mde  of 
the  line  of  no  variation,  reaching  21**  of  Easterly  Variation  in  Ore- 
gon, and  18**  of  Westerly  Variation  in  Maine. 

Idnes  of  equal  Variation  are  lines  drawn  through  all  the  places 
which  have  the  same  variation.  On  the  map  they  are  drawn  for 
each  degree.  All  the  places  situated  on  the  Ime  marked  1^,  East 
or  West,  have  l"*  Variation ;  those  on  the  2**  line,  have  2^  Varia- 
tion,  &c.  The  variation  at  the  intermediate  places  can  be  approxi- 
mately estimated  by  the  eye.    These  lines  all  refer  to  1840. 

The  lines  of  equal  Variation,  if  continued  Northward,  would  all 
meet  in  a  certtdn  point  called  the  Magnetic  Pole^  and  situated  in 
the  neighborhood  of  96**  West  Longitude  from  Greenwich,  and  70"* 
of  North  Latitude.     Towards  this  pole  the  needle  tends  to  pomt. 

Another  Magnetic  pole  is  found  in  the  Southern  hembphere ; 
but  the  farther  development  of  this  subject  belongs  to  a  treatise  on 
Natural  Philosophy. 

The  Variation  on  the  Pacific  slope  of  this  country  has  been  very 
imperfectiy  ascertamed.    A  few  leading  pouits  are  as  below. 
California ;      Point  Conception,  Sept.  1850, 18^  49^  E. 

Point  Penos,  Monterey,     Feb.   1861,14*^58'    E. 

Presidio,  San  Francisco,     Feb.   1852,15^27'    E. 

San  Diego,  Mar.  1851, 12^  29'    E. 

Oregon ;  Cape  Disappomtment,        July,  1851,  20^  45'    E. 

Ewing  Harbor,  Nov.  1851, 18^  29'    E. 

WaA.  Ter'y.  Scarboro!  Harbor,  Aug.  1852,  21^  80'    E. 

(Sll)  To  correct  HagieUc  Bearings.  The  Variation  at  any 
place  and  time  being  known,  the  Magnetic  Beai^ngs  taken  there 
and  then,  may  be  reduced  to  their  true  Bearings,  by  these  Rules. 

RuLB  1.  When  the  Variation  ia  WeHj  as  it  is  in  the  North* 
Eastern  States,  the  true  Bearing  will  be  the  $um  of  the  Variation 
and  a  Bearing  which  is  North  and  West,  or  South  and  East ;  and 
the  difference  of  the  Variation  and  a  Bearing  which  is  North  and 
East,  or  South  and  West*    To  apply  this  to  the  cardinal  points,  a 
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Noiih  Bearing  must  be  called  N«  0°  West,  an  East  Bearing  N. 
90^  E.,  a  South  Bearing  S.  0°  E.,  and  a  West  Bearing  S.  90°  W- ; 
counting  around  from  N'  to  N,  in  the  figure,  and  so  onward,  ^^  with 
ihe  Sun." 

The  reasons  for  these  corrections 
are  apparent  from  the  Figure,  in  which 
the  dotted  lines  and  the  accented  let- 
ters represent  the  direction  of  the  nee- 
dle, and  the  full  lines  and  the  unac* 
cented  letters  represent  the  true  Nortli  w — 
and  South  and  East  and  West  lines,     y^^ 

When  the  sum  of  the  Variation  and 
the  Bearing  is  directed  to  be  taken, 
and  comes  to  more  than  90°,  the  sup-^  B     ^ 

plement  of  the  sum  is  to  be  taken,  and  the  first  letter  changed. 
When  the  difference  is  directed  to  be  taken,  and  the  Variation  ia 
greater  than  the  Bearing,  the  last  letter  must  be  changed.  A 
diagram  of  the  case  will  remove  all  doubts.     Examples  of  all  those 


cases  are  g^ren  below  for  a  Yariaiion  of  8°  West. 

MASKETIO 
BBARINS. 

TBUB 
BEABINti. 

MAGNETIC 
BBAUIMO. 

TKUE 
BEARING. 

North.  . 
N.    1°E. 
N.  40°  E. 

East. 
S.  60°  E. 
1     S.  89°  E. 

N.    8°W. 
N.    7°  W. 
N.  82°  E. 
N.  82°  E. 
S.  68°  E. 
N.  88°  E. 

South. 
S.    2°  W. 
S.  60°  W. 

West. 
N.  70°  W. 
N,  83°  W. 

S.     8°E. 
S.     6°E. 

S.  62°  W. 
S.  82°  W.' 
N.  78°  W. 
S.  89°  W. 

n- 


Rule  2.  When  the  Variation  i$ 
East  J  as  in  the  Western  and  Southern 
States,  the  preceding  directions  must 
be  exactljr  reversed ;  i.  e.  the  true 
Bearing  will  be  the  difference  of  the 
Variation  and  a  Bearing  which  is  ^'^ 
North  and  West,  or  South  and  East ; 
and  the  sum  of  the  Variation  and  a 
Bearing  wluch  is  North  and  East,  or 
Sooth  and  West.     A  North  Bearing 


Fig.  207. 

N 
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most  bo  called  N.  0"*  E.,  a  West  Bearing  N.  90*"  W.,  a  South 
Bearing  S.  O**  W.,  and  an  East  Bearing  S.  90"^  £.,  counting  frov 
N'  to  N,  and  so  onward,  '^  against  the  sun."  The  reasons  foi 
these  rules  are  seen  in  the  Figure.  Examples  are  given  below,  foi 
a  Variation  of  5"^  E. 


HAaNBTIO 

TRUE 

MAGNETIC 

TRUE 

BEARma. 

BEARmO. 

BEARINQ. 

BEARmG. 

North. 

N.    6»E. 

South. 

S.     6°W. 

N.  40"  E. 

N.  45'  E. 

S.  60°  W. 

8.  66°  W. 

N.  89°  E. 

S.  86°  E. 

S.  87°  W. 

N.  88°  W. 

East. 

S.  85"  E. 

West. 

N.  86°  W. 

S.    VE, 

S.    4»W. 

N.  70°  W. 

N.  65°  W. 

8.  50"  E. 

S.  45°  E. 

N.    2°W. 

N.    3°E. 

(812)  To  sarrey  a  line  with  troe  Bearings.  The  compass 
may  be  set,  or  adjusted,  by  means  of  the  Vernier,  (noticed  in  Arts. 
(229)  and  (287),  and  shown  in  llg.  148,  page  126)  according  to 
the  Variation  in  any  place,  so  that  the  Bearings  of  any  lines  then 
taken  with  it  t\']II  be  their  true  Bearings.  To  efifect  this,  turn  aside 
the  compass  plate,  by  means  of  the  Tangent  Screw  which  moves 
the  Vernier,  a  number  of  degrees  equal  to  the  Variation,  moving 
the  S.  end  of  the  Compass-box  to  the  right^  (the  North  end  being 
supposed  to  go  ahead)  if  the  Variation  be  Westerly,  and  vice  versa; 
Tor  that  moves  the  North  end  of  the  Compass-box  in  the  contrary 
direction,  and  thus  makes  a  Ime  which  before  was  N.  by  the  nee* 
die,  now  read,  as  it  should  truly.  North,  so  many  degrees,  West 
if  the  Variation  was  West;  and  similarly  in  the  reverse  case. 
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CHAPTER  VIIL 


CHANGES  IN  THE  VARIATION. 

(SIS)  The  Changet  in  the  Variation  are  of  more  practical 
importance  than  its  absolute  amount.  They  are  of  foiir  kinds: 
Irregular,  Diurnal,  Annual  and  Secular. 

(311)  Irregular  changes*  The  needle  is  subject  to  sudden 
and  violent  changes,  which  have  no  known  law.  Thej  are  some- 
times coincident  with  a  thunder  storm,  or  an  Aurora  Borealis, 
(during  which,  changes  of  nearly  1°  in  one  minute,  2^^  in  eight 
minutes,  and  10^  in  one  night,  have  been  observed),  but  often 
nave  no  apparent  cause,  except  an  otherwise  invbiblo  '^  Magnetic 
Storm." 

(315)  Tbe  Dianial  change*  On  continuing  observations  of 
the  direction  of  the  needle  throughout  an  entire  day,  it  will 
be  found,  in  the  Northern  Henusphere,  that  the  North  end 
of  the  needle  moves  Westward  from  about  8  A.  M.  till  about  % 
P.  M.  over  an  arc  of  from  10'  to  15',  and  then  gradually  returns 
to  its  former  position.*  In  the  Southern  Hemisphere,  the  direction 
of  tins  motion  is  reversed.  The  period  of  this  change  being  a  day, 
it  is  called  the  JDiumaZ  Variation.  Its  effect  on  the  permanent 
Variation  is  necessarily  to  cause  it,  in  places  where  it  is  West,  to 
attain  its  maximum  at  about  2  P.  M.,  and  its  minimum  at  about  8 
A.  M. ;  and  the  reverse  where  the  Variation  is  East. 

This  Diurnal  change  adds  a  new  element  to  the  inaccuracies  of 
the  compUss ;  since  the  Bearings  of  any  line  taken  on  the  same 
day,  at  a  few  hours  interval,  might  vary  a  quarter  of  a  degree, 
which  would  cause  a  deviation  of  the  end  of  the  line,  amounting  to 
oearly  half  a  link  at  the  end  of  a  chain,  and  to  35  links,  or  23 
feet,  at  the  end  of  a  mile.  The  hour  of  the  day  at  which  any 
important  Bearing  is  taken  should  therefore  bo  noted. 

*  A  similar  bat  smaller  movement  tukes  place  daring  (he  oight 
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(316)  The  Innial  cbange*  K  the  observations  be  continued 
throughout  an  entire  year,  it  will  be  found  that  the  Diurnal  changes 
vary  with  the  seasons,  being  about  twice  as  great  in  Summer  as  in 
Winter.  The  period  of  this  change  bemg  a  year,  it  is  called  the 
Annual  Variation. 

(317)  The  Secular  chanf^e.  When  accurate  observations  on 
the  Variation  of  the  needle  in  the  same  place  are  continued  for 
several  years,  it  is  found  that  there  is  a  continual  and  tolerably 
regular  increase  or  decrease  of  the  Variation,  continuing  to  pro- 
ceed in  the  same  direction  for  so  long  a  period,  that  it  may  be 
called  the  Secular  change  of  Variation.* 

The  most  ancient  observations  are  those  taken  in  Paris.  In  the 
year  1541  the  needle  pointed  7°  East  of  North ;  in  1580  the  Vari- 
ation had  increased  to  11 1^  East,  being  its  majumum ;  the  needle 
then  began  to  move  Westward,  and  in  1666,  it  had  returned  to  the 
Meridian;  the  Variation  then  became  West,  and  continued  to 
increase  till  in  1814  it  attained  its  maximum,  being  22^  84'  West 
of  North.  It  is  now  decreasing,  and  in  1853  was  20®  17'  W.  In 
London,  the  Variation  m  1576  was  11^  15'  E. ;  in  1662,  0° ;  in 
1700,  9°  40'  W. ;  in  1778,  22^  11'  W. ;  in  1815,  24®  27'  W. ; 
and  in  1843,  23°  8'  W. 

In  this  country  the  nortii  end  of  the  needle  was  movmg  East- 
ward at  the  earUest  recorded  observations,  and  continued  to  do  so 
till  about  the  year  1810  (variously  recorded  as  from  1793  to 
1819),  when  it  began  to  move  Westward  which  it  has  ever  since 
contmued  to  do.  Thus,  in  Boston,  from  1708  to  1807  the  Varia 
tion  changed  from  9**  W.  to  6**  5'  W.,  and  from  1807  to  1840,  it 
changed  from  6°  5'  W.  to  9°  18'  W. 

Valuable  Tables  of  the  Secular  changes  of  the  Variation  in  van 
ous  parts  of  the  United  States  have  been  published  by  Prof.  Loomia 
in  Silliman's  "American  Journal  of  Science,"  Vol.  84,  July,  1838, 
p.  301 ;  Vol.  39,  Oct.  1840,  p.  42 ;  and  Vol.  43,  Oct.  1842, 
p.  107.  An  alsti^t  of  the  most  reliable  of  them  is  here  given. 
IVoy  and  Schenectady  are  from  other  sources. 

•  If  the  term  "  Declination  of  the  Needle"  could  be  restored  to  its  proper  uw 
iliis  **  Change  of  Vhriatioii*  woirid  be  properly  called  the  "  Variation  of  ilie  Da 
oliaatioQ.** 
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PLACB. 


BuriingtOD,  Vt. 

Chesterfield,  N.  H. 

Deerfield,  Mass. 

Cambridge,  Mass. 

l^ew-Haven,  Conn. 

Keeseville,  N.  Y. 

Albany,  N.  Y. 
it 

Troy,  N.  Y. 
Schenectady,  N.  Y. 

New-York  City. 
Philadelphia. 
Milledgeville,  Ga. 
Mobile,  Ala. 
Cleveland,  0. 
Marietta,  0. 
Cincinnati,  0. 
Detroit,  Mich. 
Alton,  111. 


LATITUDE. 


440  27' 
420  53/ 
42^  34' 
42°  22' 
410  18' 
440  28' 
420  39' 

42°  44' 
42°  49' 

40°  43' 
390  57' 
330  7' 
80°  40' 
41°  30' 
89°  25' 
89°  6' 
42°  24' 
38°  62' 


LONGITUDB. 


73°  10' 

72°  20' 
72°  29' 
71°  7' 
72°  58' 
73°  32' 
78°  45' 

U 

73°  40' 
730  55' 

74°  01' 
76°  11' 
88°  20' 
88°  11' 
81°  46' 
81°  26' 
84°  27' 
82°  68 
90°  12' 


DATES. 


ANNUAU 
MOTION. 


1811.,.1834 
1820...1836 
1811...1837 
1810...1840 
1819...1840 
1826...1838 
1818...1842 
1842.. .1854 
1821...1837 
1829...1841 
1841...1854I 
1824...1837 
1818...1837 
1806...1835 
1809...1835 
1825...1838 
1810...1838 
1825...1840 
1822...1840 
1835...1840' 


4'.4 
6'.4 
6'.7 
3'.4 
4'.6 
6'.4 
S'.G 
4'.9 
6'.2 
7'.2 
6'.0 
8'.7 
8'.6 

r.7 

2'.2 
4'.6 
2'.4 
2'.0 
4'.3 
3'.0 


From  these  and  otiher  observations  it  appears  that  at  present  the 
lines  of  equal  variation  are  moving  Westward,  producing  an  annual 
change  of  variation  (increasing  the  Westerly  and  lesseiung  the 
Easterlj)  which  is  different  in  different  parts  of  the  country,  and 
is  about  five  or  six  minutes  in  the  North-Eastem  States^  three  or 
four  minutes  in  the  Middle  States,  and  two  minutes  in  the  Southern 
States. 


(SIS)  DeterainatloB  of  th«  change,  by  iBterpolatlon.    To 

determine  the  change  at  any  place  and  for  any  interval  not  found 
in  the  recorded  observations,  an  approximation,  sufficient  for  most 
purposes  of  the  surveyor,  may  be  obtained  by  interpolation  (by  a 
nmple  proportion)  between  the  places  given  in  the  Tables,  assum- 
ing the  movements  to  have  been  uiuform  between  the  given  dates ; 
and  also  assuming  the  change  at  any  place  not  found  in  the  Tables, 
to  have  been  intermediate  between  those  of  the  lines  of  equal  varia* 
tion,  which  pass  through  the  places  of  recorded  observations  on 
each  side  of  it,  and  to  have  been  in  the  ratio  of  its  rcsixictivc  dis- 
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tances  from  those  two  lines ;  for  example,  taking  their  arithmetical 
mean,  if  the  required  place  is  midwaj  between  them;  if  it  be  twice 
as  near  one  as  the  other,  dividing  the  sum  of  twice  the  change  of 
the  nearest  line,  and  once  the  change  of  the  other,  bj  three ;  and 
so  m  other  cases ;  i.  e.  giving  the  change  at  each  place,  a  "  weight" 
inversely  as  its  distance  from  the  place  at  which  the  change  is  tc 
be  found. 

(319)  Determinatloo  of  the  change,  by  oM  Unest  When 
the  former  Bearing  of  any  old  line,  such  as  a  farm-fence,  &c.  is 
recorded,  tlie  change  in  the  Variation  from  the  date  of  the  ori^nal 
observation  to  the  present  time  can  be  at  once  found  by  setting  the 
compass  at  one  end  of  the  line  and  sighting  to  the  other.  The 
diflfcrence  of  the  two  Bearings  is  the  required  change. 

K  one  end  of  the  old  line  cannot  be  seen  from  the  other,  as  is 
often  the  case  when  the  line  is  fixed  only  by  a  "comer"  at  each 
end  of  it,  proceed  thus.  Run  a  line  from  one  comer  with  the  old 
Bearing  and  mth  its  distance.  Measure  the  distance  from  the  end 
of  this  line  to  the  other  corner,  to  which  it  will  be  opposite.  Mul« 
tiply  this  distance  by  57.3,  and  divide  by  the  length  of  the  line. 
The  quotient  will  be  the  change  of  variation  in  degrees.* 

For  example,  a  line  63  chains  long,  in  1827  had  a  Bearing  of 
North  1^  East.  In  1847  a  trial  line  was  run  from  one  end  of  &e 
former  line  with  the  same  Bearing  and  distance,  and  its  other  end 
was  found  to  be  125  links  to  the  West  of  the  trae  comer.     The 

change  of  Variatym  was  therefore  -^ — -^ — '—  =  1^.137  =  1*^  8' 
Westerly. 

*  Let  AB  be  the  original  line ;  AC  the  trial  line,  Fig.  208. 

and  BC  the  distance  between  their  extremities.   ^ 
AB  and  AC  may  be  regarded  as  radii  of  a  circle 
and  BC  as  a  chord  of  the  arc  which  subtends  their 

angle.    Assuming  the  chord  and  arc  to  coincide  ^''^^>«^ 

(which  they  will,  nearly,  for  small  angles)  we 
bave  this  proportion  ;  Whole  circumference  :  arc 
BC  ::  S60O  ;  BAC  :   or,  2  X  AC  X  3.1416  :  BO 

BO 
t  S600  :  BAC,  whence  BAC  »  —   X  57.3 :  or  more  preciiely  57.29571. 

AB 
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Theso  are  exceodinglj 

Fig.  209. 


(S20)  EflTects  of  tbe  Secular  changre* 

important  in  the  re-survej  of  farms 
bj  the  Bearings  recorded  in  old 
deeds.  Let  SN  denote  the  direc- 
tion of  the  needle  at  the  time  of 
die  original  Survey,  and  S'N'  its 
direction  at  the  time  of  the  re-sur- 
vey, a  number  of  years  later. 
Suppose  the  change  to  have  been 
S°,  the  needle  pointing  so  much 
farther  to  the  west  of  North.  The 
line  SN,  which  before  was  duo 
North  and  South  by  the  needle 
will  now  bear  N.  S"  E.  and  S.  8^  W ;  the  line  AB,  which  before 
was  N.  40^  E.  will  now  bear  N.  43°  E ;  the  line  DF  which  before 
was  N.  40°  W.  wiU  now  bear  N.  37°  W;  and  the  line  WE,  which 
before  was  due  East  and  West,  will  now  bear  S.  87°  E.  and  N. 
87°  W.  Any  line  is  similarly  changed.  The  proof  of  this  is  appa- 
rent on  inspecting  the  figure. 

Suppose  now  that  a  surveyor,  ignorant  or  neglectful  of  this 
change,  should  attempt  to  run  out  a 
fSsurm  by  the  old  Bearings  of  the 
deed,  none  of  the  old  fences  or  cor- 
ners hemaining.  The  full  lines  in 
the  figure  represent  the  original 
bounds  of  the  farm,  and  the  dotted 
lines  those  of  the  new  piece  of  land 
which,  starting  from  A,  he  would 
unwittmgly  run  out.  It  would  be  of 
the  same  size  and  the  same  shape  as 
the  true  one,  but  it  would  be  in  the 
wrong  place.  None  of  its  lines 
would  agree  with  the  true  ones,  and 
in  some  places  it  would  encroach  on 
one  neighbor,  and  in  other  places 
would  leave  a  gore  which  belongs  to  it,  between  itself  and  another 
neighbor.  Yet  this  is  often  done,  and  is  the  source  of  a  great  part 
of  the  litigation  among  fanners  respecting  their  "  lines.'* 


Fig.  210. 
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(321)  To  mil  ont  oM  liaes*  To  gucceed  iu  retracing  old 
lines,  proper  allowance  must  be  made  for  the  change  in  the  varia- 
tion since  the  date  of  the  original  survey.  That  date  must  first 
be  accurately  ascertsdned ;  for  the  survey  may  be  much  older  than 
the  deed,  into  which  its  bearings  may  have  been  copied  from  an 
older  one.  The  amount  and  direction  of  the  change  is  then  to  be 
ascertained  by  the  methods  of  Arts.  (SIS)  or  (S19).  The  bear- 
ings may  then  be  corrected  by  the  following  Rules. 

When  the  North  end  of  the  needle  has  been  moving  Westerly, 
(as  it  has  for  about  forty  years),  the  present  Bearings  will  be  the 
8um9  of  the  change  and  the  old  Bearings  which  were  North-East- 
erly or  South-Westerly,  and  the  differences  of  the  change  and 
the  old  Bearings  which  were  North-Westerly  or  South-Easterly. 

If  the  change  have  been  Easterly,  reverse  the  preceding  rules^ 
subtracting  where  it  is  directed  to  add,  and  adding  where  it  is 
directed  to  subtract. 

Run  out  the  lines  with  the  Bearmgs  thus  corrected. 

It  will  be  noticed  that  the  process  is  precisely  the  reverse  of 
that  in  Art.  (311).  The  rules  there  given  in  more  detail,  may 
therefore  be  used ;  Rule  1,  "  when  the  Variation  is  West,"  being 
employed  when  the  change  has  been  a  movement  of  the  N.  ead 
of  the  needle  to  the  East ;  and  Rule  2,  ^^  when  the  Variation  is 
East,"  bemg  employed  when  the  N.  end  of  the  needle  has  been 
moving  to  the  West. 

If  the  compass  has  a  Vernier,  it  can  be  set  for  the  change,  once 
for  all,  precisely  as  directed  in  Art.  (312),  and  then  the  courses 
can  be  run  out  as  given  in  the  deed,  the  correction  being  made  by 
the  instrument. 

(322)  Example.  The  following  is  a  remarkable  case  which 
recently  came  before  the  Supreme  Court  of  New-York.  The 
North  line  of  a  large  Estate  was  fixed  by  a  royal  grant,  dated  in 
1704,  as  a  due  East  and  West  line.  It  was  run  out  in  1715, 
by  a  surveyor,  whom  we  will  call  Mr.  A.  It  was  again  surveyed 
m  1765,  by  Mr.  B.  who  ran  a  course  N.  87**  80'  E.  It  was  run 
out  for  a  tiiird  time  in  1789,  by  Mr.  C,  who  adopted  the  course 
N.  86°  18'  E.    In  1845  it  was  surveyed  for  the  fourth  time  by 
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Mr.  D.  with  a  course  of  N.  88°  80'  E.  He  found  old  "  comers," 
and  ''  blazes"  of  a  former  survey,  on  his  line.  Thej  are  also  found 
on  another  line,  South  of  his.  Which  of  the  preceding  courses 
were  correct,  and  -where  does  the  true  line  lie  ? 

The  question  was  investigated  as  follows.  There  were  no  old 
records  of  variation  at  the  precise  locality,  but  it  lies  between  the 
lines  of  equal  variation  which  pass  through  New-York  and  Boston, 
its  distance  from  the  Boston  line  being  about  twice  its  distance  from 
the  New-York  line.  The  records  of  those  two  cities  (referred  to 
in  Art.  (317))  could  therefore  be  used  in  the  manner  explained 
in  Art.  (318).  For  the  later  dates,  observations  at  New-Haven 
could  serve  as  a  check.  Combining  all  these,  the  author  inferred 
the  variation  at  the  desired  place  to  have  been  as  follows : 
In  1715,  Variation  8<>  02'  West. 

In  1765,        "        60S2'     "  Decrease  since  1715,  2o  80'. 

In  1789,        "       6o  05'     "  Decrease  since  1765,  0^  27'. 

In  1845,        "       70  23'     "  Increase  since  1789,  ^  18'. 

We  are  now  prepared  to  examine  the  correctness  of  the  allowances 
made  by  the  old  surveyors. 

The  course  run  by  Mr.  B.  in  1765,  N.  87°  80'  E.  made  an 
allowance  of  2^  30'  as  the  decrease  of  variation,  agreeing  precisely 
with  our  calculation.  The  course  of  Mr.  C.  in  1789,  N.  86^  18' 
E.,  allowed  a  change  of  1°  12',  which  was  wrong  by  our  calcula- 
tion, which  gives  only  about  27',  and  was  deduced  from  three  dif- 
ferent records.  Mr.  D.  in  1845,  ran  a  course  of  N.  88^  30'  E, 
calling  the  increase  of  variation  since  1789, 2^  12'.  Our  estimate 
was  2^  18',  the  diflference  being  comparatively  small.  Our  con- 
clusion then  is  this :  the  second  surveyor  retraced  correctly  the  line 
of  the  first :  the  third  surveyor  ran  out  a  new  and  incorrect  line :  and 
the  fourth  surveyor  correcfly  retraced  the  line  of  the  third,  and  found 
his  marks,  but  this  line  was  wrong  originally  and  therefore  wrong 
now.  All  the  surveyors  ran  their  lines  on  the  supposition  that  the 
original  "  due  East  and  West  line  "  meant  East  and  West  as  the 
needle  pointed  at  the  time  of  the  original  survey. 

The  preponderance  of  the  testimony  as  to  old  land  marJcs  agreed 
with  the  results  of  the  above  reasoning,  and  the  decision  of  tb« 
court  was  in  accordance  therewith. 

14 
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Fig.  211 


In  the  above  figure  the  horizontal  and  vertical  lines  represent 
true  East  and  North  lines ;  and  the  two  upper  lines  running  from  left 
to  right  represent  the  two  lines  set  out  by  the  survejors  and  in  the 
years,  there  named. 

(S23)  Remedy  for  the  evils  of  the  Secular  change.     The 

only  complete  remedy  for  the  disputes,  and  the  uncertainty  of 
bounds,  resulting  from  the  continued  change  in  the  variation,  is 
this.  Let  a  Meridian,  i.  e.  a  true  North  and  South  line,  be  estab- 
lished in  every  town  or  county,  by  the  authority  of  the  State ; 
monuments,  such  as  stones  set  deep  in  the  ground,  being  placed  at 
each  end  of  it.  Let  every  surveyor  be  obliged  by  law  to  test  his 
compass  by  this  line,  at  least  once  in  each  year.  This  he  could 
do  as  easily  as  in  taking  the  Beariing  of  a  fence,  by  setting  his 
mstrument  on  one  monument,  and  sighting  to  a  staff  held  on  the  other. 
Let  the  variation  thus  ascertained  be  inserted  in  the  notes  of  the 
survey  and  recorded  in  the  deed.  Another  surveyor,  years  or 
centuries  afterwards,  could  test  his  compass  by  taking  the  Bearing 
of  the  same  monuments,  and  the  difference  between  this  and  the 
former  Bearing  would  be  the  change  of  variation.  He  could  thus 
determine  with  entire  certainty  the  proper  allowance  to  be  made 
(as  in  Art.  (321))  in  order  to  retrace  the  original  line,  no  matter 
how  much,  or  how  irregularly,  the  variation  may  have  changed,  or 
how  badly  adjusted  was  the  compass  of  the  original  survey.  Any 
permanent  line  employed  in  the  same  manner  as  the  meridian  line, 
would  answer  the  same  purpose,  though  less  conveniently,  and  every 
surveyor  should  have  such  a  line  at  least,  for  his  own  use.* 

•  rhia  remetly  seems  to  have  been  firet  suggested  by  Rittenhoase.  It  has  since 
been  recommemled  by  T.  Sopwith,  in  1822;  by  B.  F.  Johuson,  in  1831,  and  by 
W,  Rdberts,  of  Troy,  in  1839.  The  errors  of  re-sarveys,  in  which  ilie  change 
is  ueglectcil,  were  noticed  in  the  '*  IMjilosophical  Transactions,"  nb  long  ago  as  1679 
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TRANSIT  AND  THEODOLITE  SURVEYING: 


By  the  Third  Method. 


CHAPTER  I. 

TOE  INSTRUMENTS. 

(324)  The  Transit  and  The  Theodolite  (figures  of  which  are 
^ven  on  the  next  two  pages)  are  Goniometers j  or  Angle-Measurers. 
Each  consists,  essentially,  of  a  circular  plate  of  metal,  supported  in 
Buch  a  manner  as  to  be  horizontal,  and  divided  on  its  outer  circum- 
ference into  degrees,  and  parts  of  degrees.  Through  the  centre  of 
^his  plate  passes  an  upright  axis,  and  on  it  is  fixed  a  second  circu- 
SLT  plate,  which  nearly  touches  the  first  plate,  and  can  turn  freely 
around  to  the  right  and  to  the  left.  This  second  plate  carries  a 
Telescope,  which  rests  on  upright  standards  firmly  fixed  to  the 
plate,  and  which  can  be  pointed  upwards  and  downwards.  By 
the  combination  of  this  motion  and  that  of  the  second  plate  around 
Jts  axis,  the  Telescope  can  be  directed  to  any  object.  The  second 
plate  has  some  mark  on  its  edge,  such  as  an  arrow-head,  which 
serves  as  a  pointer  or  index  for  the  divided  circle,  like  the  hanl  of 
a  clock.  When  the  Telescope  is  directed  to  one  object,  and  then 
tamed  to  the  right  or  to  the  left,  to  some  other  object,  this  index, 
which  moves  with  it  and  passes  around  the  divided  edge  of  the 
other  plate,  points  out  the  arc  passed  over  by  this  change  of  direc- 
tion, and  thus  measures  the  angle  made  by  the  lines  imagined  to 
pass  from  the  centre  of  the  instrument  to  the  two  objects. 
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(825)  Distlnctton.  The  preceding  description  applies  to  both 
the  Transit  and  the  Theodolite.  But  an  essential  difference 
between  them  is,  that  in  the  Transit  the  Telescope  can  turn  com 
pletelj  over,  so  as  to  look  both  forward  and  backward,  while  in 
the  Theodolite  it  cannot  do  so.     Hence  the  name  of  the  Transit* 

This  capability  of  reversal  enables  a  straight  line  to  be  prolonged 
&om  one  end  of  it,  or  to  be  ranged  out  in  both  directions  from  any 
one  point.  The  Telescope  of  the  Theodolite  can  indeed  be  taken 
out  of  the  Y  shaped  supports  in  which  it  rests,  and  be  replaced 
end  for  end,  but  this  operation  is  an  imperfect  substitute  for  the 
revolution  of  the  Telescope  of  the  Transit  So  also  is  the  turtung 
half  way  around  of  the  upper  plate  which  carries  the  Telescope. 

The  Theodolite  has  a  level  attached  to  its  Telescope,  and  a  vertical 
circle  for  measuring  vertical  angles.  The  Transit  does  not  usually 
have  these,  though  they  are  sometimes  added  to  it  The  instru- 
ment may  then  be  named  a  Transit-Theodolite.  It  then  corre- 
sponds to  the  altitude  and  azimuth  instrument  of  Astronomy.  As 
the  greater  part  of  the  points  to  be  explained  are  common  to  both 
the  Transit  and  the  Theodolite,  the  descriptions  to  be  given  may 
be  regarded  as  applicable  to  either  of  the  instruments,  except  when 
the  contrary  is  expressly  stated,  and  some  point  peculiar  to  either 
is  noticed. 

(326)  The  great  value  of  these  instruments,  and  the  accuracy 
of  their  measurements  of  angles  are  due  chiefly  to  two  things ;  to 
the  Telescope,  by  which  great  precision  in  sighting  to  a  point  is 
obtained ;  and  to  the  Vernier  Sccde,  which  enables  minute  portions 
of  any  arc  to  be  read  with  ease  and  correctness.  The  former 
assists  the  eye  in  directing  the  line  of  sight,  and  the  latter  aids  it 
in  reading  off  the  results.  Arrangements  for  giving  slow  and 
steady  motion  to  the  movable  parts  of  the  instruments  add  to  the 
value  of  the  above.  A  contrivance  for  Repeating  the  observation 
of  angles  still  farther  lessens  the  unavoidable  inaccurades  of 
these  observations. 

•  It  b  ■ometimes  called  the  ''Engineers*  Transit**'  or  ''Railroad  Transit,"  to 
tfistinguish  it  from  the  Astronomical  Transit-instrument  In  this  countrj  it  has 
tlmost  entirely  supplanted  the  Theodolite. 
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The  inaccurate  division  of  the  limb  of  the  instrument  is  aisc 
averaged  and  thus  tliminished  by  the  last  arrangement.  Its  want 
of  tDi0  "^^  centring,"  is  remedied  bj  reading  oflf  on  opposite  sides 
of  the  circle. 

.  Im^rfections  m  the  parallelism  and  perpendicularity  of  the  parts 
of' tlie  instrument  in  whi^h  those  qualities  are  required,  are  cor- 
rddtod  by  various  *^  adjustments,"  made  by  the  various  screws 
wbos^  heads  appear  in  the  engravings. 

^.  The  arrangements  for  attaining  all  these  objects  render  necessary 
th/^  numerous  parts  and  apparent  complication  of  the  instrument. 
But  this  c(Hnplicataon  disappears  when  each  part  is  examined  in 
turn,  and  its.  uses  and  relations  to  the  rest  are  distinctly  indicated. 
This  we  how  propose  to  do,  after  explaining  the  engravings. 

'.  C327)  In  the  figures  of  the  instrumenta,  given  on  pages  212  and 
2X3,  the  BdxHA  letters  refer  to  both  figures,  so  far  as  the  parts  are 
eommon  to  both/  L  is  the  limb  or  divided  circle.  Y  is  the 
bdex,  or  ^^  Vernier,"  which  moves  around  it.  In  the  Transit,  only 
a  small  portion  of  the  divided  limb  is  seen,  the  upper  circle  (which 
in  it  is  the  movable  one)  covering  it  completely,  so  that  only  a 
short  piece  of  the  arc  is  visible  through  an  opening  in  the  upper 
plate.  S,  S,  are  standards,  fastened  to  the  upper  plate  and  sup- 
porting tiie  telescope,  EO.  G  is  a  compass-box,  also  fastened  to 
the  upper  plate,  c  is  a  clamp-screw,  which  presses  together  the  two 
plates,  and  prevents  one  from  moving  over  the  other,  t  is  a  tangent- 
screw,  or  slow-motion  screw,  which  gives  a  slow  and  gentle  motion 
to  one  plate  over  the  other.  C  is  a  clamp-screw  which  fastens  the 
lower  plate  to  the  body  of  the  instrument,  2^d  thus  prevents  it  from 
moraig  on  its  own  axis.  T  is  the  tangent-screw  to  give  this  part  a 
slow-motion.  P  and  P'  are  parallel  plates  through  which  pass  four 
screws,  Q,  Q,  Q,  Q,    by  which  the  circular  plate  L  is  made  level, 

*  The  arrangements  of  these  instniments  are  differently  made  by  almost  everr 
maker ;  bat  any  form  of  them  being  thoroughly  understood,  any  new  one  will 
cause  no  difficulty.  The  figure  of  the  Transit  was  drawn  from  one  made  by  W« 
Jk  Ifc  B.  Oorle]^,  of  Troy,  N.  Y.  to  the  latter  of  whom  the  Author  is  indebted  fof 
some  valuable  information  respecting  the  details  of  the  instrument.  The  Theodo 
Bis  18  of  the  favorite  Bnglish  rorm. 


A 
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as  determined  bj  the  bubbles  in  the  small  spirit  levels,  B,  B,  of 
vhich  there  are  two  at  right  angles  to  each  other. 

In  the  figure  of  the  Theodolite,  the  large  level  b,  and  the  semi- 
circle NN*  are  for  the  parposes  of  Levelling,  and  of  measarin;> 
Vertical  angles.     The;  irill  dierefore  not  be  described  in  this  place. 

(328)  As  the  vf^ue  of  either  of  these  instruments  depends 
greatly  on  the  accurate  fitting  and  bearings  of  the  tiro  concentric 
vertical  axes,  and  as  their  connection  ought  to  be  thoroughly  undo 
stood,  a  vertical  section  through  the  bodj  of  the  instrument  is 
given  in  Fig.  214,  to  half  the  real  me.     The  tapering  spindle  or 


mverted  frustum  of  a  cone,  marked  AA,  supports  the  upper  plate 
nB,  which  carries  the  index,  or  VemieraiV,  V,  and  the  Telescope. 
The  whole  bearing  of  this  plate  is  at  C,  C,  on  the  top  of  the  hollow 
inverted  cone  EE,  in  which  the  spindle  turns  freely,  but  steadily, 
I'hia  interior  position  of  the  bearings  preserves  them  from  dust 
and  injury.  This  hollow  cone  carries  the  lower  or  graduated  plate, 
«nd  it  can  itself  turn  around  on  the  bearings  D,  D,  carrying  xvith  it 
Ihe  lower  circle,  and  also  the  upper  one  and  all  above  it. 

The  Vernier  scales  Y,  Y,  are  attached  to  the  upper  plate,  but 
lie  in  the  same  plane  as  the  divisions  L,  L,  of  the  lower  plate,  (so 
that  Uio  two  can  be  riewed  together,  without  parallax,)  and  are 
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eoverod  with  glass,  to  esclade  dust  and  moisture.     In     nE.;!is 
the  figure  the  hatclungs  are  drawn  in  different  directions 
on  the  parts  which  move   with   the  Vernier,  and  on 
those  which  move  only  with  the  limb. 

(339)  The  TelescapCi  This  is  a  combination  of 
lenses,  placed  in  a  tube,  and  so  arruiged,  in  accordance 
with  the  laws  of  optJc&I  science,  that  an  image  of  any 
object  to  which  the  Telescope  may  be  directed,  is  formed 
within  the  tube,  (hj  the  rajs  of  light  coming  from 
the  object  and  bent  in  passing  through  the  objectrglass) 
and  there  magnified  by  an  Eye-glasa,  or  Eye-piece,  com- 
posed of  several  lenses.  The  arrangement  of  these  lenses 
are  very  various.  Those  two  combinations  which  are  pre- 
ferred for  surveying  instruments,  will  be  here  explained. 

Hg.  215  represents  a  Telescope  which  inverts  objects. 
Any  object  is  rendered  visible  by  every  point  of  it  send- 
ing forth  rays  of  light  in  every  direction.  In  this  figure, 
the  highest  and  lowest  points  of  the  object,  which  here  is 
&n  arrow,  A,  are  alone  conradered.  Those  of  the  rays 
proceeding  from  them,  which  meet  the  objectr-glass,  0, 
form  a  cone.  The  centre  lin*  of  each  cone,  and  its  ex- 
treme upper  and  lower  lines  are  aJone  shown  in  the 
figure.  It  will  be  seen  that  these  rays,  after  passing 
through  the  object'glass,  are  refracted,  or  bent,  by  it, 
80  as  to  cross  one  another,  and  thus  t^)  form  at  B  an 
inverted  image  of  the  object.  This  would  be  rendered 
visible,  if  a  piece  of  ground  glass,  or  other  semi-traaspar 
rent  substance,  was  placed  at  the  pcunt  B,  which  is  called 
fhefocut  of  the  object-glasa.  The  rays  which  form  this 
image  continue  onward  and  pass  through  the  two  lenses 
C  and  D,  which  act  like  one  magnifying  glass,  so  that 
the  rays,  after  being  refracted  by  them,  enter  the  eye 
at  such  angles  as  b>  form  there  a  magmfied  and  inverts 
ed  image  of  the  object.  This  combination  of  the  two 
planoH»mvex  lenses,  C  and  D,  ia  known  as  "  Ramsden's 
Ey>iaec6." 
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This  Telescope,  inverting  objects,  shows  them  upside 
down,  and  the  right  side  on  the  left.  They  can  be 
shown  erect  by  adding  one  or  two  more  lenses  as  in  the 
marginal  figure.  But  as  these  lenses  absorb  light  and  les- 
sen the  distinctness  of  vision,  the  former  arrangement  is 
preferable  for  the  glasses  of  a  Transit  or  a  Theodolite. 
A  little  practice  makes  it  equally  convenient  for  the 
observer,  who  soon  becomes  accustomed  to  seeing  his 
flagmen  standing  on  their  heads,  and  soon  learns  to 
motion  them  to  the  right  when  he  wishes  them  to  go  to 
the  left,  and  vice  versa. 

Figure  216  represents  a  Telescope  which  shows  ob- 
jects erect.  Its  eye-piece  has  four  lenses.  The  eye- 
piece of  the  common  terrestrial  Telescope,  or  spy-glass, 
has  three.  Many  other  combinations  may  be  used,  all 
intended  to  show  the  object  achromatic^y,  or  free  from 
false  coloring,  but  the  one  here  shown  is  that  most  gene- 
rally preferred  at  the  present  day.  It  will  be  seen  that 
an  inverted  imago  of  the  object  A,  is  formed  at  B,  as 
before,  but  that  the  rays  continuing  onward  are  so 
refracted  in  passing  through  the  lens  C  as  to  again 
cross,  and  thus,  after  farther  refraclfbn  by  the  lenses  D 
and  E,  to  form,  at  F,  an  erect  image,  which  is  magni- 
fied by  the  lens  G. 

In  both  these  figures,  the  limits  of  the  page  render 
it  necessary  to  draw  the  angles  of  the  rays  very  much 
out  of  proportion. 

(330)  Cross-hairs*  Since  a  considerable  field  of 
viow  is  seen  in  looking  through  the  Telescope,  it  is 
necessary  to  provide  means  for  directing  the  Une  of  sight 
to  the  precise  point  which  is  to  be  observed.  This 
could  be  effected  by  placing  a  very  fine  point,  such  as 
tbat  of  a  needle,  within  the  Telescope,  at  some  place 
where  it  could  be  distmctly  seen.  In  practice  this  fine 
point  is  obtained  by  the  intersection  of  two  very  fine 
lines,  placed  in  the  common  focus  of  the  objectrglass  and 


Fig.  216 


^▼^ 
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tA  the  eye-piece.  These  Unea  are  called  the  crott-hairs,  or  cro8»- 
wires.  Their  intersection  can  be  seen  through  the  eye-piece,  at 
the  same  time,  and  apparently  at  the  same  place,  aa  the  image  of  the 
distant  object.  The  magnifying  powers  of  the  eye-piece  will  then  de- 
tect the  slightest  deviation  from  perfect  coincidence.  "  This  spplicft- 
tion  of  the  Telescope  may  be  considered  as  completely  annihilat- 
ing that  part  of  the  error  of  observation  which  might  otherwise 
arise  from  an  erroneous  estimation  of  the  direction  in  which  an 
object  lies  from  the  observer's  eye,  or  from  the  centre  of  the  instru- 
ment. It  is,  in  fact,  the  grand  source  of  all  the  precision  of  modem 
Astronomy ,  without  which  all  other  refinements  in  instrumental  work 
maushjp  would  be  thrown  away,"  What  Sir  John  Hereehel  here 
Bays  of  its  utility  to  Astronomy,  is  equally  applicable  to  Surveying. 

The  imaginary  line  which  passes  through  the  intersection  of  thi 
cross-bturs  and  the  optical  centre  of  the  object-glaas,  is  called  the 
line  of  coUimation  of  the  Telescope.* 

The  cross-burs  are  attached  to  a  ring,  or  short  thick  tube  of 
brass,  placed  within  the  Tele-  p;-  on. 

scope  tube,  through  holes  in 
which  pass  loosely  four  screws, 
(their  heads  being  seen  at  a, 
a,  a,  in  Figs.  212  and  213), 
wboee  threads  enter  and  take 
hold  of  the  ring,  behind  or  in 
front  of  the  cross-hairs,  as 
shown  (in  front  view  and  in 
section)  in  the  two  figures  in 
ino  margin.     Their  movements  will  be  esplamed  in  Chapter  III. 

Usually,  one  cross-bur  is  horizontal,  and  thj        f    gis. 
uther  vertical,  as  in  Fig.  217,  but  sometimes  they 
are  arranged  as  in  Fig.  218,  which  b  thought  to 
enable  the  object  to  be  bisected  with  more  preci-  { 
aion.     A  horizontal  hair  is  sometimes  ailded. 

The  crosB^iurs  are  best  made  of  platinum  wire, 
drami  out  very  fine  by  being  preriously  enclosed 

•  From  Ihe  T^tin  won!  CoUimo,  or  CoUinro,  meaning  to  direct  one  lliiog  to 
ward*  Buolb«r  in  a  ilnijglil  liur,  or  lo  diid  bi.    The  Jiwp/n<a  wodIiI  eiprcM  tka 

■eSDIDg. 


220       TRASrSIT  A!«D  THEODOLITE  gVRYETMG.      Li*art  if. 

in  a  larger  wire  of  silver,  and  the  silver  then  removed  hy  nitric 
acid.  Silk  threads  from  a  cocoon  are  sometimes  used.  Spiders' 
threads  are,  however,  the  most  usual.  If  a  cross-hair  is  broken, 
the  ring  must  be  taken  out  by  removing  two  opposite  screws,  and 
inserting  a  wire  with  a  screw  cut  on  its  end,  or  a  stick  of  suitable 
size,  into  one  of  the  holes  thus  left  open  in  the  ring,  it  bebg  turned 
sideways  for  that  purpose,  and  then  removing  the  other  screws  • 
The  spider's  threads  are  tiien  stretched  across  the  notches  seen  in 
the  end  of  the  ring,  and  are  fastened  by  gum,  or  yarnish,  or  bees- 
wax. The  operation  is  a  very  delicate  one.  The  following  plan  has 
been  employed.  A  piece  of  wire  is  bent,  as  in  the  figure,  so  as  to 
leave  an  opening  a  little  wider  than  the  y*t^,  219. 

bg,  and  it  is  wound  around  the  bent  wire, 
as  in  the  figure,  the  weigjht  of  the  insect 


* 


keeping  it  tight  and  stretching  it  ready  for  use,  each  port  being 
made  fast  by  gum,  &c.  When  a  cross-hair  is  wanted,  one  of 
these  is  laid  across  the  ring  and  there  attached.  Another  method 
is  to  draw  the  thread  out  of  the  spider,  persuading  him  to  spin,  if 
he  sulks,  by  tossing  him  from  hand  to  hand.  A  stock  of  such 
threads  must  be  obtained  in  warm  weather  for  the  winter's  wants. 
A  piece  of  thin  glass,  w^itih  a  horizontal  and  a  verdcal  line  etched 
on  it,  may  be  made  a  substitute. 

(SSI)  Instmmciital  ParallaXt  This  is  an  apparent  movement 
of  the  cross-hairs  about  the  object  to  which  the  line  of  sight  is 
directed,  taking  place  on  any  slight  movement  of  the  eye  of  Uie 
observer.  It  is  caused  by  the  image  and  the  cross-hairs  not  being 
precisely  in  the  common  focus,  or  point  of  distinct  vision  of  the 
eye-piece  and  the  object  glass.  To  correct  it,  move  the  eye-piece 
out  or  in  till  the  cross-hairs  are  seen  clearly  and  sharply  defined 
against  any  white  object  Then  move  the  object  glass  in  or  <mt 
till  the  object  is  also  distinctly  seen.  The  cross-hairs  will  then 
seem  to  be  fixed  to  the  object,  and  no  movement  of  the  eye  will 
cause  them  to  appear  to  change  their  place. 
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(332)  The  milled-headed  screw  seen  at  M,  passing  into  the  tele 

Bcope  has  a  pinion  at  its  other  end  entering  a    Fig.  220. 

toothed  rack,  and  is  used  to  move  the  object  glass,   vvw^iy^Afwv' 
0,  out  and  in,  according  as  the  object  looked  at  is  %aS^ 

nearer  or  farther  than  the  one  last  observed.  Short  distances 
require  a  long  tube :  long  distances  a  short  tube. 

The  eye-piece,  E,  is  usually  moved  in  and  out  by  hand,  but  a 
similar  arrangement  to  the  preceding  is  a  great  improvement.  This 
movement  is  necessary  in  order  to  obtain  a  distinct  view  of  the 
cross-hairs.  Short-sighted  persons  require  the  eye-picce  to  be 
pushed  farther  in  than  persons  of  ordinary  sight,  and  old  or  long- 
sighted persons  to  have  it  drawn  farther  out. 

< 

(333)  Supports.  The  Telescope  of  the  li-andit  is  supported 
by  a  hollow  axis  at  right  angles  to  it,  which  itself  rests  at  each  end, 
on  two  upright  pieces,  or  standards,  spreading  at  their  bases  so  as 
to  increase  their  stability.  In  the  Theodolite,  the  telescope  rests 
at  each  end  in  forked  supports,  called  Y^i  from  their  shape. 
These  Y^  are  themselves  supported  by  a  cross-bar,  which  is  car- 
ried by  an  axis  at  right  angles  to  it  and  to  the  telescope.     This 

axis  rests  on  standards  similar  to  those  of  the  Transit.     The  Tele* 

« 

scepe  of  the  Theodolite  can  be  taken  out  of  the  Ys,  and  turned 
^^  end  for  end."  This  is  not  usual  in  the  Transit.  Either  of  the 
above  arrangements  enables  the  Telescope  to  be  raised  or  depresses] 
80  as  to  suit  the  height  of  the  object  to  which  it  is  directed.  A 
telescope  so  disposed  is  called  a  ^^  plunging  telescope." 

In  some  instruments  there  is  an  arrangement  for  raising  or  low- 
ering one  end  of  the  axis.  This  is  sometimes  required  for  reasons 
to  be  given  in  connection  with  ^^  Adjustments." 

(831)  The  Indexes*  The  supports,  or  standards,  of  the  telescope 
just  described  are  attached  to  the  upper,  or  index-carrying  circle.* 
This,  as  has  been  stated,  can  turn  freely  on  the  lower  or  graduated 
circle,  by  means  of  its  conical  axis  moving  in  the  hollow  conical 
of  the  latter  circle.     This  upper  circle  carries  the  index,  V, 


*  In  tome  iMtranients  this  circle  is  the  under  one.    lu  CMir  figures  it  is  the  u[ipe» 
OPe«  and  wo  will  therefofv  always  speak  of  it  as  stick. 
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AYhich  is  an  arrow-head  or  other  mark  on  its  edge,  or  tiiie  zero-point  of 
a  Vernier  scale.  There  are  usually  two  of  these,  situated  exactly 
opposite  to  each  other,  or  at  the  extremities  of  a  diameter  of  the 
upper  circle,  so  that  the  readings  on  the  graduated  circle  pointed  out 
by  them  diflFer,  if  both  are  correct,  exactly  180°.  The  object  of  this 
arrangement  is  to  correct  any  error  of  eccentricity y  arising  from  the 
centre  of  the  axis  which  carries  the  upper  circle,  (and  with  which  it 
uid  its  index  pointers  turn),  not  being  precisely  in  the  centre  of  the 
graduated  curcle.    In  the  figure,  let  C  **»?•  221. 

be  the  true  centre  of  the  graduated  cir- 
cle, but  C^  the  centre  on  which  the  plate 
carrying  the  indexes  turns.  Let  AG'B 
represent  the  direction  of  a  sight  taken 
to  one  object,  and  D'C'E'  the  direction 
when  turned  to  a  second  object.  The 
angle  subtended  by  the  two  objects  at 
the  centre  of  the  instrument  is  requir- 
ed. Let  DE  be  a  line  passing  through  C,  and  parallel  to  D'E'. 
The  angle  ACD  equals  the  required  angle,  which  is  therefore  truly 
measured  by  the  arc  AD  or  BE.  But  if  the  arc  shown  by  the 
index  is  read,  it  will  be  AD'  on  one  side,  and  BE'  on  the  other ; 
the  first  being  too  small  by  the  arc  DD'  and  the  other  too  large  by 
the  equal  arc  EE'.  If  however  the  hal^um  of  the  two  arcs  AD' 
and  BE'  be  taken,  it  will  equal  the  true  arc,  and  therefore  correctiy 
measure  the  angle.  Thus  if  AD'  was  19°,  and  BE'  21°,  their 
half  sum,  20*^,  would  be  the  correct  angle. 

Three  indexes,  120^  apart,  are  sometimes  used.  They  have  tii^ 
advantage  of  averaging  the  unavoidable  inaccuracies  and  inequali 
ties  of  graduation  on  different  parts  of  the  limb,  and  thus  diminish 
ing  their  effect  on  the  resulting  angle. 

Four  were  used  on  the  large  Theodolite  of 
the  English  Ordnance  Survey,  two,  A  and  B, 
opposite  to  each  other,  and  two,  C  and  D,  120° 
from  A  and  from  each  other.  The  half-sum  or 
arithmetical  mean,  of  A  and  B  was  taken,  then 
the  mean  of  A,  0,  and  D,  and  then  the  mean 
of  these  ^wo  means.     But  this  was  wrong,  for 
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it  gave  too  great  value  to  the  reading  of  A,  and  also  to  B,  though 
in  a  less  degree ;  since  the  share  of  each  Vernier  in  the  final  mean 
was  as  follows:  A=  5,B  =  3,  G  =  2,D  =  2.    This resultsfrom 

I.                    r^i..                ,/A  +  B,A+C  +  I)\ 
the  expression  for  that  mean,  =  ^  • — - —  + ^ 1  =  ^^ 

(6  A  +  3  B  +  2  C  +  2  D). 

(S3$)  The  graduated  circlet  This  is  divided  into  three  hun« 
dred  and  sixtj  equal  parts,  or  Degrees,  and  each  of  these  is  sub- 
divided into  two  or  three  parts  or  more,  according  to  the  size  of  the 
instrument.  In  the  first  case,  the  smallest  divbion  on  the  circle  will 
of  course  be  30';  in  the  second  case  20^  More  precise  reading,  to 
single  minutes  or  even  less,  is  effected  by  means  of  the  Vernier  of 
the  index,  all  the  varieties  of  which  will  be  fullj  explained  in  the 
next  chapter.  The  numbers  run  firom  0^  around  to  360^,  which 
number  is  necessarily  at  the  same  point  as  the  0,  or  zero-point* 
Each  tenth  degree  is  usually  numbered,  each  fifth  degree  is  distin- 
guished by  a  longer  line  of  division,  and  each  degree-division  line 
is  longer  than  those  of  the  sub-divisions.  A  magnifying  glass  is 
needed  for  reading  the  divisions  with  ease.  In  the  Theodolite 
engraving  this  is  shown  at  m.  It  should  be  attached  to  each 
Vernier. 

(336)  RIOTeiieiltSt  When  the  line  of  sight  of  the  telescope  is 
directed  to  a  distant  well-defined  point,  the  unaided  hand  of  the 
observer  cannot  move  it  with  sufficient  delicacy  and  precision  to 
make  the  mtersection  of  the  cross  hairs  exactly  <:over  or  '^ bisect" 
that  point.  To  effect  this,  a  clamp,  and  a  Tangent,  or  slow-motion, 
screw  are  required.  This  arrangement,  as  appUed  to  the  move- 
ment of  the  upper,  or  Vernier  plate,  consists  of  a  short  piece  of 
brass,  D,  which  is  attached  to  the  Vernier  plate,  and  through 
which  passes  a  long  and  fine-threaded  ^^  TangentHScrew,"  t>  The 
other  end  of  this  screw  enters  into  and  carries  the  clamp.  This 
oonsists  of  two  pieces  of  brass,  which,  by  turning  the  clamp-screw 
Cj  which  passes  through  them  on  the  outside,  can  be  made  to  take 

*  In  lomo  instraroents  there  is  aDother  concentric  circle  on  wiiich  the  degieef 
•re  also  numbered  from  0^  to  90«  as  on  the  compass  circle. 
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hold  of  and  pinch  tighUy  the  edge  of  the  lower  circle,  which  lies 
between  them  on  the  inside.  The  upper  circle  is  now  prevented 
from  moving  on  the  loTver  one ;  for,  the  tangent-screw,  passing 
through  hollow  screws  in  both  the  clamp  and  the  piece  D,  keeps 
them  at  a  fixed  distance  apart,  so  that  they  cannot  move  to  or  from 
one  another,  nor  consequently  the  two  circles  to  which  they  are 
respectively  made  fast.  But  when  tliis  tangent-screw  is  turned  by 
its  milled-head,  it  gives  the  clamp  and  with  it  the  upper  plate  a 
smooth  and  slow  motion,  backward  or  forward,  whence  it  is  called 
the  "  Slow  motion  screw,"  as  well  as  "  Tangent-flcrew,"  from  the 
direction  in  which  it  acts.  It  is  always  placed  at  the  south  end 
of  the  compass-box. 

A  little  different  arrangement  is  employed  to  give  a  similar 
motion  to  the  lower  circle  (which  we  have  hitherto  regarded  as 
immovable)  on  the  body  of  the  instrument.  Its  axis  is  embraced 
by  a  brass  ring,  into  which  enters  another  tangent-screw,  which 
also  passes  through  a  piece  fastened  to  the  plate  P.  The  clamp- 
screw,  C,  causes  the  ring  to  pinch  and  hold  immovably  the  axis  of 
the  lower  circle,  while  a  turn  of  the  Tangent^crew,  T,  will  slowly 
move  the  clamp  ring  itself,  and  therefore  with  it  the  lower  circle. 
When  the  clamp  is  loosened,  the  lower  circle,  and  with  it  every 
thing  above  it,  has  a  perfectiy  free  motion.  A  recent  improvement 
is  the  employment  for  this  purpose  of  two  tangent  screws,  pressing 
against  opposite  sides  of  a  piece  projecting  from  the  clamp-ring. 
One  is  tightened  as  the  other  is  loosened,  and  a  very  steady  mo- 
tion is  thus  obtained. 

(337)  Levels*  Since  the  object  of  the  instrument  is  to  measure 
horizontal  angles,  the  circular  plate  on  which  they  are  measured 
must  itself  be  made  horizontal.  Whether  it  is  so  or  not  is  known 
by  means  of  two  small  levels  placed  on  the  plate  at  right  angles  to 
each  other.  Each  consists  of  a  glass  tube,  slightiy  curved  upward 
in  its  middle  and  so  nearly  filled  with  alcohol,  that  only  a  small 
bubble  of  air  is  left  in  the  tube.  This  always  rises  to  the  highest 
part  of  the  tubes.  They  are  so  "adjusted"  (as  will  be  explained 
in  chapter  III)  that  when  this  bubble  of  air  is  in  the  middle  of 
the  tubes,  or  its  ends  equidistant  from  the  central  mark,  the  {dale 
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on  which  they  are  fastened  shall  he  level,  which  way  soever  it  may 
be  turned. 

The  levels  are  represented  in  the  figure  of  the  Trannt,  on  page 
212,  as  being  under  the  plate.  They  are  sometimes  placed  above 
it.  In  that  case,  the  Verniers  are  moved  to  one  side,  between  the 
feet  of  the  standards,  and  one  of  the  levels  is  fixed  between  the 
standards  above  one  of  the  Verniers,  and  the  other  on  the  plate  at 
the  south  end  of  the  compass-box. 

(338)  Parallel  PlateSt    lo  nuse  or  lower  either  side  of  the 

circle,  so  as  to  bring  the  bubbles  into  the  centres  of  the  tubes, 

requires  more  gentle  and  steady  movements  than  the  unaided  hands 

can  give,  and  is  attuned  by  the  Parallel  Plates  P,  P',  (so  called 

because  they  are  never  parallel  except  by  accident),  and  their 

four  screws  Q,  Q,  Q,  Q,  which  hold  the  plates  firmly  apart,  and,  by 

being  turned  in  or  out,  nuse  or  lower  one  side  or  the  other  of  the 

upper  plate  P',  and  thereby  of  the  graduated  circle.     The  two 

plates  are  held  together  by  a  ball  and  socket  joint.     To  level  the 

instrument,  loosen  the  lower  clamp  and  turn  the  circle  till  each 

level  is  parallel  to  the  vertical  plane  passing  through  a  pair  of 

opposite  screws.     Then  take  hold  of  two  opposite  screws  and  turn 

them  simultaneously  and  equally,  but  in  contrary  directions,  screw- 
Fig.  223. 


ing  one  in  and  the  other  out,  as  shown  by  the  arrows  in  the  figures. 
A  rule  easily  remembered  is  that  both  thumbs  must  turn  in,  or  both 
out.  The  movements  represented  in  the  first  of  these  figures  would 
raise  the  left-hand  side  of  the  circle  and  lower  the  right-hand  side. 
The  movements  of  the  second  figure  would  produce  the  reverse 
effect.  Care  is  needed  to  turn  the  opposite  screws  equally,  so  that 
Ihey  shall  not  become  so  loose  that  the  instrument  will  rock,  or  so 
tight  as  to  be  cramped.  When  this  last  occurs,  one  of  the  other 
pur  should  be  loosened. 

15 
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Sometimes  one  of  each  pair  of  the  screws  is  replaced  b;  a  strong 
spring  against  which  the  remaining  screws  act. 

The  French  and  Gennan  instruments  are  usuallj  supported  bv 
only  three  screws.  In  such  cases,  one  level  is  brought  parallel  to 
one  pair  of  screws  and  levelled  bj  (hem,  and  the  other  level  has 
its  bubble  brought  to  its  centre  bj  the  third  screw.  If  there  is 
only  one  level  on  the  instrument,  it  is  first  brought  parallel  tc  one 
pair  of  screws  and  levelled,  and  is  then  turned  one  quarter  around 
BO  as  to  be  perpendicular  to  them  and  over  the  third  screw,  and  the 
operation  is  repeated. 

(339)  Watch  Telescope^  A  second  Telescope  is  sometimes 
attached  to  the  lower  part  of  the  instrument.  When  a  number  of 
angles  are  to  be  observed  from  any  one  station,  direct  the  upper 
and  principal  Telescope  to  the  first  object,  and  then  direct  the 
lower  one  to  any  other  well-defined  point.  Then  make  all  the 
desired  observations  with  the  upper  Telescope,  and  when  they  are 
finished,  look  again  through  the  lower  one,  to  see  that  it  and  there- 
fore the  divided  circle  has  not  been  moved  by  the  movements  of 
(he  Vernier  plate.  The  French  call  this  the  Witness  Telescope^ 
(^Lunette  temoin). 

(310)  The  CompasSi  Upon  the  upper  plate  is  fixed  a  compass. 
Its  use  has  been  fully  explained  in  Part  III.  It  is  little  used  in 
connection  with  the  Transit  or  Theodolite,  which  are  so  incompara- 
bly more  accurate,  except  as  a  "  check,"  or  rough  test  of  the 
accuracy  of  the  angles  taken,  which  should  about  equal  (he  difier- 
ence  of  the  magnetic  bearings.  Its  use  will  be  farther  noticed  in 
Chapter  IV,  on  "  Field  Work." 

(311)  The  Snireyor's  Transit.  In  this  instrument  (so 
named  by  its  introducers,  Messrs,  Gurley,  and  shown  in 
Fig.  224),  the  Vernier-plate,  which  carries  the  standards 
and  telescope,  is  'under  the  plate  which  carries  the  grad- 
uated circle,  and  the  compass  is  attached  to  the  latter. 
By  this  arrangement,  when  the  Vernier  is  set  at  any  angle, 
the  line  of  sight  of  the  telescope  will  make  that  angle  with 
the  K".  and  S.  lines  of  the  compass.  Consequently,  thia 
instrument  can  be  used  precisely  like  the  Vernier  compau 
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to    allow  for  magnet-  ' 

ic  variation,  and   thus 

to  nm  out  a  line  with 

true  bearings,  as  in  Art. 

(312),  or  to  ran  out  old 

lines,  allowing  for  the 

secular  variation,  as  in 

Art.  (»I). 

The  instrument  may 
also  be  used  like  the 
common  Engineer's 
Transit.  The  compass, 
however,  will  then  not 
give  the  bearings  of  the 
lines  surveyed,  but  they 
can  easily  be  deduced 
from  that  of  any  one 
line. 


(342)  G«niasmometre.  A  very  compact  in-  f*s-  ^^i< 
stmment  to  which  the  above  name  has  been 
given  in  France,  where  it  is  much  used,  is  shomi 
in  the  figrire.  'I"he  upper  half  of  the  cylinder  is 
movable  on  its  lower  half.  The  observations 
may  be  taken  through  the  slits,  as  in  the  Survey- 
or's Cross,  or  a  Telescope  may  be  added  to  it. 
Readings  may  be  taken  both  from  the  compass, 
and  from  the  divided  edge  of  the  lower  half  of 
the  cylinder,  by  means  of  a  Vernier  on  the 
upper  half." 

*  Tlie  proper  cure  of  imlrumeiils  mail  not  be  overlooteil. 
If  varnitlieiT,  tliey  bIiouU  ba  wijied  gently  wilh  fine  anil 
cleaa  lini^n.  If  polithEj  with  oil,  ihey  ahoDld  be  robbni 
more  itronalj.  Tlis  paru  neillier  vamiiheil  nor  ailed,  should 

be  cleaned  wilh  Sjimiish  white  and  alcohol.  Varnished  wood,  when  spoUul. 
■honld  bo  wiped  with  very  aoft  linen,  moiitened  wilh  a  liltleoliveoil  orshohoL 
UDpainteU  wood  ii  cleaned  with  »and-poper.  Apply  olive  oil  where  Meel  ruin 
szBintt  brasa;  and  wax  softened  by  tallow  where  Lrasi  rabi  against  brass— - 
oilman  ihe  glasics  with  kid  or  buck  aliiu.     Wash  lliem,  if  dirtied,  with  alcohol. 
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CHAPTER  11. 


TEMIERS. 

(S13)  DeflllitiOB*  A  Vernier  is  a  contrivance  for  measuring 
smaller  portions  of  space  than  those  into  ^hich  a  line  is  actoallj 
divided.  It  consists  of  a  second  line  or  scale,  movable  bj  the  side 
of  the  first,  and  divided  into  equal  parts,  ^hich  are  a  very  litUe 
shorter  or  longer  than  the  parts  into  which  the  first  line  is  divided. 
This  small  difference  is  the  space  which  we  are  tlius  enabled  to 
•measure.*  ^ 

The  Yemier  scale^  usually  constructed  by  taking  a  length 
equal  to  any  number  of  parts  on  the  divided  line,,  and  then  dividing 
this  length  into  a  number  of  equal  parts,  one  more  or  one  less  than 
the  number  into  which  the  same  length  on  the  original  line  is  di- 
vided. 


(S44)  IllflStrattOBf  The  figure  repres^ts  (to  twice  the  real 
siae)  a  scale  of  inches  divided  into  tenths,  with  a  Vernier  scale 
beside  it,  by  which  hundredths  of  an  inch  can  be  measured.    The 

Fig.  225. 
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Vernier  is  made  by  setting  off  on  it  9  tenths  of  an  inch,  and  divid* 
ing  that  length  into  10  equal  parts.  Each  space  on  ihe  Vernier 
IS  therefore  equal  to  a  tenth  of  nine-tenths  of  an  inch,  or  to  nine- 
hundredths  of  an  inch,  and  is  consequently  one-hundredth  of  an 
inch  shorter  than  one  of  the  divisions  of  the  original  scale.    The 

•  The  Vernier  is  so  named  from  its  inventor,  in  1631.  The  name  "  Nonius," 
«^len  improperly  given  to  it,  belongs  to  an  entirely  diffi;rent  contrivance  for  a 
similar  ouject. 
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first  space  of  the  Yemier  will  therefore  fall  short  of,  or  be  over- 
lapped  bj,  the  first  space  on  the  scale  bj  this  one-hundredth  of  an 
inch ;  the  second  space  of  the  Vernier  will  fall  short  by  two-hun 
dredths  of  an  inch;  and  so  on.  If  then  the  Vernier  be  moved  up 
bj  the  side  of  the  origmal  scale,  so  that  the  line  marked  1  coin- 
cides, or  forms  one  straight  line,  with  the  line  of  the  scale  which 
was  just  above  it,  we  know  that  the  Vernier  has  been  moved  one* 
hundredth  of  an  inch.  If  the  line  marked  2  comes  to  coincide 
with  a  line  of  the  scale,  the  Vernier  has  moved  up  two-hundredths 
o£  an  inch ;  and  so  for  other  numbers.    K  the  position  of  the 

Fig.  3S6. 
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Vernier  be  as  in  this  figure,  the  line  marked  7  on  the  Vernier 
corresponding  with  some  line  on  the  scale^  the  zero  Ime  of  the 
Vernier  is  7  hundredths  of  an  inch  above  the  division  of  the  scale 
next  below  this  zero  Ime.  If  this  division  be,  as  in  the  figure. 
8  inches  and  6  tenths,  the  reading  will  be  8.67  inches.* 

A  Vernier  like  this  is  used  on  some  levelling  rods,  being  engraved 
on  the  sides  of  the  opening  in  the  part  of  the  target  above  its 
middle  line.  The  rod  being  divided  into  hundredths  of  a  foot,  this 
Vernier  reads  to  thousandths  of  a  foot.  It  is  also  used  on  some 
French  Mountain  Barometers,  which  are  divided  to  hundredths  of 
t  metre^  and  thus  read  to  thousandths  of  that  unit. 

(345)  Ceieral  lnleSt  To  find  what  any  Vernier  reads  tOy 
L  e.  to  determine  how  small  a  distance  it  can  measure^  observe 
how  many  parts  on  the  original  line  are  equal  to  the  same  number 
increased  or  diminished  by  one  on  the  Vernier,  and  divide  the 


*  The  atadent  will  do  well  to  draw  >ach  a  scale  and  Vernier  on  two  slips  of 
thick  paper,  and  move  one  beside  the  other  till  he  can  read  them  ia  any  pouible 
position ;  and  sa  with  the  following  Verniers. 
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length  of  a  part  on  the  original  line  by  this  last  ntimber.     It  linll 
give  the  required  distance.* 

To  read  ant/  Vernier^  firstly,  look  at  the  zero  line  of  the  Ver 
nier,  (which  is  sometimes  marked  by  an  arrow-head),  and  if  it 
coincides  with  any  division  of  the  scale,  that  will  be  the  correct 
leading,  and  the  Yemier  divisions  are  not  needed.  But  if,  as 
usually  happens,  the  zero  line  of  the  Vernier  comes  between  any 
two  divisions  of  the  scale,  note  the  nearest  next  less  division  on  ihe 
scale,  and  then  look  along  the  Vernier  till  you  come  to  some  line 
on  it  which  exactly  coincides,  or  forms  a  straight  line,  with  some 
line  (no  matter  which)  on  the  fixed  scale.  The  number  of  this 
line  an  the  Vernier  (the  7th  in  the  last  figure)  tells  that  so  many 
of  the  sub-divisions  which  the  Vernier  indicates,  are  to  bo  added  to 
the  reading  of  the  entire  divisions  on  the  scale. 

When  several  lines  on  the  Vernier  appear  to  coincide  equally 
with  lines  of  the  scale,  take  the  middle  line. 

When  no  line  coincides,  but  one  line  on  the  Vernier  is  on  one 
side  of  a  line  on  the  scale,  and  the  next  line  on  the  Vernier  is  as 
far  on  the  other  side  of  it,  the  true  reading  is  nudway  between  those 
indicated  by  these  two  lines. 

(316)  Retrograde  Yemierst  The  spaces  of  the  Vernier  in 
modem  instruments,  are  usually  each  shorter  than  those  on  the  scale, 
a  certain  number  of  parts  on  the  scale  being  divided  into  a  larger 
number  of  parts  on  the  Vemier.f  In  the  contrary  case^f  there  is 
the  inconvenience  of  being  obliged  to  number  the  lines  of  the  Ver- 
nier and  to  count  their  coincidences  with  the  lines  of  the  scale,  in 
a  retrograde  or  contrary  direction  to  that  in  which  the  numbers  on 
tlie  scale  run.   We  will  call  such  arrangements  retrograde  Veniiers. 

*  In  Algebraic  laoffuage,  let  «  equal  the  length  of  one  part  on  the  origiDal  linei 
and  V  the  unknown  length  of  one  patt  on  the  Vernier.     Let  m  of  the  Tormer  ^ 
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(847)  Illiistration.  In  this  figure,  the  scale,  as  before,  repre* 
gents  (to  twice  the  real  size)  inches  divided  into  tenths,  but  the 
Vernier  is  made  bj  dividing  11  parts  of  the  scale  into  10  eqoai 

Fig.  227. 
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parts,  each  of  which  is  therefore  one-tenth  of  eleven-tenths  of  ai 
inch,  i.  e.  eleven-hundredths  of  an  inch,  or  a  tenth  and  a  hun- 
dredth. Each  space  of  the  Vernier  therefore  overlaps  a  space  on 
the  scale  by  one-hnndredth  of  an  inch.  The  manner  of  reading 
this  Vernier  is  the  same  as  in  the  last  one,  except  that  the  numbers 
ran  in  a  reverse  direction.     The  reading  of  the  figure  is  80.16. 

This  Vernier  is  the  one  generallj  applied  to  the  common  Baro- 
meter, the  zero  point  of  the  Vernier  being  brought  to  the  level  of 
the  top  of  the  mercury,  whose  height  it  then  measures.  It  is  also 
employed  for  levelling  rods  which  read  downwards  from  the  middle 
of  the  target. 


(318)  The  figure  below  represents  (to  double  size)  the  usual 
scale  of  the  English  Mountain  Barometer.*  The  scale  is  first 
divided  into  inches.     These  are  subdivided  into  tentl\3  by  the 
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*  Tfaii  iSgare,  and  others  in  this  chapter,  are  from  Bree's  *'  Present  Praclice.' 
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longer  lines,  and  the  shorter  lines  agtun  divicld  thqse  into  half 
tenths,  or  to  5  hundredths.  24  of  these  smaller  parts  are  set  off 
on  the  Vernier,  and  divided  into  25  equal  parts,  6ach  of  which  ia 

"  =  .048  inch,  and  is  shorter  than  a  division 


therefore  = 


25 


cf  the  scale  by  .050  —  .048  =  .002,  or  two  thousaad^  of  an  inch, 
a  twenty-fifth  part  of  a  division  on  the  scale,  to  which  minuteness 
;he  Vernier  can  therefore  read.  The  reading  in.  the 'figure  is 
i  0.686,  (80.65  by  the  scale  and  .036  by  the  Vernier),  the  dotted 
line  marked  D  showing  where  the  coincidence  takes  placje. 

(S49)  Circle  ilvlded  Into  degrees.  The  Mowkig  illustra^ 
lions  apply  to  the.  measurements  of  angles,  the  ci^le  being  vari- 
ously divided.  In  this  article,  the  circle  is  supposed  to  l$e  divided 
into  degrees. 

K  6  spaces  on  the  Vernier  are  found  to  be  e^ual  to  5  on  the 
circle,  the  Vernier  can  read  to  one-sixth  of  a  space  on  the  circle, 
i.  e.  to  10'. 

K  10  spaces  on  the  Vernier  are  equal  to  9  on  the  circle,  the 
Vernier  can  read  to  one-tenth  of  a  space  on  the  circle,  i.  e.  to  6^ 

If  12  spaces  on  the  Vernier  are  equal  to  11  on  the  circle,  the 
Vernier  can  read  to  one-twelfth  of  a  space  on  the  circle,  i.  e*  to  b\ 

Fig.  229. 
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The  above  figure  shows  such  an  arrangement.  The  index,  or 
■ero,  of  the  Vermer  is  at  a  point  beyond  858^,  a  certain  distance, 
which  the  coincidence  of  the  third  line  of  the  Vernier  (as  indicated 
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bj  the  dotted  and  crossed  line)  shows  to  be  15'.  The  whole  read- 
ing is  therefore  358°  15'. 

J£  20  spaces  on  the  Vernier  are  equal  to  19  on  the  circle,  the 
Vernier  can  read  to  one-twentieth  of  a  d/yision  on  the  circle, 
i.  e.  to  8^  English  compasses,  or/^  Circumferentors,'^  are  some- 
times thus  arranged. 

J£  60  spaces  on  the  Vernier  are  equal  to  59  on  the  circle,  the 
Vernier  can  read  to  onoHsiztieth  of  a  divbion  on  the  circle,  i.  e.  to  1\ 

(S50)  Circle  diylded  to  S9\  Such  a  graduation  is  a  very 
common  one*    The  Vernier  may  be  variously  constructed. 

Suppose  30  spaces  on  the  Vernier  to  be  equal  to  29  on  the 

circle.     Each  space  on  the  Vernier  will  be  =  — ^ —  =  29', 

and  will  therefore  be  less  than  a  space  of  the  circle  by  1',  to  which 
the  Vernier  will  then  read. 

Fi^'.  230. 


The  above  figure  shows  this  arrangement.  The  reading  is  O^y 
or  360^ 

In  the  following  figure,  the  dotted  and  crossed  line  shows  what 
divisions  coincide,  and  the  reading  is  20''  10' ;  the  Vernier  bemg 
the  same  as  in  the  preceding  figure,  and  its  zero  being  at  a  point 
of  the  circle  10'  beyond  20°. 


284       TRANSIT  AHD  THEODOLITE  SURVEflNG.      [pam  it. 


rig.  S31. 


)k 


]0 


X 


In  the  following  figure,  the  reading  is  20°  40',  the  index  being 
at  a  pomt  beyond  20^  30',  and  the  additional  space  being  shown 
by  the  Vernier  to  be  10'. 

Fig.  S32. 
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Sometimes  80  spaces  on  the  Vernier  are  equal  to  31  on  the  circle. 

3-1  X  30' 
Each  space  on  the  Vernier  i^ill  therefore  be  =  — — r —  =  31',  and 

will  be  longer  than  a  space  on  the  circle  by  1',  to  which  it  will 
therefore  read,  as  in  the  last  case,  but  the  Vernier  will  be  '^  retro- 
grade."   This  is  the  Vernier  of  the  compass,  Fig.  148.    The  pecu- 
liar manner  in  which  it  is  there  applied  is  shown  in  Fig.  239. 
If  15  spaces  on  the  Vernier  are  equal  to  16  on  the  circle,  each 

16  X  30' 
space  on  the  Vermer  will  be  =  — j-r —  =  32',  and  the  Vernier 

will  therefore  read  to  2'. 


(S51)  Circle  41?Med  to  20'.     If  20  spaces  on  the  Vernier 

are  equal  to  19  on  the  circle,  each  space  of  the  latter  will  be  =3 

19  X  20' 

— ^ —  =  19',  and  the  Vernier  will  read  to  20'  — 19'  =  1'. 

If  40  spaces  on  the  Vernier  are  equal  to  41  on  the  circle,  each 

41  X  20' 
space  on  the  Vernier  will  be  =  — jt =  20  J' ;  and  the  Ver- 
nier will  therefore  read  to  20J'  —  20'  =  30".  It  wiU  be  retro- 
grade.  In  the  following  figure  the  reading  is  360°,  or  0^  ;  and  it 
will  be  seen  that  the  40  spaces  on  the  Vernier  (numbered  to  whole 
Dunutes)  are  equal  to  13°  40'  on  the  limb,  i.  e.  to  41  spaces,  each 
of  20'. 

Fig.23a. 


If  60  spaces  on  the  Vernier  are  equal  to  59  on  the  circle,  each 

59  X  20' 
of  the  former  will  be  =  — gg —  =  19'  40",  and  the  Vernier 
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will  therefore  read  to  20'  — 19'  40"  —  20".  The  following  figure 
ehows  such  an  arrangement.  The  reading  in  that  position  woold 
be  40»  46'  20". 

Fur.  S34. 
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(352)  Circle  4iTlie4  t*  15'.    If  60  spaces  on  the  Vernier  are 
equal  to  59  on  the  circle,  each  space  on  the  Vernier  will  be  =s 

^„       =  14'  45",  and  the  Vernier  will  read  to  15".    In  the 

{bllowing  figure  the  reading  is  10^  20'  45'',  the  index  pointing  to 
10^  15'y  and  something  more,  which  the  Vernier  shows  to  be  5'  45' 

Fig.  235. 
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(S5S)  Circle  ihiUi  (•  Kf.  IT  60  spacea  od  the  Vcnuer  bs 
equal  to  59  on  the  limb,  the  Vender  will  read  to  10".  In-  the 
followmg  figure,  the  reading  ia  7'*  25'  40",  the  reading  on  the 
<rircle  being  T*  20',  and  the  Vernier  shoving  the  remuiung  space 
to  be  6'  40". 

Fig.  2». 
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(351)  RfadlDfT  backwards.  When  an  index  carrying  a  Ver- 
nier is  moTed  backwards,  or  in  a  contrary  direction  to  that  in 
wbicb  the  numbers  on  the  circle  run,  if  we  wbh  to  read  the  space 
which  it  has  passed  over  in  this  direction  from  the  zero  point,  the 
Vernier  must  be  read  backwards,  (i.  e.  the  highest  number  be 
ciJled  0),  or  its  actual  reading  must  be  subtracted  from  the  ralue 
of  Hie  smallest  space  on  the  circle.  The  reason  is  plwi ;  for, 
since  the  Vernier  shows  how  far  the  index,  moving  in  one  direo 
tion,  has  gone  past  one  division  line,  the  distance  which  it  »  from 
the  next  divi^oD  line  (which  it  may  be  supposed  to  have  passed, 
moring  in  a  contrary  direction),  will  be  the  difference  between  the 
reading  and  the  value  of  one  space. 

Thus,  in  Fig.  229,  page  232,  the  reading  ia  358°  15'.  But, 
counting  backwards  from  the  S60°,  or  zero  point,  it  b  1'  45'. 

Caution  on  this  point  is  particularly  necessary  in  uung  nwOI 
angles  <^  defiectitw  for  rulroad  curves. 
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(355)  Arc  of  excess*  *  On  the  sextant  and  similar  instru- 
ments, tihe  divi^ons  of  the  liml)  are  carried  onward  a  short  distance 
beyond  the  zero  point.  This  portion  of  the  limb  is  called  the  *^  Arc 
of  excess."  When  the  index  of  the  Vernier  points  to  this  arc,  the 
reading  must  be  made  as  explained  in  the  last  article.  Thus,  in 
the  figure,  the  realmg  on  the  arc  from  the  zero  of  the  limb  to  the 

Fie.  ^3" 
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zero  of  the  Vernier  is  4^  20',  and  something  more^  and  the  reading 
of  the  Vernier  fi-om  10  towards  to  the  right,  where  the  lines  coin- 
cide, is  3'  20",  (or  it  is  10'  —  6'  40"  =  3'  20"),  and  the  entire 


reading  is  therefore  4°  28'  20". 


(S5S)  Doable  Verniers*  To  avoid  the  inconveniences  of  read- 
ing backwards,  double  Verniers  are  sometimes  used.  The  figure 
below  shows  one  applied  to  a  Transit.     Each  of  the  Verniers  is 
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like  the  one  described  in  Art.  (350),  Figs.  230,  231,  and  232. 
When  the  degrees  are  counted  to  the  left,  or  as  the  numbers  run, 
as  is  usual,  the  leflrhand  Vernier  is  to  be  read,  as  in  Art.  (S50)  ; 
but  when  the  degrees  are  counted  to  the  right,  from  the  360^  lme« 
the  right-hand  Vernier  is  to  be  used. 


(357)  Compass-Temieff     Another  form  of  double  Vernier, 
often  applied  to  the  compass,  is  shoTm  in  the  following  figure.    The 

Fig.  239. 
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limb  is  divided  to  half  degrees,  and  the  Vernier  reads  to  minutes, 
80  parts  on  it  being  equal  to  31  on  the  limb.  But  the  Vernier  is 
only  half  as  long  as  in  the  previous  case,  going  only  to  15',  the 
upper  figures  on  one  half  being  a  sort  of  continuation  of  the  lower 
figures  on  the  other  half.  Thus  in  moving  the  index  to  the  right, 
read  the  lower  figures  on  the  left  hand  Vernier  (it  being  retro- 
grade) at  any  coincidence,  when  the  space  passed  over  is  less  than 
15' ;  but  if  it  be  more,  read  the  upper  figures  on  the  right  hand 
Vernier :  and  viee  versa. 
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ADJUSTMENTS. 

(358)  The  purpoeeB  for  which  the  Transit  and  Theodolite  (as  well 
as  most  sorvejing  and  astronomical  instruments)  are  to  be  used, 
require  and  presuppose  certain  parts  and  Imes  of  the  instrument 
to  be  placed  in  certain  directions  with  respect  to  others ;  these  re- 
spective directions  being  usually  parallel  or  perpendicular.  Such 
arrangements  of  their  parts  are  called  their  Ac^'tistments.  The 
same  word  is  also  applied  to  placmg  these  lines  in  these  directions. 
In  the  following  explanations  the  operations  which  determine 
whether  these  adjustments  are  correct,  will  be  called  their  Verifi' 
cations  ;  and  the  making  them  right,  if  they  are  not  so,  their  Mec' 
tifications* 

(359)  In  observations  of  horizontal  angles  with  the  Transit  or 
the  Theodolite,!  it  is  required, 

1^  That  the  circular  plates  shall  be  horizontal  in  whatever  way 
they  may  be  turned  around. 

2^  That  the  Telescope,  when  pointed  forward,  shall  look  in  pre* 
cisely  the  reverse  of  its  direction  when  pomted  backward,  i.  e.  that 
its  two  lines  of  sight  (or  lines  of  collimation)  forward  and  back- 
ward shall  lie  in  the  same  plane. 

3^  That  the  Telescope  in  turning  upward  or  downward,  shall 
move  in  a  truly  vertical  plane,  m  order  that  the  angle  measured 
between  a  low  object  and  a  high  one,  may  be  precisely  the  same 
as  would  be  the  angle  measured  between  the  low  object  and  a  point 
exactiy  under  the  high  object,  and  in  the  same  horizontal  plane  as 
the  low  one. 

*  It  has  been  weU  said^  that  *'  In  the  present  state  of  science  it  may  be  laid 
down  as  a  maxim,  that  every  instniment  should  be  so  contrived,  that  the  observer 
may  easily  examine  and  rectify  the  principal  parts ;  for,  however  careful  the 
instrument-maker  may  be,  however  perfect  the  execution  thereof,  it  is  not  possi- 
ble that  any  instrument  should  long  remain  accurately  fixed  in  the  position  in 
which  it  came  oat  of  the  maker's  hands  "-^Adams'  **  Geometrical  and  Orazhieal 
Essays,"  1791. 

t  The  Theodolite  adjustments  which  relate  only  to  levelling  or  to  measuring 
vertical  angles,  will  not  be  here  discussed. 
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We  shall  see  that  all  these  adjastments  are  finallj  resolvable 
into  these ;  1st.  Making  the  vertical  aids  of  the  iostrument  perpen- 
dicular to  the  plane  of  the  levels ;  2d.  Making  the  line  of  collima- 
tion  perpendicular  to  its  azb ;  and  8d.  Making  this  axis  parallel 
to  the  plane  of  Ae  levels.  They  are  all  best  tested  bj  the  invalu«- 
able  principle  of  ^*  Reversion." 

We  have  now,  firstly,  to  examine  whether  these  things  are  so, 
Cfaat  is,  to  '^  verify"  the  adjastments ;  and,  secondly,  if  we  find  thai 
they  are  not  so,  to  make  them  so,  i.  e.  to  ^'  rectify,"  or  ^^  adjust"  them 
correctly.  The  above  three  requirements  produce  as  many  corre- 
aponding  adjastments. 

(SCO)  First  aiJttSlflieBt.  To  cause  the  circle  to  be  Iiorizontal 
in  every  porition,* 

Verification. — ^Turn  the  Vernier  plate  which  carries  the  levels, 
till  one  of  them  is  parallel  to  one  pair  of  the  parallel  plate 
screws.  The  other  will  then  be  parallel  to  the  other  pair.  Bring 
each  bubble  to  the  middle  of  its  tube,  by  that  pair  of  screws  to 
which  it  is  parallel.  Then  turn  the  vernier  plate  half  way  around, 
i.  e.  till  the  index  has  passed  over  180^.  If  the  bubbles  remain 
in  the  centres  of  the  tubes,  they  are  in  adjustment.  If  either  of 
them  runs  to  one  end  of  the  tube,  it  requires  rectification. 

Rectification, — The  fault  which  is  to  be  rectified  is  that  the 
plane  of  the  level  (i.  e.  the  plane  tangent  to  the  highest  point  of 
the  level  tube)  is  not  perpendicular  to  the  vertical  axis,  AA  in 
figure  214,  on  which  the  plate  turns.    For,  let  AB  represent  this 

.  Fig.  240.  Fig.  341. 
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plane,  seen  edgeways,  and  CD  the  centre  line  of  the  vertical  axis, 


This  applie«  equally  to  the  Transit  and  the  Theodolite. 

IG 
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which  18  here  drawn  as  making  an  acute  angle  with  this  plane 
»n  the  right  hand  side.  The  first  figure  represents  the  bubble 
brought  to  the  centre  of  the  tube.  The  second  figure  represents 
the  plate  turned  half  around.  The  centre  line  of  the  axis  is  sup- 
posed to  remain  unmoved.  The  acute  angle  will  now  be  on  the 
left  hand  side,  and  the  plate  will  no  longer  be  horizontal.  Cense* 
quently  the  bubble  will  run  to  the  higher  end  of  the  tube.  The 
rectification  necessary  is  evidently  to  raise  one  end  of  the  tube  and 
lower  the  other.  The  real  error  has  been  doubled  to  the  eye  by 
the  reversion.  Half  of  the  motion  of  the  bubble  was  caused  by  the 
tangent  plane  not  being  perpendicular  to  the  axis,  and  half  by  this 
axis  not  being  vertical.  Therefore  raise  or  lower  one  end  of  the 
level  by  the  screws  which  fasten  it  to  the  plate,  till  the  bubble 
comes  about  half  way  back  to  the  centre,  and  then  bring  it  quite 
back  by  turning  its  pair  of  parallel  plate  screws.  Then  again 
reverse  the  vernier  plate  180^.  The  bubble  should  now  remain  in 
the  centre.  If  not,  the  operation  should  be  repeated.  The  same 
must  be  done  with  the  other  level  if  required.  Then  the  bubbles 
will  remain  in  the  centre  during  a  complete  revolution.  This 
proves  that  the  axis  of  the  vernier  plate  is  then  vertical ;  and  as 
it  has  been  fixed  by  the  maker  perpendicular  to  the  plate,  the 
latter  must  then  be  horizontal. 

It  is  also  necessary  to  examine  whether  the  bubbles  remain  in 
the  centre,  when  the  divided  circle  is  turned  round  on  its  axis. 
If  not,  the  axes  of  the  two  plates  are  not  parallel  to  each  other. 
The  defect  can  be  remedied  only  by  the  maker ;  for  if  the  bubbles 
be  altered  so  as  to  be  right  for  this  reversal,  they  will  be  wro^g 
for  the  vernier  plate  reversal 

(Ml)  SeeoBd  aiUusUieiltf  To  eatue  the  line  of  coUimatian  to 
revolve  in  a  plane  J^ 

Verification.  Set  up  the  Transit  m  the  middle  of  a  level  piece 
of  ground,  as  at  A  in  the  figure.  Level  it  carefully.  Set  a  stake, 
with  ansdl  driven  into  its  head,  or  a  chai(i  pin,  as  far  from  the 
mstrument  as  it  is  distinctly  visible,  as  at  B.     Direct  the  telescope 

I  hi«  adjustment  is  not  the  name  in  the  Transit  and  in  the  Theodolite.     Thai 
for  thti  TrunMit  will  be  first  given,  and  that  for  the  Theodolite  in  the  next  article 
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to  it,  and  fix  the  intersection  of  the  cross-hairs  very  precisely  upon 
it.  Clamp  the  instrument.  Measure  from  A  to  B.  Then  turn 
oyer  the  telescope,  and  set  another  stake  at  an  equal  dbtance  from 
the  Tran^t,  and  also  precisely  in  the  line  of  sight.  If  the  line  of 
collimation  has  not  continued  in  the  same  plane  during  its  half-revo- 
lution, this  stake  will  not  be  at  E,  but  to  one  side,  as  at  C.  To 
discover  the  truth,  loosen  the  clamp  and  turn  the  vernier  plate  half 
around  ^thout  touching  the  telescope.  Sight  to  B,  as  at  first,  and 
agsun  clamp  it.  Then  turn  over  the  telescope,  and  the  line  of  sight 
will  strike,  as  at  D  in  the  figure,  as  far  to  the  right  of  the  point,  as 
it  did  before  to  its  left 

Recdficatian.  The  fault  which  is  to  be  rectified,  is  that  the  line 
of  collimation  of  the  telescope  is  not  perpendicular  to  the  horizontal 
ajds  on  which  the  telescope  revolves.  This  will  be  seen  by  the 
figures,  which  represent  the  position  of  the  lines  in  each  of  the  four 
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observations  which  have  been  made.  In  each  of  the  figures  the 
long  tiiick  line  represents  the  telescope,  and  the  short  one  the  axis 
on  which  it  turns.     In  Hg.  243  the  line  of  sight  is  directed  to  B. 
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In  Hg.  244  the  telescope  has  been  tamed  over,  and  wilh  it  the 
axis,  so  that  the  obtuse  angle,  marked  0  in  the  first  figure,  has 
taken  the  place,  0',  of  the  acute  angle,  and  the  telescope  points  to 
G  instead  of  to  E.  In  Fig.  245  the  vemier  plate  has  been  turned 
half  around  so  as  to  point  to  B  again,  and  the  same  obtuse  angle 
has  got  around  to  0''.  In  Fig.  246  the  telescope  has  been  turned 
over,  the  obtuse  angle  is  at  0'^',  and  the  telescope  now  pomts  to  D. 

To  make  the  Ime  of  coUimation  perpendicular  to  the  axis,  the 
former  must  hare  its  direction  changed.  This  is  effected  by  mov- 
mg  the  vertical  hur  the  proper  distance  to  one  side.  As  was 
expluned  in  Art.  (SSO),  and  represented  in  Fig.  217,  the  cross- 
hairs are  on  a  ring  held  by  four  screws.  By  loosening  the  left- 
hand  screw  and  tightening  the  right-hand  one,  the  ring,  and  with 
it  the  cros£hhiurs,  will  be  drawn  to  the  right ;  and  vice  versa.  Two 
holes  at  right  angles  to  each  other  pass  through  the  outer  heads  of 
the  screws.  Into  these  holes  a  stout  steel  wire  is  inserted,  and 
the  screws  can  thus  be  turned  around.  Screws  so  made  are  called 
*'  capstan-headed."  One  of  the  other  pair  of  screws  may  need  to 
be  loosened  to  avoid  strainmg  the  threads.  In  some  French  instru- 
ments, one  of  each  pair  of  screws  is  replaced  by  a  spring. 

To  find  how  much  to  move  this  vertical  hair,  measure  from  C  to 
D,  Yig.  242,  page  243.  Set  a  stake  at  the  middle  point  £,  and 
set  another  at  the  point  F,  midway  between  D  and  E.  Move  the 
vertical  hair  till  the  line  of  sight  strikes  F.  Then  the  instrument 
is  adjusted ;  and  if  the  line  of  sight  be  now  directed  to  E,  it  will 
strike  B,  when  the  telescope  is  turned  over;  since  the  hsur  is 
moved  half  of  the  doubled  error,  DE.  The  operation  will  gene- 
rally require  to  be  repeated,  not  being  quite  perfected  at  first. 

It  should  be  remembered,  that  if  the  Telescope  used  does  not 
invert  objects,  its  eye-piece  will  do  so.  Consequentiy,  with  such  a 
telescope,  if  it  seems  that  the  vertical  hair  should  be  moved  to  the 
left,  it  must  be  moved  to  the  right,  and  vice  versa.  An  inverting 
telescope  does  not  invert  the  cross-hairs. 

If  the  young  surveyor  has  any  doubts  as  to  the  perfection  of  his 
rectification,  he  may  set  another  stake  exacQy  under  the  instrument 
by  means  of  a  plumb-line  suspended  from  its  centre ;  and  then,  m 
like  manner,  set  his  Transit  over  B  or  E.    He  will  find  that  the 
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other  two  stakes,  A  and  the  extreme  one,  are  in  the  same  straight 
line  with  his  instrmnent. 

In  some  instruments,  the  horizontal  axis  of  the  telescope  can  be 
taken  out  of  its  supports,  and  turned  over,  end  for  end.  In  such 
a  case,  the  line  of  sight  maj  be  directed  to  any  well  defined  point, 
and  the  axis  then  taken  out  and  turned  over.  If  the  line  of  sight 
agun  strikes  the  same  point,  this  line  is  perpendicular  to  the  axis. 
If  not,  the«  apparent  error  is  double  the  real  error,  as  appears  from 
the  figures,  the  obtuse  angle  O  commg  to  0\  and  the  desired  per- 

Fig.  247.    »• (b^ %L 
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pendicular  Ime  fallmg  at  C  midway  between  B  and  B\  The  reo- 
tificaiion  may  be  made  as  before ;  or,  in  some  large  instruments,  in 
which  the  telescope  is  supported  on  Ys,  by  moving  one  of  the  Y^ 
laterally. 

(M2)  The  Theodolite  must  be  treated  differently,  since  its  tele- 
scope does  not  reverse.  One  substitute  for  ttus  reversal,  when  it 
is  desired  to  range  out  a  line  forward  and  backward  from  one  sta- 
tion, is,  after  sighting  in  one  direction,  to  take  the  telescope  out  of 
the  Ys  and  turn  it  end  for  end,  to  sight  in  the  reverse  direction. 
This  it  can  be  made  to  do  by  adjusting  its  line  of  collimation  as 
explidned  in  the  last  article.  Another  substitute  is,  after  sighting 
in  one  direction,  and  noting  the  reading,  to  turn  the  vernier  plate 
around  exactly  180^.  But  this  supposes  not  only  that  the  graduar 
iion  is  perfectly  accurate,  but  also  that  the  line  of  collimation  is 
exactiy  over  the  centre  of  the  circle.  To  test  this,  after  sighting 
to  a  point,  and  noting  the  readmg,  take  the  telescope. out  of  the 
Ys  and  turn  it  end  for  end,  and  then  turn  the  vernier  plate 
around  exactly  180^.  If  the  line  of  sight  again  strikes  the  same 
point,  the  latter  condition  exists.     If  not,  the  maker  must  remedy 
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the  defect.     Thb  error  of  eccentricitj  is  similar  to  that  explained 
with  respect  to  the  compass,  in  the  latter  part  of  Art.  (230). 

(863)  Third  aiJilStflient*  To  cause  the  line  of  collimation  tc 
revolve  in  a  verticai  plane  * 

Verification.  Suspend  a  long  plumb-line  from  some  high  point 
Set  the  instrument  near  this  line,  and  level  it  carefully.  Direct 
the  telescope  to  the  plumb-line,  and  see  if  the  intersection  of  the 
cross-hairs  follows  and  remains  upon  this  Kne,  when  the  telescope 
is  turned  up  and  down.     If  it  does,  it  moves  in  a  vertical  plane. 

The  angle  of  a  new  and  well-built  house  will  fcrm  an  imperfect 
substitute  for  the  plumb-line. 

Otherwise ;  the  instrument  being  set  up  and  levelled  as  above, 
place  a  basin  of  some  reflecting  liquid  (quicksilver  being  the  best« 
though  molasses,  or  oil,  or  even  water,  will,  answer,  though  less  per- 
fectlj,)  so  that  the  top  of  a  steeple,  or  other  point  of  a  high  object, 
can  be  seen  in  it  through  the  telescope  by  reflection.  Make  the 
intersection  of  the  cross-hairs  cover  it.  Then  turn  up  the  tele- 
scope, and  if  the  intersection  of  the  cross-hairs  bisects  also  the 
object  seen  directly,  the  line  of  sight  has  moved  in  a  vertical  plane. 
If  a  star  be  taken  as  the  object,  the  star  and  its  reflection  will  bo 
equivalent  (if  it  be  nearly  over  head)  to  a  plumb-line  at  least  fifty 
million  million  miles  long. 

Otherwise ;  set  the  instrument  as  close  as  possible  to  the  base 
of  a  steeple,  or  other  high  object ;  level  it,  and  direct     Fig.  249 
it  to  the  top  of  the  steeple,  or  to  some  other  elevated         '* 
and  well  defined  point.     Clamp  the  plates.    Turn  down 
the  telescope,  and  set  up  a  pin  in  the  ground  pre- 
cisely "  in  line.*'     Then  loosen  the  clamp,  turn  over         J 
the   telescope,   and  turn   it  half-way  around,  or  so         / 
far  as   to   again   sight  to   the   high   point.      Clamp        / 
the  plates,  and  again  turn  down  the  telescope.     If       / 
the  line  of  sight  again  strikes  the  pin,  the  telescope     / 
has  moved  in  a  vertical  plane.     If  not,  the  apparent   ^    P    P* 
error  is  double  the  real  error.     For,  let  S  be  the  top  of  the  steeple, 

*  Tbia  Qppliea  to  both  the  Transit  and  the  Theorlolhe,  with  the  exception  of  th« 
method  of  veriBcation  by  the  steeple  and  pin,  which  Hjiplies  only  to  the  Tnu»it 
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(Kg.249)  and  P'  the  pin ;  then  the  plane  in  ivhich 
the  telescope  moves,  seen  edgewise,  is  SP' ;  and, 
after  being  tamed  around,  the  line  of  si^t 
mores  in  the  plane  SP'^,  as  far^to  one  side  of 
the  yertical  plane  SP,  as  SP'  was  on  the  other 
side  of  it. 

Sectification.  Since  the  second  adjustment 
causes  the  line  of  sight  to  move  in  a  plane  per- 
pendicular to  the  axis  on  which  it  tarns,  it  will 
move  in  a  vertical  plane  if  that  axis  be  hori- 
cental.  It  may  be  made  so  by  filmg  off  the 
feet  of  the  standards  which  support  the  higher 
end  of  the  axis.  This  will  be  best  done  by  the 
maker.  In  some  instruments  one  end  of  the 
axis  can  be  ridsed  or  lowered. 

(S<4)  Centriig  eye-piecet  In  some  in- 
struments, such  as  that  of  which  a  longitudinal 
section  is  shown  in  the  mar^,  the  inner  <end 
of  the  eye-piece  may  be  moved  so  that  the 
cross-hairs  shall  be  seen  precisely  in  the  cen- 
tre of  its  field  of  view.  This  is  done  bv  means 
of  four  screws,  arranged  in  pairs,  like  those  of 
ihe  cross^hsdr-ring  screws,  and  capable  of  mov- 
ing the  eye-piece  up  and  down,  and  to  right 
or  left,  by  loosening  one  and  tightening  the 
opposite  one.  Two  of  them  are  shown  at  A,  A, 
in  the  figure ;  in  which  B,  B,  are  two  of  the 
cross-hair  screws. 

(SNU)  Ceotring  object-glass.  In  some 
instruments  four  screws,  similarly  arranged, 
two  of  which  are  shown  at  C,  G,  can  move,  in 
any  direction,  the  inner  end  of  the  slide  which 
carries  the  object-glass.  The  necessity  for 
ioch  an  arrangement  arises  from  the  impossi- 
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bilitj  of  drawing  a  tube  perfectly  straight.  Consequently,  the 
line  of  collimation,  when  the  tube  is  drawn  in,  will  not  coincide  with 
the  same  Ime  when  the  tube  is  pushed  out.  K  adjusted  for  one 
position,  it  will  therefore  be  wrong  for  the  other.  These  screws, 
however,  can  make  it  right  in  both  positions.  They  are  used  as 
follows. 

Sight  to  some  well  defined  point  as  far  off  as  it  can  be  distinctly 
seen.  Then  revolve  the  telescope  half  around  in  its  supports; 
i.  e.  turn  it  upside  down.*  If  the  line  of  collimation  was  not  in 
the  imaginary  axis  of  the  rings  or  collars  on  which  the  telescope 
rests,  it  will  now  no  longer  bisect  the  object  sighted  to.  Thus, 
if  the  horizontal  hair  was  too  high,  as  in  Fig.  251«  ttas  line  of 

Fig.  251. 


eollimation  would  point  at  first  to  A,  and  after  being  turned  over,  it 
would  pomt  to  B.  The  error  is  doubled  by  the  reversion,  and  it 
should  point  to  C,  midway  between  A  and  B.  Make  it  do  so,  by  un 
screwing  the  upper  capstan-headed  screw,  and  screwing  in  the  lower 
one,  till  the  horizontal  hair  is  brought  half  way  back  to  the  points 
Remember  that  in  an  erecting  telescope,  the  cross-hairs  are  reversed, 
and  vice  versa.  Bring  it  the  rest  of  the  way  by  means  of  the 
parallel  plate  screws.  Then  revolve  it  in  the  Ys  back  to  its  orig- 
inal position,  and  see  if  the  interaection  of  the  cross-hurs  noW 
bisects  the  point,  as  it  should.  If  not,  again  revolve,  and  repeat 
the  operation  till  it  is  perfected.  If  the  vertical  hair  passes  to  the 
nght  or  to  the  left  of  the  point  when  the  telescope  is  turned  half 
around,  it  must  be  adjusted  in  the  same  manner  by  the  other  pur 
of  cross-hairs  screws.  One  of  these  adjustments  may  disturb  the 
other,  and  they  should  be  repeated  alternately.  When  they  are 
perfected,  the  intersection  of  the  cross-hairs,  when  once  fixed  on  a 
pouit,  will  not  move  from  it  when  the  telescope  is  revolved  in  its 

In  Theodolites,  the  Telescope  is  revolved  in  the  Ys.  l»  Transits,  the  maker» 
by  whom  this  adjustment  it  nsnally  performed,  revolvet  the  Telescope,  in  ibm 
some  manner,  before  it  is  fixed  in  its  cross-bar. 
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supports.  This  double  operation  is  eaJled  adjusting  the  line  of 
coUiTnation* 

This  line  is  now  adjusted  for  distant  objects.  It  would  bb  so  for 
near  ones  also,  if  the  tube  were  perfectly  straight.  To  test  this, 
sight  to  some  point,  as  near  as  is  dislinctly  visible.  Then  turn  the 
telescope  half  oyer.  If  the  intersection  does  not  now  bisect  the 
point,  bring  it  half  way  there  by  the  screws  C,  C,  of  Pig.  260, 
moying  only  one  of  the  hcdrs  at  a  time,  as  before.  Then  repeat 
the  former  adjustment  on  the  distant  object.  If  this  is  not  quite 
perfect,  repeat  the  operation. 

This  adjustment,  in  instruments  thus  arranged,  should  precede 
the  first  one  which  we  have  explained.  It  is  usually  performed 
by  the  maker,  and  its  screws  are  not  iriisible  in  the  Transit,  being 
enclosed  in  the  ball  seen  where  the  telescope  is  connected  with 
the  cross-bar.  t 

All  the  adjustments  should  be  meddled  with  as  little  as  possible, 
lest  the  screws  should  get  loose ;  and  when  once  made  right  they 
Bhould  be  kept  so  by  careful  usage. 

'  This  "adjastment  of  the  line  of  collimatioQ"  has  merely  brought  the  ioterseo* 
tMm  of  the  cross-hain  (which  ^tbb  the  line  of  si^ht)  into  the  line  joining  the  cen- 
tres of  the  ooIUfb  on  which  the  telescope  tarns  m  the  Ys ;  but  the  maker  is  sup- 
posed to  have  originally  fixed  the  optical  axis  of  the  telescope  (i.  e.  the  lino  joining 
the  optical  centres  of  the  glasses)  in  the  same  line. 

t  The  adjastment  of  "  Centring  the  object-glasa  is  (he  inTention  of  If  enrsb 
Gorleyi  of  Troy. 
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THE  FIELD-WORK. 

<M6)  re  Mcasire  a  heriXMUl  an; te*    Set  up  the  instrument 
10  that  its  centre  shall  be  p>8*  253. 

exactly  over  the  angu- 
lar  point,  or  in  the  in- 
tersection of  the  two 
lines  vhose  difference  of 
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direction  is  to  be  measured;  as  at  B  in  the  figure.  A  plumb 
line  must  be  suspended  from  under  the  centre.  Dropping  a 
stone  is  an  imperfect  substitute  for  this.  Set  the  instrument 
so  that  its  lower  parallel  plate  may  be  as  nearly  horizontal  as 
possible.  The  levels  will  serve  as  guides,  if  the  four  parallel-plate 
screws  be  first  so  screwed  up  or  down  that  equal  lengths  of  them 
shall  be  above  the  upper  plate.  Then  level  the  instrument  care> 
fully,  as  in  Art.  (S38).  Direct  the  telescope  to  a  rod,  stake,  or 
other  object,  A  in  the  figure,  on  one  of  the  lines  which  form  the 
angle.  Tighten  the  clamps,  and  by  the  tangentnscrew,  (see  Art, 
(336)),  move  the  telescope  so  that  the  intersection  of  the  crosa- 
hairs  shall  very  precisely  bisect  this  object.  Note  the  reading  of 
the  vernier,  as  explained  in  the  preceding  chapter.  Then  loosen 
the  clamp  of  the  vernier,  and  direct  the  telescope  on  the  other  line 
(as  to  C)  precisely  as  before,  and  again  read.  The  difference  of 
the  two  readings  will  be  the  desired  angle,  ABC.  Thus,  if  the 
first  reading  had  been  40^  and  the  last  190^,  the  angle  would  be 
150^.  J£  the  vernier  had  passed  360^  in  turning  to  the  second 
object,  860^  should  be  added  to  tlio  last  reading  before  subtract- 
ing. Thus,  if  the  first  reading  had  been  300°,  and  the  last  read- 
ing 90°,  the  angle  would  be  found  by  calling  the  last  reading,  as 
it  really  is,  360°  +  90°  =  450°,  and  then  subtracting  300°. 

It  is  best  to  sight  first  to  the  left  hand  object  and  then  to  the 
right  hand  one,  turning  "  with  the  sun,"  or  like  the  hands  of  a 
watch,  since  the  numbering  of  the  degrees  usually  runs  in  that 
direction. 
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It  is  convenient,  though  not  necessary,  to  begin  hj  settmg  the 
vernier  at  zero^  by  the  upper  movement  (that  of  the  vernier  plato 
on  tiie  circle)  and  then,  by  means  of  the  lower  motion,  (that  of 
the  whole  instrument  on  its  axis),  to  direct  the  telescope  to  the  first 
object.  Then  fasten  the  lower  clamp,  and  sight  to  the  second 
object  as  before.  The  reading  will  then  be  the  angle  desired. 
An  objection  to  this  is  that  the  two  verniers  seldom  read  alike.* 

After  one  or  more  angles  have  been  observed  from  one  point, 
the  telescope  must  be  directed  back  to  the  first  object,  and  the 
reading  to  it  noted,  so  as  to  make  sure  that  it  has  not  slipped. 
A  watch-telescope  (see  Art.  SS9)  renders  this  unnecessary. 

The  error  arising  from  the  instrument  not  being  set  precisely 
over  the  centre  of  the  station,  will  be  greater  the  nearer  the  object 
lighted  to.  Thus  a  difierence  of  one  inch  would  cause  an  error  of 
only  3''  in  the  apparent  direction  of  an  object  a  mile  distant,  but 
one  of  nearly  8'  at  a  distance  of  a  hundred  feet. 

(367)  RednetioH  of  kigh  and  low  objects.  When  one  of  the 
objects  sighted  to  is  higher  than  the  other,  the  '^  plunging  tele- 
scope"  of  these  instruments  causes  the  angle  measured  to  be  the 
true  horizontal  angle  desired ;  i.  e.  the  same  angle  as  if  a  point 
exactly  under  the  high  object  and  on  a  level  with  the  low  object 
(or  vice  versa)  had  been  sighted  to.  For,  the  telescope  has  been 
caused  to  move  in  a  vertical  plane  by  the  Sd  adjustment  of  Chap 
ter  II,  and  the  angle  measured  is  therefore  the  angle  between  the 
Tertical  planes  which  pass  through  the  two  objects,  and  which 
'^  project"  the  two  lines  of  sight  on  the  same  horizontal  plane. 

This  constitutes  the  great  practical  advantage  of  these  instru- 
ments over  those  which  are  held  in  the  planes  of  the  two  objects 
observed,  such  as  the  sextant^  and  the  ^^  circle"  much  used  by  the 
French. 


*  The  learner  will  do  well  to  gaugo  bis  own  precision  and  that  of  the  in«trunceDt 
Caod  he  may  rent  aaaared  that  bis  own  will  be  the  one  chiefly  in  fault)  by  measure 
ing, /ram  any  station, the  angles  between  successive  points  all  around  him,  till  he 
gets  back  to  the  first  point,  beginning  at  difierent  parts  of  the  circle  for  each  ansltt 
The  sam  of  all  these  angles  tkonld  exactly  equal  360*.  He  will  prabalUy  nod 
i|iuttf  a  difierence  from  tliat. 
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(868)  NetatiM  of  an; les.  The  angles  obeeryed  may  be 
noted  in  vanous  ways.  Thus,  the  obsenration  of  the  angle  ABC, 
m  Fig.  252,  may  be  noted  "  At  B,  from  A  to  C,  160**,"  or  better, 
"  At  B,  between  A  and  C,  150*."    In  column  form,  this  becomeii 


Between  A 
At 


160°|and  C. 
B 


When  the  vernier  had  been  set  at  zero  before  sighting  to  the 
first  object,  and  other  objects  were  then  sighted  to,  those  objects, 
the  readings  to  which  were  less  than  180'',  will  be  on  the  left  of 
the  first  line,  and  those  to  which  the  readings  were  more  than 
180^,  will  be  on  its  right,  looking  in  the  direction  in  which  the  sop- 
vey  is  proceeding,  from  A  to  B,  and  so  on.* 

(869)  Probable  error*  When  a  number  of  separate  observa 
tions  of  an  angle  hare  been  made,  the  mean  or  average  of  them  all, 
(obtained  by  dividing  the  sum  of  the  readings  by  their  number,) 
is  taken  as  the  true  reading.  The  ^^  Probable  error"  of  this  mean, 
is  the  quantity,  (minutes  or  seconds)  which  is  such  that  there  is  an 
even  chance  of  the  real  error  being  more  or  less  than  it.  Thus, 
if  ten  measurements  of  an  angle  gave  a  mean  of  35°  18',  and  it 
was  an  equal  wager  that  the  error  of  this  result,  too  much  or  too 
little,  was  half  a  minute,  then  half  a  minute  would  be  the  ^'  Probable 
error"  of  this  determination.  This  probable  error  is  equal  to  the 
square  root  of  the  sum  of  the  squares  of  the  errors  (i.  e.  the  differ- 
ences of  each  observation  from  the  mean)  divided  by  the  number 
of  observations,  and  multiplied  by  the  decimal  0.674489. 

The  same  result  would  be  obtained  by  using  what  is  called 
^  The  weigM^  of  the  observation.  It  is  equal  to  the  square  of 
the  number  of  observations  divided  by  twice  the  sum  of  the  squares 
of  tiie  errors.  The  "  Probable  error"  is  equal  to  0.476936  divided 
by  the  square  root  of  the  weight.  These  rules  are  proved  by  the 
"  Theory  of  Probabilities." 

(870)  Te  repeat  an  anjle.    Begin  as  m  Art.  (366),  au 
measure  the  angle  as  there  directed.     Then  unclamp  below, 
and  turn  the  circle  around  till  the  telescope  is  again  directed  to 
(be  first  object^  and  made  to  bisect  it  precisely  by  the  lower  tan* 

*  TbU  is  Teiy  niefol  in  preventing  tay  ambiguity  in  the  fieUi-notfW 
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gent  screw.  Then  unclamp  above  and  turn  the  yermer  plate  till 
the  telescope  again  points  to  the  second  object,  the  first  reading 
remaining  nnchanged.  The  angle  will  now  have  been  measured  a 
second  time,  but  on  a  part  of  the  circle  adjoining  that  on  which  it 
was  first  measured,  the  second  arc  beginning  where  the  first  ended. 
The  difference  between  the  first  and  last  readings  will  therefore  be 
twice  the  angle. 

This  operation  may  be  repeated  a  third,  a  fourth,  or  any  num* 
ber  of  times,  always  turning  the  telescope  back  to  the  first  object 
by  the  lower  movement,  (so  as  to  start  with  the  reading  at  which 
Hie  preceding  observation  left  off)  and  turning  it  to  the  second 
object  by  the  upper  movement.  Take  the  diflR^rence  of  the  first 
and  last  readings  and  divide  by  the  number  of  observations. 

The  advantage  of  this  method  is  that  the  errors  of  observation 
(i.  e.  sighting  sometimes  to  the  right  and  sometimes  to  the  left  of 
the  true  point)  balance  each  other  in  a  number  of  repetitions ; 
while  the  constant  error  of  graduation  is  reduced  in  proportion  to 
this  number.  This  beautiful  prin^^iple  has  some  imperfections  in 
practice,  probably  arisbg  from  tht  slipping  and  straining  of  the 
clamps. 

(371)  Aisles  of  deflection.  The  angle  of  deflection  of  one 
line  from  another,  is  the  fig-  253. 

angle    which    one    line  ^^^^ 

makes  with    the    other  ^^^ 

fine  produced.  Thus,  in 
the  figure,  the  angle  of 
deflection  of  BG  from 
AB,  is  B'BG.     It  is  evidently  the  supplement  of  the  angle  ABC. 

To  measure  it  with  the  Transit^  set  the  instrument  at  B,  direct 
the  telescope  to  A,  and  then  turn  it  over.  It  will  now  point  in  the 
direction  of  AB  produced,  (mt  to  B',  if  the  2d  adjustment  of  Chapter 
n,  has  been  performed.  Note  the  reading.  Then  direct  the 
telescope  to  C.  Note  the  new  reading,  and  their  difference  wiU 
be  the  required  angle  of  deflection,  B'BC. 

If  the  vernier  be  set  at  zero,  before  taking  the  first  observation, 
the  reading|»  for  objects  on  the  right  of  the  first  line  will  be  less  than 


ACr- 
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180^,  and  more  than  180°  for  objects  on  the  left ;  conversely  to 
Art  (M8). 

(872)  Liae  sarTcyini^*  The  survey  of  a  line,  such  as  a  road, 
&c.,  can  be  made  by  the  Theodolite  or  Transit,  with  great  precis- 
ion ;  measuring  the  angle  which  each  line  makes  with  the  preced- 
ing line,  and  noting  their  lengths,  and  the  necessary  o&ets  on  each 
side. 

Short  Imes  of  sight  should  be  avoided,  since  a  slight  inaccuracy 
in  setting  the  centre  of  the  instrument  exactly  over  or  under  the 
point  previously  sighted  to,  would  then  much  affect  the  angle,  as 
noticed  at  close  of  Art.  (SM).  Very  great  accuracy  can  be  ob- 
tained by  usmg  three  tripods.  One  would  be  set  at  the  first  sta- 
tion and  sighted  back  to  from  the  instrument  placed  at  the  second 
stati(m,  and  a  forward  sight  be  then  taken  to  the  third  tripod  placed 
at  the  third  station.  The  instrument  would  then  be  set  on  this 
third  tripod,  a  back  sight  taken  to  the  tripod  remaining  on  the  se- 
cond station,  and  a  foresight  taken  to  the  tripod  brought  from  the 
ikst  station  to  the  fourth  station ;  to  which  the  instrument  is  next 
taken :  and  so  on.     This  is  especially  valuable  in  surveys  of  mines. 

The  field-notes  may  be  taken  as  directed  in  Chapter  III  of  Com- 
pass Surveying,  pages  149,  &c.,  the  angles  taking  the  place  of 
the  Bearings.  The  '^  Checks  by  intersecting  Bearings,"  explained 
in  Art.  (246),  should  also  be  employed.  The  angles  made  on  each 
side  of  the  stations  may  both  be  measured,  and  the  equahty  of  their 
sum  to  360^,  would  at  once  prove  the  accuracy  of  the  work. 

If  the  magnetic  Bearing  of  any  one  of  the  lines  be  ^ven,  and 
that  of  any  of  the  other  lines  of  the  series  be  required,  it  can  be 
deduced  by  constructing  a  diagram,  or  by  modifications  of  the  rules 
given  for  tiie  reverse  object,  in  Art.  (243). 

(873)  TraverslDf :  Or  SurveyiBf  by  the  back-aif  le.  This  is 
a  method  of  observing  and  recording  the  different  directions  of  suc- 
cessive portions  of  a  line,  (such  as  a  road,  the  boundaries  of  a  farm, 
&c.,)  so  as  to  read  off  on  the  instrument,  at  each  station,  the  angle 
which  each  line  makes — not  with  the  preceding  Ime,  but — ^with  the 
first  line  observed.  This  Ime  is,  therefore,  called  the  meridimi  of 
that  survey. 
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Fig.  254. 


JSet  up  the  instrument  at  the  first  angle,  or  second  station,  (B, 
in  the  figure),  of  the  line  to  be  surveyed.  Sight  to  A  and  then  to 
C.  Clamp  the  vernier,  and  take  the  instrument  to  G.  Loosen 
the  lower  clamp,  and  direct  the  telescope  toB,  the  reading  renuun- 
ing  as  it  was  at  B.  Clamp  below,  loosen  above,  and  sight  to  D. 
The  reading  of  the  instrument  will  be  the  angle  which  the  line  CD 
makes  with  the  first  line,  or  Meridian,  AB. 

Take  the  instrument  to  D.  Sight  back  to  C,  and  then  forward 
to  E,  as  before  directed,  and  the  reading  of  the  instrument  will  bo 
the  angle  wluch  DE  makes  with  AB. 

So  proceed  for  any  number  of  lines. 

When  the  Transit  is  used,  the  angles  of  deflection  of  each  line 
from  the  first,  obtained  by  reversing  the  telescope,  may  be  used  in 
'^Traversing,"  and  with  much  advantage  when  the  successive 
lines  do  not  differ  greatly  in  their  directions. 


The  sui-vey  represented  in  the  figure, 
is  recorded  in  the  first  of  the  accompa- 
nying Tables,  as  observed  with  the  The- 
odolite ;  and  in  the  second  Table,  as 
observed  with  the  Transit. 


The  chief  advantage  of  this  method  is  its  greater  rapidity  in  the 
field  and  in  platting,  the  angles  being  all  laid  down  from  one  meri- 
dian, as  in  Compass-surveying.  This  also  increases  the  accuracy 
of  the  plat,  since  any  error  in  the  direction  of  one  line  does  not 
affect  the  directions  of  the  following  lines.* 

(374)  Use  of  the  Compass*  The  chief  use  of  the  Compass 
attached  to  a  Transit  or  Theodolite,  is  as  a  check  on  the  observa- 
tions ;   for  the  difference  between  the  magnetic  Bearings  of  anr 

*  If  there  are  two  rernien ;  take  care  olwaja  to  read  t'ne  degrees  from  ^ 
Mime  vernier.     Mark  it  A. 


A 

0° 

B 

200» 

C 

50° 

D 

180" 

E 

S00° 

F 

210° 

G 

250° 

A 

0' 

B 

20' 

C 

50° 

D 

0° 

E 

800° 

F 

80° 

G 

260° 
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two  lines  should  be  the  same,  approximately,  as  the  angle  between 
them,  measured  by  the  more  accurate  instruments.  The  Bearing 
also  prevents  any  ambiguity,  as  to  whether  an  angle  was  taken  to 
the  right  or  to  the  left. 

The  instrument  may  also  be  used  like  a  simple  compass,  the  tele- 
scope taking  the  place  of  the  sights,  and  requiring  similar  tests  of 
accuracy.  A  more  precise  way  of  taking  a  Bearing  is  to  turn  the 
pl(y^  to  which  the  compass  box  is  attached,  till  the  needle  points 
to  zero,  and  note  the  reading  of  the  vernier;  then  sight  to  the 
object,  and  again  read  the  vernier.  The  Bearing  will  thus  be 
obtained  more  minutely  than  the  divisions  on  the  compass  box 
could  give  it. 

(375)  MeasariDf  distances  with  a  telescope  aid  rod»     On 

the  cross-hair  ring,  described  in  Art.  (330),  stretch  two  more  hori* 
zontal  spider-threads  at  equal  distances  above  and  below  the  origi- 
nal one  ;  or  all  may  be  replaced  by  a  plate  of  thin  Fjg.255. 
glass,  placed  precisely  in  the  focus,  with  the  necessary 
lines,  as  in  the  figure,  etched  by  fluoric  acid.  Let  a 
rod,  10  or  15  feet  long,  be  held  up  at  1000  feet  off,  and 
let  there  be  marked  on  it  precisely  the  length  which 
the  distance  between  two  of  these  lines  covers.  Let  this  be  8ub£- 
vided  as  minutely  as  the  spaces,  painted  alternately  white  and 
red  and  numbered,  can  be  seen.  K  ten  subdivisions  are  made, 
each  will  represent  a  distance  of  100  feet  off,  and  so  on.  Con- 
tinue these  divisions  over  the  whole  length  of  the  rod.  It  is  now 
ready  for  use.  The  French  call  it  a  stadia.  When  it  is  held  up 
at  any  unknown  distance,  the  number  of  divisions  on  it  intercepted 
between  the  two  lines,  will  indicate  the  distance  with  considerable 
precision.    It  should  be  tested  at  various  distances. 

A  *'  Levelling-rod,"  divided  into  feet,  tenths  and  hundredths, 
may  be  used  as  a  stadia^  with  less  convenience  but  more  preciaon. 
Experiments  must  previously  determine  at  what  distances  the 
space  between  the  lines  in  the  telescope  covers  one  foot,  &c.  Thmi, 
at  any  unknown  distance,  let  the  sliding  ^^  target"  of  the  rod  be 
moved  till  one  line  bisects  it,  and  its  place  on  the  rod  be  read  off; 
let  the  target  be  then  moved  so  that  the  other  line  bisects  it  and  let 
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its  place  be  agm  noted.  Then  the  required  distance  will  be  equal  to 
the  difference  of  the  readings  on  the  rod,  in  feet,  multiplied  by  the 
distance  at  wluch  a  foot  was  intercepted  between  the  lines. 

One  of  the  horizontal  hsurs  may  be  made  movable,  and  its  dis- 
tance from  the  other,  when  the  space  between  them  exactly  covers 
on  object  of  known  height,  can  be  very  precisely  measured  by 
counting  the  number  of  turns  and  fractions  of  a  turn,  of  a  screw 
by  which  this  movable  hair  is  raised  or  lowered.  A  simple  pro- 
portion ^  then  give  the  distance. 

On  sloping  ground  a  double  correction  is  necessary  to  reduce 
the  slope  to  the  horizon  and  to  correct  the  oblique  view  of  the  rod. 
The  horizontal  distance  is,  in  consequence,  approximately  equal  to 
the  observed  distance  multiplied  by  the  sguare  of  the  cosine  of  the 
slope  of  the  ground. 

The  latter  of  the  above  two  corrections  will  be  dispensed  with 
by  holding  the  rod  perpendicular  to  the  line  of  sight,  with  the  aid 
of  a  right  angled  triangle,  one  side  of  which  coincides  with  the  rod 
at  the  height  of  the  telescope,  and  the  other  side  of  which  adjoining 
tlie  right  angle,  is  caused,  by  leaning  the  rod,  to  point  to  the  telc*> 
scope. 

Other  contrivances  have  been  used  for  the  same  object,  such  as 
a  Binocular  Telescope  with  two  eye-pieces  inclined  at  a  certain 
angle;  a  Telescope  with  an  object-glass  cut  into  two  movable 
parts;  &c. 

(376)  RangiBf  oit  lines.  This  is  the  converse  of  Survejnng 
lines.  The  instrument  is  fixed  over  the  first  station  with  great 
precision,  its  telescope  being  very  carefully  adjusted  to  move  in  a 
▼ertical  plane.  A  series  of  stakes,  with  nails  driven  in  their  tops, 
or  otherwise  well  defined,  are  then  set  in  the  desired  line  as  far 
aa  the  power  of  the  mstrument  extends.  It  is  then  taken  forward 
to  a  stake  three  or  four  from  the  last  one  set,  and  is  fixed  over  it, 
first  by  the  plumb  and  then  by  sighting  backward  and  forward  to 
the  first  and  last  stake.  The  line  is  then  continued  as  before.  A 
good  object  for  a  long  sight  is  a  board  painted  like  a  target,  with 
black  and  white  concentric  rings,  and  made  to  slide  in  grooves  cut 
in  the  tops  of  two  stakes  set  in  the  ground  about  in  the  line.     It 
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ss  moved  till  the  vertical  hair  bisects  the  circles  (which  the  eye 
can  determine  widi  great  precision)  and  a  plumVline  dropped  from 
their  centre,  gives  the  place  of  the  stake.  ^'  Mason  &  Dixon's 
Line^' was  thus  ranged. 

If  a  Transit  be  used  for  ranging,  its  ^^  Second  Adjustment"  is 
most  important  to  ensure  the  accuracy  of  the  reversal  of  its  Tele- 
scope. K  a  Theodolite  be  used,  the  line  is  continued  bj  turning 
the  vernier  180°,  or  by  reversmg  the  telescope  in  its  ya^  as  noticed 
in  Aria.  (32$)  and  (862). 

(377)  FarM  SnrveyiDg,  At*  A  large  farm  can  be  most  easily 
and  accurately  surveyed,  by  measuring  the  an^es  of  its  miun  boun- 
daries (and  a  few  main  diagonals,  if  it  be  very  large,)  with  a  The* 
odolite  or  Transit,  as  in  Arts.  (366)  or  (871),  and  filling  up  the 
interior  detsuls,  as  fences,  &c.,  with  the  Compass  and  Chiun. 

If  the  Theodolite  be  used,  Fig.  256. 

keep  the  field  on  the  left 
hand,  as  in  following  the  or- 
der of  the  letters  in  this 
figure,  and  turn  the  telescope 
around  ^^  with  the  sun,"  and 
the  uigles  measured  as  in  d 
Art.  (866),  will  be  the  interior  angles  of  the  field,  as  noted  in  the 
figure. 

The  accuracy  of  the  work  will  be  proved,  as  alluded  to  in 
Art  (257),  if  the  sum  of  all  the  interior  angles  be  equal  to  the  pro* 
duct  of  180^  by  the  number  of  sides  of  the  figure  less  two.  Thus 
b  the  figuro,  the  sum  of  all  the  interior  angles  =  540^  =  180^  X 
(5  — *  2).  The  sum  of  the  exterior  angles  would  of  course  equal 
180O  X  (5  +  2)  =  1260^ 

If  the  2Vaim£  be  used,  the  farm  should  be  kept  on  the  right 
hand,  and  then  the  angles  measured  will  be  the  supplements  of  tbe 
mterior  angles.  If  the  angles  to  the  right  be  called  pofitive,  and 
those  to  the  left  negative^  their  algebraic  sum  should  6qual  860^. 

If  the  boundary  lines  be  surveyed  by  "  Traversing,"  as  in  Art. 
(878),  the  reading,  on  getting  back  to  the  last  station  and  looking 
back  to  the  first  Ime,  should  be  860%  or  O"". 
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The  content  of  any  surface  surveyed  by  "  Traversing  "  with  the 
Transit  can  be  calculated  by  the  Traverse  Table,  as  in  Chapter 
YI,  of  Part  m,  by  the  following  modification.  When  the  angle 
of  deflection  of  any  side  from  the  first  side,  or  Meridian,  is  less  than 
90^,  call  this  angle  the  Bearing,  find  its  Latitude  and  Departure, 
and  call  them  both  pltts.  When  the  angle  is  between  90°  and 
180°,  call  the  difference  between  the  angle  and  180°  the  Bearing, 
and  call  its  Latitude  minus  and  its  Departure  pltis.  When  the 
angle  is  between  180°  and  270°,  call  its  difference  from  180°  the 
Bearing,  and  call  its  Latitude  minus  and  its  Departure  minus. 
When  tiie  angle  is  more  than  270°,  call  its  difference  from  860° 
the  Bearing,  and  call  its  Latitude  plus  and  its  Departure  minus. 
Then  use  these  as  in  getting  the  content  of  a  Compass-survey. 
The  signs  of  the  Latitudes  and  Departures  follow  tiiose  of  the 
cosmos  and  sines  in  the  successive  quadrants. 

TowrtrSurveying  would  be  performed  as  directed  in  Art.  (261), 
substituting  "  angles"  for  "  Bearings."  "  Traversing"  is  the  best 
method  in  all  these  cases. 

Inaccessible  areas  would  be  surveyed  nearly  as  in  Art.  (131), 
except  that  the  angles  of  the  lines  enclosing  the  space  would  be 
measured  with  the  instrument,  instead  of  with  the  chain. 

(378)  Platting*  Any  of  these  surveys  can  be  platted  by  any 
of  the  methods  explained  and  characterized  in  Chapter  lY,  of  the 
preceding  Part.  A  circular  Protractor,  Art.  (264),  may  be 
regarded  as  a  Theodolite  placed  on  the  paper.  "  Platting  Bear- 
ings," Art.  (265),  can  be  employed  when  the  survey  has  been 
made  by  *'  Traversing."  But  the  method  of  ^^  Latitudes  and  De> 
pttrtures,"  Art.  (285),  is  by  far  the  most  accurate. 


PART  V 


TRIANGULAR  SURVEYING: 

OR 

By  the  Fourth  Method. 

(S79)  Tbiangular  Subvsyino  is  founded  on  the  Fowrih  MMoa 
of  detennining  the  position  of  a  point,  by  the  intersection  of  two 
known  lines,  as  given  in  Art.  (8).  By  an  extension  of  the  princi- 
ple, a  field,  a  farm,  or  a  country,  can  be  surveyed  by  measuring 
only  one  line,  and  calculating  all  the  other  desired  distances,  which  are 
made  sides  of  a  connected  series  of  imaginary  THanfflsSy  whose 
angles  are  carefully  measured.  The  district  surveyed  is  covered 
with  a  sort  of  net-inrork  of  such  triangles,  whence  the  name  given  to 
this  kind  of  Surveying.  It  is  more  commonly  called  ^^  Trigonome- 
trical Surveying;''  and  sometimes  ^^  Geodesic  Survejnng,"  but  im- 
properly, since  it  does  not  necessarily  take  into  account  the  curv- 
ature of  the  earth,  though  always  adopted  in  the  great  surveys  in 
which  that  is  considered. 

(S80)  OnlllM  of  operations*  A  base  line,  as  long  as  possible, 
(5  or  10  miles  in  surveys  of  cotmtries),  is  measured  with  extreme 
accuracy. 

From  its  extremities,  angles  are  taken  to  the  most  distant  objects 
visible,  such  as  steeples,  signals  on  mountfdn  tops,  &c. 

The  distances  to  these  and  between  these  are  then  calculated  bj 
the  rules  of  Trigonometry. 

The  mstrument  is  then  placed  at  each  of  these  new  stations,  and 
angles  are  taken  from  them  to  still  more  distant  stations,  the  calcu- 
lated lines  being  used  as  new  base  lines. 

This  process  is  repeated  and  extended  (all  the  whole  district  is 
embraced  by  these  '^  primary  triangles  "  of  as  large  sides  as  possible 
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One  side  of  the  lasfc  triangle  is  so  located  that  its  length  can  be 
obtsdned  by  measurement  as  well  as  bj  calculation,  and  the  agree- 
ment of  the  two  proves  the  accuracy  of  the  whole  work. 

Within  these  primary  triangles,  seeandaty  or  smaller  triangles 
are  formed,  to  fix  the  position  of  the  nunor  local  details,  and  to 
lervo  as  startmg  points  for  common  surveys  witii  chain  and  com- 
pass, &c.    Tertiary  triangles  may  also*  be  required. 

The  larger  triangles  are  first  formed,  and  the  smaller  ones  based 
on  them,  m  accordance  with  the  important  principle  in  all  survey* 
mg  operations^  always  to  work  from  the  whole  to  the  parts,  and  from 
greater  to  less. 

Each  of  these  steps  will  now  be  ccnsidered  in  turn,  in  the 
following  order : 

1.  The  Base ;  articles  (S81),  (S82). 

2.  The  Triangulation ;  articles  (88S)  to  (S90). 

8.  Modifications  of  the  method ;  articles  (891)  to  (SSS). 

(S81)  MeasnriBf  a  Base.  Extreme  accuracy  in  this  is  neces- 
sary, because  any  error  in  it  will  be  mtiUiplied  in  the  subsequent 
work.  The  ground  on  which  it  is  located  must  be  smooth  and  nearly 
level,  and  its  extremities  must  be  in  sight  of  the  chief  points  in  the 
neighborhood.  Its  point  of  beginnmg  must  be  marked  by  a  stone 
set  in  the  ground  with  a  bolt  let  into  it.  Over  this  a  Theodolite 
or  Transit  is  to  be  set,  and  the  Ime  ^'  ranged  out"  as  directed  in 
Art.  (376).  The  measurement  may  be  made  with  chiuns,  (which 
should  be  formed  like  that  of  a  watch,)  &c.  but  best  with  rods.  We 
will  notice  in  turn  their  Materials^  Supports j  Alinement^  Levelling^ 
and  Contact. 

As  to  Materials^  iron,  brass  and  other  metals  have  been  used, 
but  are  greatiy  lengthened  and  shortened  by  changes  of  tempera- 
tare.  Wood  is  affected  by  moisture.  Glass  rods  and  tubes  are 
preferable  on  both  these  accounts.  But  wood  is  the  most  conve- 
nient. Wooden  rods  should  be  straight-gramed  white  pine,  &c. ; 
well  seasoned,  baked,  soaked  in  boiling  oil,  painted  and  varnished. 
They  may  be  trussed,  or  framed  like  a  mason's  plumb-line  level,  to 
prevent  their  bending.  Ten  or  fifteen  feet  is  a  convenient  length. 
Three  are  recjuired,  which  may  be  of  different  colors,  to  prevent 
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mistakes  in  recording.    They  mast  be  very  carefully  compared 
with  a  standard  measure. 

SupparU  must  be  provided  for  the  rods,  in  accurate  work. 
Posts  set  in  line  at  distances  equal  to  the  length  of  the  rods,  may 
be  driven  or  sawed  to  a  uniform  line,  and  the  rods  laid  on  them, 
either  directly,  or  on  beams  a  little  shorter.  Tripods,  or  trestles, 
with  screws  in  their  tops  to  nuse  or  lower  the  ends  of  the  rods 
resting  on  them,  or  blocks  with  three  long  screws  passing  through 
them  and  serving  as  legs,  may  also  be  useJ.  Staves,  or  legs,  for 
the  rods  have  been  used ;  these  legs  bearing  pieces  which  can  slide 
up  and  dovm  them  and  on  which  the  rods  themselves  rest 

The  AUnement  of  the  rods  can  be  effected,  if  they  are  laid  on 
the  ground,  by  string?,  two  or  three  hundred  feet  long,  stretched 
between  the  stakes  set  in  the  line,  a  notched  peg  being  driven  when 
the  measurement  has  reached  the  end  of  one  string,  which  is  Uien 
taken  on  to  the  next  ptur  of  stakes ;  or,  if  the  rods  rest  on  supports, 
by  projecting  points  on  the  rods  bemg  alined  by  the  instrument. 

The  Levdling  of  the  rods  can  be  performed  with  a  conmion 
mason's  level ;  or  their  angle  measured,  if  not  horizontal,  by  a 
"  slope-level." 

The  Contacts  of  the  rods  may  be  effected  by  bringing  them  end 
to  end.  The  third  rod  must  be  applied  to  the  second  before  the 
first  has  been  removed,  to  detect  any  movement.  The  ends  must 
be  protected  by  metal^  and  should  be  rounded  (with  nulius  equal 
to  length  of  rod)  so  as  to  touch  in  only  one  point.  Bound-headed 
nails  will  answer  tolerably.  Better  are  small  steel  cylinders,  hori- 
Eontal  on  one  end  and  vertical  on  the  other.  Sliding  ends,  with 
verniers,  have  been  used.  K  one  rod  be  higher  than  the  next  one, 
one  must  be  brought  to  touch  a  plumb-line  which  touches  the  other, 
and  its  thickness  be  added.  To  prevent  a  shock  from  contact,  the 
rods  may  be  brought  not  quite  in  contact,  and  a  wedge  be  letdown 
between  them  till  it  touches  both  at  known  points  on  its  graduated 
edges.  The  rods  may  be  lud  side  by  side,  and  lines  drawn  across 
the  end  of  each  be  made  to  coincide  or  form  one  line.  This  is  more 
accurate.  Still  better  is  a  ^^  visual  contact,"  a  double  microscope 
with  cross-hairs  being  used,  so  placed  that  one  tube  bisects  a  dot 
at  the  end  of  one  rod,  and  the  other  tube  bisects  a  dot  at  the  end 
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of  the  next  rod.    The  rods  thus  never  tonch.    The  distance 
between  the  two  sets  of  cross-hairs  is  of  coarse  to  be  added. 

A  Base  could  be  measared  oyer  very  uneven  ground^  or  even 
water,  by  suspending  a  series  of  rods  from  a  stretched  rope  by 
rings  in  which  they  can  move,  and  levelling  them  and  bringing 
them  into  contact  as  above. 

(383)  Corrections  of  Basct  If  the  rods  were  not  level,  their 
length  must  be  reduced  to  its  horizontal  projection.  This  would 
be  the  square  root  of  the  diflference  of  the  squares  of  the  length  of 
the  rod  (or  of  the  base)  and  of  the  height  of  one  end  above  the 
)ther;  or  the  product  of  the  same  length  by  the  cosine  of  the 
angle  which  it  makes  with  the  horizon.* 

K  the  rods  were  metallic,  they  would  need  to  be  ccirected  for 
temperature.  Thus,  if  an  iron  bar  expands  looSgod  ^^  i^  length 
for  1°  Fahrenheit,  and  had  been  tested  at  32'',  and  a  Base  had  becD 
measured  at  72^  with  such  a  bar  10  feet  long,  and  found  to  contaii 
3000  of  them,  its  apparent  length  would  be  30,000  feet,  but  itf 
real  lenofth  would  be  8.4  feet  more.  An  iron  and  a  brass  ba 
can  be  so  combined  that  the  difference  of  their  expansion 
causes  two  points  attached  to  their  ends  to  remain  at  the  samt 
distance  at  all  temperatures.  Such  a  combination  is  used  on 
die  U.  S.  Coast  Survey. 

(883)  Choice  of  Stations.  The  stations,  or  '^  Trigonometrical 
points,"  which  are  to  form  the  vertices  of  the  triangles,  and  to  be 
observed  to  and  from,  must  bo  so  selected  that  the  resulting  trian- 
gles may  be  ^^  well-conditioned,"  i.  e.  may  have  such  sides  and  angles 
tnat  a  small  error  in  any  of  the  measured  quantities  will  cause  the 
least  possible  errors  in  the  quantities  calculated  from  them.  The 
hi^er  Calculus  shows  that  the  triangles  should  be  as  nearly  equi- 
lateral as  possible.  This  is  seldom  attainable,  but  no  angle  should 
be  admitted  less  than  80^,  or  more  than  120^.t 

*  More  precisely,  A  being  this  angle,  and  not  more  than  2^  or  3^,  the  differ 
tnce  between  the  inclined  and  horizontal  lengths,  equals  the  inclined  or  real 
length  mnltipUed  by  the  square  of  the  minates  in  A,  and  that  by  the  decimal 
0.00000004231 ;  as  shewn  in  Appendix  n.  In  a  Geodesic  survey,  the  base  would 
also  be  required  to  be  reduced  to  the  level  of  the  sea. 

t  When  two  angles  only  are  observed,  as  is  oAen  the  case  in  the  secondary 
Iriargulation,  the  unobserved  angle  ought  to  be  nearly  a  right  angle. 
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To  ejxend  the  tnangidaUan^  by  continuallj  increiising  the  Bides 
ef  tbe  trianglea,  without  introducmg  ^^ill-conditioned"  triangles, 
oaj  be  eflfected  as  in  the  figure.    AB  is  the  measured  base 

Fig.  257. 


G  and  D  are  the  nearest  stations.  In  the  triangles  ABC  and  ABD, 
all  the  angles  being  observed  and  the  side  AB  known,  the  other 
sides  can  be  readily  calculated.  Then  in  each  of  the  triangles 
DAG  and  DBG,^two  sides  and  the  contamed  angles  are  ^yen  to  find 
DG,  one  calculation  checkmg  the  other.  DG  then  becomes  a  base 
to  calculate  EF ;  which  is  then  used  to  find  6H ;  and  so  on. 

The  fewer  primary  stations  used,  the  better ;  both  to  prevent 
confusion  and  because  the  smaller  number  of  triangles  makes  the 
correctness  of  the  results  more  ^^  probable.'' 

The  United  States  Goast  Survey,  under  the  superintendence  of 
Prof.  A.  D.  Bache,  dbplays  some  fine  illustrations  of  these  princi- 
ples, and  of  the  modifications  they  may  undergo  to  suit  various 
locaUties.  The  figure  on  the  opposite  page  represents  part  of  the 
scheme  of  the  primary  triangulation  resting  on  the  Masaa- 
chusetts  base  and  including  some  remarkably  well-conditioned 
triangles,  as  well  as  the  system  of  quadrilaterals  which  is  a  valuable 
feature  of  the  scheme  when  the  sides  of  the  triangles  are  extended 
to  considerable  lengths,  and  quadrilaterals,  with  both  diagonals 
determined,  take  the  place  of  simple  triangles. 

The  engraving  is  on  a  scale  of  1 :  1200,000. 
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(S84)  Sifl^Bals*    Thej  must  be  high,  conspicuousy  and  so  nuidc 
that  the  insfcroment  can  be  placed  preciflely  under  them. 

Three  or  four  timbers  framed  into  a  Ftg.S59. 

pyramid,  as  in  the  figure,  irith  a  long  mast 
projecting  above,  fulfil  the  first  and  last 
conditions.  The  mast  may  be  made  verti* 
cal  by  directmg  two  theodolites  to  it  and  ad- 
justing it  so  that  their  telescopes  follow  it 
up  and  down,  their  lines  of  sight  being  at 
right  angles  to  each  other.  Guy  ropes 
may  be  used  to  keep  it  vertical. 

A  very  excellent  signal,  used  on  the  Massachusetts  State  Survey, 
by  Mr.  Borden,  is  represented  in  the  three  following  figures.    It 


Fig.  260. 


Fig.  261. 
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consists  merely  of  three  stout  sticks,  wbch  form  a  tripod,  framed 
with  the  signal  staff,  by  a  bolt  passing  through  their  ends  and  its 
middle.  Fig.  260  represents  the  signal  as  framed  on  the  ground ; 
Fig.  261  shews  it  erected  and  ready  for  observation,  its  base  bemg 
steadied  with  stones ;  and  Fig.  262  shews  it  with  the  staff  turned 
aside,  to  make  room  for  the  Theodolite  and  its  pro-  Fig.  263 
tecting  tent.  The  heights  of  these  signals  varied  be- 
tween 15  and  80  feet. 

Another  good  signal  consists  of  a  stout  post  &et  into 
the  ground,  with  a  mast  fastened  to  it  by  a  bolt  below 
and  a  collar  above.  By  opening  the  collar,  the  mast 
can  be  turned  down  and  the  Theodolite*  set  exactly 
under  the  former  summit  of  the  signal,  i.  e.  in  its  verti- 
<*al  axis. 

Signals  should  have  a  height  equal  to  at  least  jl^  of  their 
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tance,  sc  as  to  subtend  an  angle  of  half  a  minate,  iwhieh  expe* 
rience  has  shown  to  be  the  least  allowable. 

To  make  the  tops  of  the  signal-masts  conspicuous,  flags  may  be 
attached  to*  them ;  white  and  red,  if  to  be  seen  against  the  ground, 
and  red  and  green  if  to  be  seen  against  the  skj.*  The  motion  of 
flags  renders  ihem  visible,  when  much  larger  motionless  objects 
are  not.  But  thej  are  useless  in  calm  weather.  A  disc  of  shee^ 
iron,  with  a  hole  in  it,  is  very  conspicuous.  It  should  be  arranged 
80  as  to  be  turned  to  face  each  station.  A  barrel,  formed  of  mus- 
lin sewn  together  four  or  five  feet  long,  with  two  hoops  ia  it  two 
feet  apart,  and  its  loose  ends  sewn  to  the  signal-staff,  which  passes 
through  it,  is  a  cheap  and  good  arrangement.  A  tuft  of  pine  boughs 
fastened  to  the  top  of  the  staff,  will  be  well  seen  against  the  sky. 

In  sunshine,  a  number  of  pieces  of  tin  nailed  to  the  staff  at  dif* 
ferent  angles,  will  be  very  conspicuous.  A  truncated  cone  of 
burnished  tin  will  reflect  the  sun's'tays  to  the  eye  in  almost  every 
situation.  £ut  a  ^[  heliotrope,"  which  is  a  piece  of  looking-glass, 
so  adjusted  as  to  reflect  the  stm  directiy  to  any  desired  point,  is 
the  most  perfect  arrangement.  ^ 

For  night  signals,  an  Argand  lamp  is  used ;  or,  best  of  all.  Drum- 
mend's  light,  produced  by  a  stream  of  oxygen  gas  directed  through 
a  flame  of  alcohol  upon  a  ball  of  lime.  Its  distinctness  is  exceed- 
ingly  increased  by  a  parabolic  reflector  behind  it,  or  a  lens  in  front 
of  it.     Such  a  light  was  brilliantly  visible  at  66  miles  distance. 

(385)  ObserTatlons  of  the  Angles.  These  should  be  repeated 
as  often  as  possible.  In  extended  surveys,  three  sets,  often  each, 
are  recommended.  They  should  be  taken  on  difierent  parts  of  the 
circle.  In  ordinary  surveys,  it  is  well  to  employ  the  method  of 
"  Traversing,"  Art.  (878).    In  long  sights,  the  state  of  the  atmos- 


*  To  detennine  uc  a  station  A, 
whethuf  its  signal  can  be  seen 
from  B,  prcrjected  against  the 
•ky  or  not,  meatiire  the  vertical 
angles  BAZ  and  ZAG.  If  their 
snm  equals  or  exceeds  ISO*,  A 
will  be  thus  seen  from  B.  If 
aot,  the  signal  at  A  mast  be  rais 
•d  till  this  sum  eqnals  180^> 
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phere  has  a  very  remarkable  effect,  on  both  the  visibility  of  the 
signals,  and  on  the  correctness  of  the  observations. 

When  many  angles  are  taken  from  one  station,  it  is  important  to 
record  them  by  some  uniform  system.  The  form  fpyeu  below  is 
convenient.  It  will  be  noticed  that  only  the  minates  and  seconds 
of  the  second  vernier  are  employed,  the  degrees  being  all  taken 
firom  the  first 
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When  the  angles  are  ^^  repeated,"  Art  (S70),  the  multiple 
arcs  will  be  restored  under  each  other,  and  the  mean  of  the 
seconds  shewn  by  all  the  verniers  at  the  first  and  last  readings  be 
adopted, 

(38()  Redttctloii  to  tke  centre.  It  is  often  impossible  to  set 
the  mstrament  precisely  at  or  under  the  ugnal  which  has  been 
observed.    In  such  cases  pro*  Fig.  265. 

ceed  thus.  Let  0  be  the  cen* 
tre  of  the  signal,  and  BGL  the 
deured  an^e,  B  being  the  right 
hand  object  and  L  the  left  hand 
one.  Set  the  instrument  at  D, 
as  near  as  possible  to  0,  and  measure  the  angle  RDL.  It  may  be 
less  than  BGL,  or  greater  than  it,  or  equal  to  it,  according  as  D 
lies  without  the  circle  passing  through  0,  L  and  R,  or  withm  it,  or  m 
its  circumference.  The  instrument  should  be  set  as  nearly  as  pos- 
nble  in  this  last  position.  To  find  the  proper  correction  for  the 
observed  angle,  observe  also  the  angle  LDC,  (called  the  angle  of 
direction),  counting  it  from  0^  to  860^,  going  from  the  left-hand 
object  toward  the  left ;  and  measure  the  distance  DO.  Calculato 
the  distances  CB  and  CL  witii  the  angle  BDL  instead  of  BCL, 
rince  they  are  sufficiently  nearly  equal.    Then 
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^r,i       rtm    ,    CD  .  Mn.  (RDL  +  LDC)        CD.un.  LDG. 
CB.ain.  1"  CL.8II1.1" 

The  test  two  terms  will  be  the  Dumber  of  seconds  to  be  added 
or  subtracted.  Tbe  Trigonometrical  rigns  of  tbe  sines  must  bo 
attended  to.  The  log.  sin.  1"  =4. 6865749.  Instead  of  dividing 
b;  gin.  1",  the  correctioQ  without  it,  which  will  be  a  Terj  small 
fraction,  msj  be  reduced  to  sectmds  b;  muIUpljing  it  bj  206265. 

Hxample.  Let  RDL  =  82-  20'  18"  .06 ;  LDC  =  101'  16'  82"  .4 ; 
CD  =  0.9;  CR  =  35845.12;  CL  =  29T83.1. 

The  first  tena  of  the  correction  will  be  +  S".750,  and  the 
sccoDd  term — 6".113.  Therefore,  the  obserred  angle  RDL 
must  be  dinunished  bj  2".S63,  to  reduce  it  to  the  de^red  angle 
RCL. 

Much  calculation  ma;  be  sared  hj  taking  the  station  D  so  that 
all  the  signals  to  be  observed  can  be  seen  from  it.  Then  only  o 
nngle  distance  and  angle  of  direction  need  be  measured. 

It  may  also  happen  that  the  centre,  C,  of  the 
signal  cannot  be  seen  from  D.  Thus,  if  the  signal 
be  a  solid  circular  tower,  set  the  Theodolite  at  D, 
and  torn  its  telescope  so  that  its  line  of  sight  be- 
comes tangent  to  the  tower  at  T,  T' ;  measure  on 
these  tangeuts  equal  distances  DE,  DF,  and  direct 
the  telescope  to  the  middle,  G,  of  the  line  EF.     It  ^ 

will  then  point  to  the  centre,  G ;  and  the  distance  DC  wiU  equal 
the  distance  from  D  to  the  tower  plus  the  radius  obtained  \>y  mea>- 
soring  the  circumference. 

If  tbe  signal  be  rectangular,  measure  DE,  DP. 
Trice  any  point  G  m  DE,  and  on  DP  set  off  DH 
,DF 
'DE' 
DCl :  DH  : :  DE  :  DP)  and  the  telesct^  (directed 
to  its  middle,  K,  will  point  to  the  nuddle  of  tbe 

diagonal  EF.    We  shaU  also  hare  DC  =  DK  5|. 

&Jiy  such  case  may  be  solved  by  Binular  metboda. 

for  ihe  iaTMiigntion,  soa  App«Dd[z  B. 


Fig.  267. 
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The  ^'Phase^^  of  objects  is  the  effect  produced  by  the  sue 
shining  on  onlj  one  side  of  them,  so  that  the  telescope  will  be 
directed  from  a  distant  station  to  the  middle  of  that  bri^t  side 
instead  of  to  the  true  centre.  It  is  a  source  of  error  to  be  guarded 
against.    Its  effect  may  however  be  calculated. 

(S87)  Correcttoii  of  tke  anf  les.  TVhen  all  the  angles  of  any 
triajQgle  can  be  observed,  their  sum  should  equal  180.*  If  not  they 
must  be  corrected.  K  all  the  observations  are  considered  equally 
accurate,  one-third  of  the  diflference  of  their  sum  from  180^,  is  to  be 
added  to,  or  subtracted  from,  each  of  them.  But  if  the  angles  are 
the  means  of  unequal  numbers  of  observations,  their  errors  may  be 
considered  to  be  inversely  as  those  numbers,  and  they  may  be  cor- 
rected by  this  proportion ;  A9  the  sum  of  the  reciprocals  of  each 
of  the  three  numbers  of  observations  Is  to  iiie  whole  error,  So  is 
the  reciprocal  of  the  number  of  observations  of  one  of  the  an^es 
To  its  correction.  Thus  if  one  angle  was  the  mean  of  three  obser- 
vations, another  of  four,  and  the  third  of  ten,  and  the  sum  of  all  the 
angles  was  180°  3',  the  first  named  angle  must  be  diminished  by 
the  fourth  term  of  this  proportion ;  ^  +  i  +  nr  •  3'  *  •  y  •  1'  27''.8. 
The  second  angle  must  in  like  manner  be  diminished  by  1'  5'\9  ; 
and  the  third  by  26''.8.    Their  corrected  sum  will  then  be  180^. 

It  is  still  more  accurate  but  laborious,  to  apportion  the  total 
error,  or  difference  from  180^,  among  the  angles  inversely  as  the 
"  Weiffhtf^^*  explained  in  Art.  (3(19) .  On  the  U.  S.  Coast  Survey,  in 
Ax  triangles  measured  in  1844  by  Prof.  Bache,  the  greatest  error 
was  six-tenths  of  a  second. 

(S8S)  CalcnlatiM  and  platting.  The  lengths  of  Oie  sides  of 
the  triangles  should  be  calculated  with  extreme  accuracy,  in  two 
ways  if  possible,  and  by  at  least  two  persons.  Plane  Trigonometry 
may  be  used  for  even  large  surveys ;  for,  though  these  sides  are 
really  arcs  and  not  straight  lines,  the  difference  will  be  only  one* 

*  If  the  tnaofflei  w<ere  very  large,  tbey  would  have  to  be  regarded  at  spherical, 
And  tlie  lum  of  their  angles  would  be  more  than  ISO^ ;  but  this  *'  ipherical  ex 
ceia"  would  be  only  1"  for  a  triangle  containing  76  aqaare  milet,  1  for  4500 
•rjn^re  miles,  &c^  and  may  therefore  be  neglected  in  all  ordinary  surveying  op<^ 
rations. 
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twentieth  of  a  foot  in  a  distance  of  11^  miles  ;  half  a  foot  in  23 
miles ;  a  foot  in  84^  miles,  &c. 

The  plattmg  is  most  correctly  done  bjr  constractmg  the  triangleSf 
as  in  Art.  (M),  by  means  of  the  calculated  lengths  of  their  sides. 
If  the  measured  angles  are  platted,  the  best  method  is  that  ox 
chords,  Art.  (275).  If  many  triangles  are  successively  based  on 
one  another,  they  will  be  platted  most  accurately,  by  referring  all 
iheir  sides  to  some  one  meridian  line  by  means  of  ^'  Rectangular  Co- 
ordinates," the  Method  of  Art.  (6),  and  platting  as  in  Art.  (277.) 
In  the  survey  of  a  country,  this  Meridian  would  be  the  true  North 
and  South  line  passing  through  some  well  determined  point. 

(389)  Base  of  VerUcattoB.  As  mentioned  in  Art.  (380),  a 
nde  of  the  last  triangle  is  so  located  that  it  can  be  measured,  as 
was  the  first  base.  If  the  measured  and  calculated  lengths  agree, 
(his  proves  the  accuracy  of  all  the  previous  work  of  measurement 
and  calculation,  since  the  whole  is  a  chain  of  which  this  is  the  last 
link,  and  any  error  in  any  previous  part  would  aSect  the  very  last 
line,  except  by  some  improbable  compensation.  How  near  the 
agreement  should  be,  will  depend  on  the  nicety  desired  and  attained 
in  the  previous  operations.  Two  bases  60  miles  distant  differed 
on  one  great  English  survey  28  inches ;  on  another  one  inch ;  and 
on  a  French  triangulation  extending  over  500  miles,  the  difference 
was  less  than  two  feet.  Results  of  equal  or  greater  accuracy  are 
obtained  on  the  U.  S.  Coast  Survey. 

(390)  Intertor  fllllBf  ap.  The  stations  whose  positions  have 
been  letermined  by  the  triangulation  are  so  many  fixed  points, 
from  which  more  minute  surveys  may  start  and  interpolate  any 
other  points.  The  Trigonometrical  points  are  like  the  observed 
Latitudes  and  Longitudes  which  the  mariner  obtains  at  every  oppor- 
tunity, so  as  to  take  a  new  departure  from  them  and  determine 
his  course  in  the  intervals  by  the  less  precise  methods  of  his  com' 
pass  and  log.  The  chief  interior  points  may  be  obtained  by  '^  Se- 
condary Triangulation,"  and  the  minor  details  be  then  filled  in  by 
any  of  the  methods  of  surveymg,  with  Ohun,  Compass,  or  Transit, 
already  explamed,  or  by  tiie  Plane  Table,  described  in  Part  Vm. 
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With  the  Transit,  or  Theodolite,  ^^  Traversing"  is  the  best  mode  of 
surveying,  the  instrument  being  set  at  zero,  and  being  then 
directed  from  one  of  the  Trigonometrical  points  to  another,  which 
line  therefore  becomes  the  ^'  Meridian"  of  that  survey.  On  reaclh 
ing  this  second  point,  in  the  coarse  of  the  survey,  and  ughting  back 
to  the  first,  the  reading  should  of  course  be  0°,  as  explained  in 
Art.  (S77). 

(S91)  Radiating  TriaBgnlatira.  This  name  may  be  given  io 
a  method  shown  in  the  figure.     Choose  Fig.  scs. 

a  conspicuous  point,  0,  nearly  in  the 
centre  of  the  field  or  farm  to  be  sur- 
veyed. Find  other  points.  A,  B,  C, 
D,  &c.  such  that  the  signal  at  0  can  be 
seen  from  all  of  them,  and  that  the  tri- 
angles ABO,  BCO,  &c,  shall  be  as 
nearly  equilateral  as  possible.  Mea- 
sure one  side,  AB  for  example.  At  A 
measure  the  angles  OAB,  and  OAG ;  at  B^ 

B  measure  the  angles  OBA  and  OBC ;  and  so  on,  around  the 
polygon.  The  correctness  of  these  measurements  may  be  tested 
by  the  sum  of  the  angles,  as  in  Art.  (377).  It  may  also  be  tested 
by  the  Trigonometrical  principle  that  the  product  of  the  sines  of 
every  alternate  angle,  or  the  odd  numbers  in  the  figure,  should 
equal  the  product  of  the  sines  of  the  remaining  angles,  the  even 
numbers  in  the  figure.* 

The  calculations  of  the  unknown  sides  are  readily  made.  In  the 
triangle  ABO,  one  side  and  all  the  angles  are  given  to  find  AO 
and  BO.  In  the  triangle  BCO,  BO  and  all  the  angles  are  given  to 
find  BC  and  CO ;  and  so  with  the  rest.  Another  proof  of  the 
accuracy  of  the  work  wiU  be  given  by  the  calculation  of  the  length 
of  the  side  AO  in  the  last  triangle,  agreeing  with  its  length  ae 
obtained  in  the  first  triangle. 

(892)  Farm  TriangulatlM.  A  Farm  or  Field  may  be  surveyed 
by  the  previous  methods,  but  the  following  plan  will  often  be  more 

Foi  the  dfinoiistratioiiy  see  Appendix  B. 
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conyenient.  Choose  abase,  as  XY, irithm  Fig.  S69. 

the  field,  and  from  its  ends  measure  the 

angles  between  it  and  the  directiop  of 

each  comer  of  the  field,  if  the  Theodo-  f^ 

lite  or  Transit  be  used,  or  take  the 

bearing  of  each^if  the  Compass  be  used. 

Consider  first  the  triangles  winch  have  D 

XY  for  a  base,  and  the  comers  of  the  field,  A,  B,  C,  &c.,  for 

vertices.    In  each  of  them  one  side  and  the  angles  will  be  known  to 

find  the  other  sides,  XA,  XB,  &c.    Then  consider  the  field  as 

made  up  of  triangles  which  have  their  vertices  at  X.    In  each  of 

them  two  sides  and  the  mduded  angle  will  be  ^ven  to  find  its 

content,  as  in  Art.  (CS).    K  Y  be  then  taken  ibr  the  common 

vertex,  a  test  of  the  former  work  will  be  obtained. 

The  operation  will  be  somewhat  simplified  bj  taking  for  the  base 
.ine  a  diagonal  of  the  field,  or  one  of  its  sides. 

(9S3)  InaceesslMe  Areas*    A  field  or  farm  may  be  surveyed, 
by  this  ^^  Fourth  Method,"  without  entering  pig,  270. 

it.     Choose  a  base  line  XY,  firom  which  all  -'"^"Tr'^^^^-s. 

the  comers  of  the  field  can  be  seen.  Take  ^T'^"^  /  \  /a 
their  Bearings,  or  the  angles  between  the 
Base  Ime  and  their  directions.  The  dis- 
tances from  X  and  Y  to  each  of  them  can 
be  calculated  as  in  the  last  article.  The 
figure  will  then  shew  in  what  manner  the 
content  of  the  field  is  the  difference  between  X'<i^  ^T 

the  contents  of  the  triangles,  having  X  (or  Y)  for  a  vertex,  which 
lie  outnde  of  it,  and  those  which  lie  partly  witiiin  the  field  and  partly 
outside  of  it.  Their  contents  can  be  calculated  as  in  the  last  article, 
and  their  difference  will  be  the  desired  content.  If  the  figure  be 
regardedas  generated  by  the  revolution  of  a  line  one  end  of  which  is  at 
X,  while  its  other  end  passes  along  the  boundaries  of  the  field,  short- 
ening and  lengthening  accordingly,  and  if  those  triangles  generated 
by  its  movement  in  one  direction  be  called  phu  and  those  generated 
by  the  contrary  movement  be  called  minuSy  their  algebraic  sum 
will  be  the  content. 

18 
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(891)  InversiM  of  tke  Foirth  Metkod.  In  all  the  opera- 
tions which  have  been  explained,  the  position  of  a  pomt  has  been 
detenmned,  as  in  Art.  (8),  bj  taking  the  angles,  or  bearings,  of 
two  lines  passing  &om  the  two  ends  of  a  Base  line  to  the  unknown 
point.  But  the  same  determination  maj  be  effected  inversely,  hy 
taking  from  the  point  the  bearings,  bj  compass,  of  the  two  ends  of 
the  Base  Ime,  or  of  any  two  known  points.  The  unknown  point 
will  then  be  fixed  by  platting  from  the  two  known  points  the  opp<h 
site  bearings,  for  it  will  be  at  the  intersection  of  the  lines  thus 
detennined. 

(395)  Defects  of  tke  IHetkod  of  Intersection.  The  determi- 
nation  of  a  point  by  the  Fourth  Method  (enunciated  m  Art.  (8), 
and  deyeloped  in  this  Part)  founded  on  the  intersection  of  lines, 
has  the  serious  defect  that  the  point  sighted  to  will  be  very  indefi- 
nitely determined  if  the  lines  which  fix  it  meet  at  a  very  acute  or 
a  very  obtuse  angle,  which  the  relative  positions  of  the  pomts  observed 
£rom  and  to,  often  render  unavoidable.  Intersections  at  right 
angles  should  therefore  be  sought  for,  so  far  as  other  consideratioiii 
will  permit. 


PAKT  VT. 


TRILINEAR  SURVEYING; 

By  the  Fifth  Method. 

(SM)  Triunear  SuRYETiNa  is  founded  on  the  Hfth  Meiliod  of 
letermining  the  position  of  a  pomt,  bj  meaBuring  the  angles  betwen 
three  lines  conceived  to  pass  from  the  required  point  to  three 
known  points,  as  illustrated  in  Art.  (10)  • 

To  fix  the  place  of  the  point  from  these  data  is  much  more  diffi- 
cult thaa  in  the  preceding  methods,  and  is  known  as  the  ^^  Problem  of 
the  three  pomts.''  It  will  be  here  solved  Geometrically,  Instru* 
mentally  and  Analytically. 


(S97)  Geometrical  Solntion.    Let  A,  B  and  0  be  the  known 

Fig.  271. 


objects  observed  from  S,  the  angles  ASB  and  BSC  being  there 
measured.  To  fix  this  point,  S,  on  the  plat  containing  A,  B  and 
C,  dra^  lines  from  A  and  B,  making  angles  with  AB  each  equal 
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to  90^ — ASB.  The  intersection  of  these  lines  at  0  will  be  the 
centre  of  a  circle  passing  through  A  and  B,  in  the  circumference 
of  which  the  point  S  will  be  situated.*  Describe  this  circle.  Also, 
draw  lines  from  B  and  0,  making  angles  with  BG,  each  equal  to 
QQo — BSC.  Their  intersection^  0',  will  be  the  centre  of  a  circle 
passmg  through  B  and  0.  The  point  S  will  lie  somewhere  in  its 
circumference,  and  therefore  in  its  intersection  with  the  fiMiner 
circumference.    The  point  is  thus  detenmned. 

In  the  figure  the  oUenred  angles,  ASB  and  BSC,  are  supposed 
to  have  been  respectively  40^  and  60^.  The  angles  set  off  are 
therefore  50^  and  SO^,  The  central  angles  are  consequently  80^ 
and  120^,  twice  the  observed  angles. 

The  dotted  Imes  refer  to  the  checks  ezpliuned  in  the  latter  part 
of  this  article. 

When  one  of  the  angles  is  obtuse,  set  off  its  difference  from  90"* 
on  the  oppo^te  side  of  the  line  joining  the  two  objects  to  that  on 
which  the  point  of  observation  lies. 

When  the  angle  ABC  is  equal  to  the  supplement  of  the  sum  of 
the  observed  angles,  the  position  of  the  point  will  be  indeterminate ; 
for  the  two  centres  obtained  will  coincide,  and  the  circle  described 
firom  this  common  centre  will  pass  through  the  three  points,  and 
anj  point  of  the  circumference  will  fulfil  the  conditions  of  the  prob 
lem. 

A  third  angle,  between  one  of  the  three  points  and  a  fourth 
point,  should  always  be  observed  if  possible,  and  used  like  the 
others,  to  serve  as  a  check. 

Many  tests  of  the  correctness  of  the  pontion  of  the  point  deter- 
mined may  be  employed.  The  simplest  one  is  that  the  centres  of 
the  circles,  0  and  0^  should  lie  in  the  perpendiculars  drawn  through 
the  middle  points  of  the  lines  AB  and  BC. 

Another  is  that  the  line  BS  should  be  bisected  perpendicularly 

by  the  Ime  00'. 

A  third  check  is  obtained  by  drawing  at  A  and  G  perpendiculars 
to  AB  and  CB,  and  producing  them  to  meet  BO  and  BO'  produced, 

For,  the  arc  AB  meaanrci  the  angle  AOB  at  the  centre,  which  angle  —  1M» 
.  -2  (90o  —  ASB)  —  2  ASB.  Thereftre.  any  angle  inscribed  in  the  circamTer 
ence  and  meatared  by  the  lame  arc  is  rqual  to  ASB 
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m  D  and  E.    The  line  DE  should  pass  through  S ;  for,  the  angles 
BSD  and  BSE  bemg  right  angles,  the  lines  DS  and  SE  form  one 
straight  line. 
The  figure  shews  tiiese  three  checks  by  its  dotted  lines. 

(398)  InstinmeBUl  Solation.  The  precedmg  process  is  tedious 
where  many  stations  are  to  be  determined.  They  can  be  more 
readily  found  by  an  instrument  called  a  Statianrpainter^  or  Ohanh 
gr<q>h»  It  consists  of  three  arms,  or  stnught-edges,  turning  about 
a  common  centre,  and  capable  of  being  set  so  as  to  make  with  each 
other  any  angles  desired.  This  is  effected  by  means  of  graduated 
arcs  carried  on  theur  ends,  or  by  taking  off  with  their  points  (as 
with  a  pair  of  dividers)  the  proper  distance  from  a  scale  of  chords 
(see  Art.  (274))  constructed  to  a  radius  of  their  length.  Being 
thus  set  so  as  to  make  the  two  observed  an^es,  the  instrument  is 
laid  on  a  map  contuning  the  three  given  points,  and  is  tamed 
about  till  the  three  edges  pass  through  Uiese  points.  Then 
their  centre  is  at  the  place  of  the  station,  for  the  three  points  there 
subtend  on  the  paper  the  angles  observed  in  the  field. 

A  simple  and  useful  substitute  is  a  piece  of  transparent  paper, 
cr  ground  glass,  on  which  three  lines  may  be  drawn  at  the  proper 
an^es  and  moved  about  on  the  paper  as  before. 

(399)  Analytical  Solntteii,  The  distances  of  the  required 
point  from  each  of  the  known  points  may  be  obtained  analytically. 
LetAB  =  (?;BC  =  a;ABC  =  B;ASB  =  S;BSC  =  S'.  Also, 
make  T  =  860^  —  S  —  S'— B.  Let  BAS  =  U;  BOS  =  V. 
Then  we  shall  have  (as  will  be  shewn  in  Appendix  B) 

Cot.  U  =  cot.  T  (— Lii^iSl_^  +  l) 

\a  .  8in.  S  .  cos.  T         f 

V  =  T— U 

rnjy  C  .   810.   U  O   .   siu.    V 

8A  =s  ^  '  ^P'  -ABS         op  ^g  .  sin.  CB8 
sin.  8      *  ""      sin.  S* 
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Attention  must  be  given  to  the  algebraic  signs  of  the  trigonome- 
trical functions. 

JExample.  ASB  =  83^  45' ;  BSC  =  22^  80' ;  AB  =  600  feet ; 
BC  =  400  feet ;  AG  =  800  feet.  Required  the  distances  and 
directions  of  the  point  S  from  each  of  the  stations. 

In  the  triangle  ABC,  the  three  sides  being  known,  the  angle 
ABC  is  found  to  be  104'  28'  89".  The  formula  then  gives  the 
angle  BAS  =  U  =  105^  8'  10" ;  whence  BCS  is  found  to  be  94* 
8'  11" ;  and  SB  =  1042.61 ;  SA  =  710.198 ;  and  SO  =  984.291. 

(100)  Maritime  Sttrreylngr*  The  chief  application  of  the  Tri- 
linear  Method  is  to  Maritime  or  Sydrographiedl  Surveying,  the 
object  of  which  is  to  fix  the  positions  of  the  deep  and  shallow  points 
in  harbors,  rivers,  &;c.,  and  thus  to  discover  and  record  the  shoals, 
rocks,  channels  and  other  important  features  of  the  locality.  To 
effect  this,  a  series  of  signals  are  established  on  the  neighboring 
shore,  any  three  of  which  may  be  represented  by  our  points  A,B,  G. 
They  are  observed  to  from  a  boat,  by  means  of  a  sextant,  and  the 
position  of  the  boat  is  thus  fixed  as  just  shewn.  The  boat  is  then 
rowed  in  any  desired  direction,  and  soundings  are  taken  at  regulai 
intervals,  till  it  is  found  convenient  to  fix  the  new  portion  of  the 
boat  as  before.  The  precise  point  where  each  sounding  was  taken 
can  now  be  platted  on  the  map  or  chart.  A  repetition  of  this  pro- 
cess will  determine  the  depths  and  the  places  of  each  point  of  the 
bottom. 


PART  VII 


OBSTACLES  IN  ANGULAR  SURVEYING. 

(Ml)  Thb  obstacles,  such  ba  trees,  houses,  hills,  vallies,  rivers, 
fcc,  Trhich  prevent  the  direct  alinement  or  measurement  of  any 
desired  course,  can  be  overcome  much  more  easily  and  precisely 
frith  any  angular  instrument  than  vnth  the  chain,  methods  for  using 
which  were  explained  m  Part  11,  Chapter  V.  They  will  however 
be  taken  up  in  the  same  order.*  As  before,  the  ^ven  and  measured 
lines  are  drawn  with  fine  full  lines ;  the  visual  lines  with  broken 
lines ;  and  the  lines  of  the  result  with  heavy  full  lines. 


CHAPTER  L 

PERPENDICULARS  AND  PARALLELS. 

(102)  Erectln;  PerpendicBlars.  To  erect  a  perpendicular  to 
a  line  at  a  given  pointy  set  the  instrument  at  the  given  point,  and, 
if  it  be  a  Compass ,  direct  its  sights  on  the  line,  and  then  turn  them 
till  the  new  Bearing  differs  90^  from  the  original  one,  as  explained 
in  Art.  (243)*  A  convenient  approximation  is  to  file  notches  in 
the  Compass-plate,  at  the  90^  points,  and  stretch  over  them  a  thread, 
Bightmg  across  which  will  give  a  perpendicular  to  the  durection  of 
the  sights. 

The  Transit  or  Theodolite  being  set  as  above,  note  the  readmg 
of  the  vernier  and  then  turn  it  till  the  new  reading  is  90^  more  <Hr 
less  than  the  former  one. 

llie  Deraonntrationi  of  the  Problems  which  require  th<>m,  and  from  wbick 
thej  can  conveniently  be  separated,  will  be  foand  in  App        i.  B. 
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Fig.  272. 


(40S)  To  erect  a  perpendieular  to  an  inaceeemble  linej  at  a 
given  point  of  it.  Let  AB  be  the  line 
and  A  the  point.  Calculate  the  distance 
from  A  to  anj  point  C,  and  the  angle 
CAB,  by  the  method  of  Art.  (IM).  Set 
the  instrument  at  C,  sight  to  A,  turn  an 

angle  =  CAB,  and  measure  in  the  direo-        P^ *C 

tion  thus  obtmed  a  distance  CP  =  CA  •  cos.  CAB.    PA  wiU  be 
the  required  perpendicular. 

(Ml)  LettlBg  Call  perpendlcalars*  2b  let  fall  a  perpendi* 
eular  to  a  line  from  a  given  points  With  the  Compose j  take  the 
Bearing  of  the  given  line  and  then  from  the  ^Ton  point  run  a  line, 
with  a  Bearing  differing  90^  from  the  orij^nal  Bearing,  till  it  reaches 
the  pven  line. 

With  the  Trantit  or  Theodolite^  set  it  at  anj  point  of  the  gcrem 
line,  as  A,  and  observe  the  angle  between  this  Fig-  273. 

line  and  a  line  thence  to  the  ^ven  point,    Ak;- iB 

P.    Then  set  at  P,  sight  to  the  former  posi-         "^ 
tion  of  ihe  instrument,  and  turn  a  number  of 
degrees  equal  to  what  the  observed  angle  at 
A  wanted  of  90''.    The  instrument  will  ihen 
point  in  the  direction  of  the  required  perpendicular  PB. 

(MS)  To  let  fall  a  perpendieular  to  a  line  from  atlinaeeeuHU 
paint.    Let  AB  be  the  line  and  P  ilie  F'S-  ^74. 

point.    Measure  the  angles  PAB,  and  ^ 

PBA.  Measure  AB.  The  angles  APC 
and  BPC  are  known,  being  the  comple- 
ments of  the  angles  measured.    Then  is  A 

tan.  APO 


AC=::AB. 


tan.  APC  +  tan.  BPC 


OHAP.  I.] 


Perpendiculars  and  Parallels. 
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(466)  To  let  faU  a  perpendicular  to  an  tnaceesmbU  line  from 
a  given  point.    Let  C  be  the  point  and  Fig.  275. 

AB  the  line.     Calculate  the  angle  CAB   ^ E 

bj  the  method  of  Art.  (486).  Set  the 
instrument  at  C,  sight  to  A,  and  turn  an 
angle  =  90 — GAB.  It  will  then  point 
in  the  direction  of  the  required  perpen^ 
dicular  CE. 


(467)  RnnnlBS  Parallels*  To  trace  a  line  through  a  gwen 
point  paraUd  to  a  given  line.  With  the  Compasij  take  the  Bear- 
ing of  the  ^Ten  line,  and  then,  from  the  given  point,  run  a  lino 
with  the  same  Bearing. 

With  the  Hh'aneit  or  Theodolite^  set  it  at  anj  convenient  xmat 
of  the  ^ven  line,  as  A,  direct  Fig*  376. 

it  on  this  line,  and  note  the  read-  -^r — — • -b 

inor.    Then  turn  the  vernier  till       \ 

the  cross-hairs  bisect  the  given         \ 

point,?.    Take  the  instrument  to  p  Q 

this  pomt  and  sight  back  to  the  former  station,  by  the  lower  motion, 
without  changing  tho  reading.  Then  move  the  vernier  till  the 
reading  is  either  the  same  as  it  was  when  the  telescope  was  di- 
rected on  the  given  line,  or  is  180°  different.  It  wiU  then  be  di- 
rected (forward  or  backward)  on  PQ,  a  parallel  to  AB,  since  equal 
angles  have  been  measured  at  A  and  P.  The  manner  of  reading 
them  is  similar  to  the  method  of  ^^  Traversing,"  Art.  (873). 


(466)    To  trace  a  line  through  a  given  point  parallel  to  an 
iiiaece%9ible  Une.    Let  G  be  the  ^ven  Fig.  277. 

point,  and  AB  the  inaccessible  line. 
Fmd  the  angle  CAB,  as  in  Art.  (4S6). 
Sot  the  instrument  at  C,  direct  it  to  A, 
and  then  turn  it  so  as  to  make  an  angle 
with  CA  equal  to  tk<»  supplement  of  the  angle  CAB.  It  will  thea 
pomt  in  a  cUrection,  CE,  parallel  to  AB. 


S82  OBSTACLES  IN  illGIII.iS  SVSVETING.      Um  m 


CHAPTER  II. 


OBSTACLES  TO  ALINENENT. 


A.  To  PROLONG  A  LINS. 


(4M)  The  instrument  being  set  at^the  farther  end  of  a  line,  and 
directed  back  to  its  be^nning,  the  sights  of  the  Compa»8j  if  that 
be  used,  'will  at  once  give  the  forward  direction  of  the  line.  They 
serve  the  purpose  of  the  rods  described  in  Art.  (169).  A  distant 
point  being  thus  obtained,  the  Compass  is  taken  to  it  and  the  pro- 
cess repeated.  The  use  of  the  Transit  or  TheodoUte^  for  this 
purpose,  \7as  fully  explained  m  Art.  (376). 

(410)  By  perpendlciilars.  When  a  tree,  or  house,  obstructmg 
the  line,  \a  met  with,  place  the  instru-  ^ig-  278. 

ment  at  a  point  B  of  the  line,  and  set   j^  b^  •» 


off  there  a  perpendicular,  to  C ;  set  off  t5j 

A«>/v<.l«A«  a4.  O  4-/V  Tk     A   ^■VX'mA   *4>   "n  4.^  1?  CD 


another  at  C  to  D,  a  third  at  D  to  E, 
inakiDg  DE  =  BC,  and  a  fourth  at  E,  which  last  will  be  in  the 
direction  of  AB  prolonged.  If  perpendiculars  cannot  be  con- 
veniently  used,  let  BC  and  DE  make  any  equal  angles  witli 
tlie  line  AB,  so  as  to  make  CD  parallel  to  it. 

(411)  By  an  equilateral  triangle.  Fig.  S79. 

At  B,  turn  aside  from  the  line  at  an 
angle  of  60^,  and  measure  some  con- 
venient  distance  BC.  At  C,  turn  60^ 
in  the  contrary  direction,  and  mea-  c 

sure  a  distance  CD  ==  BC.  Then  will  D  be  a  point  in  the  line  AB 
prolonged.  At  D,  turn  60°  from  CD  prolonged,  and  the  neiv 
direction  will  be  in  the  line  of  AB  prolonged.  This  method  re 
([uires  the  measurement  of  one  angle  less  than  the  preceding. 


CHAP.  11.  J 


Obstacles  to  Allneneiit. 
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(412)  By  tringrnlatton.    Let  Fig.  280. 

AB  be  the  line  to  be  prolonged.  A 

Choose  some   station  C,  whence     \ 
can  bo  seen  A,  B,  and  a  point  \ 

beyond  the  obstacle.  Measure 
AB  and  the  angles  A  and  B,  of 
the  triangle  ABC,  and  thence  calculate  the  side  AC.  Set  tfie 
instrument  at  C,  and  measure  the  angle  ACD,  CD  being  anj  line 
which  will  clear  tho  obsi;acle.  Let  E  be  the  desired  point  in  the 
lines  AB  and  CD  prolonged.  Then  in  the  triangle  ACE,  will  be 
known  the  side  AC  and  its  including  angles,  whence  CE  can  be 
calculated.  Measure  the  resulting  distance  on  the  ground,  and 
its  extrenuty  will  be  the  desired  point  E.  Set  the  instrument  at 
E,  ffight  to  C,  and  turn  an  angle  equal  to  the  supplement  of  the 
angle  AEC,  and  you  will  have  the  durection,  EF,  of  AB  prolonged 

(113)  When  the  line  to  be  jM-olonged  Is  Inaccessible.     In 

this  case,  before  the  preceding  method  can  be  applied,  it  will  bo 
necessary  to  determine  the  lengths  of  the  lines  AB  and  AC,  and 
the  angle  A,  by  the  method  given  in  Art.  (ISO). 

(Ill)  To  prolong  a  line  with  only  an  angular  Instrnment. 

This  may  be  done  when  no  means  of  measuring  anj  distance  can  be 
obtdned.    Let  AB  be  the  line  pig.  281. 
to  be  prolonged.     Set  the  in-  C 
strument  at  B  and  deflect  an- 
gles of  45®  in  the  directions  C  -^ .     B> 

and  D.  Set  at  some  point,  C, 
on  one  of  these  lines  and  deflect 
from  CB  45®,  and  mark  the 
point  D  where  this  direction  intersects  the  direction  BD.  Also,  at 
C,  deflect  90®  from  CB.  Then,  at  D,  deflect  90®  from  DB.  The 
mtersections  of  these  last  directions  will  fix  a  point  E.  At  E 
deflect  135®  from  EC  or  ED,  and  a  line  EF,  in  the  (Action  of 
AB  will  be  obtained  and  may  be  conthiued.'* 

*  This  ingenioos  cootnTance  is  doe  to  a  former  student,  Mr.R.  Hood,iii  whos« 
practice,  while  running  au  air  line  for  a  railroadi  the  neceasity  occonreck 
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B.   To  INTEKPOLATB  POINTS  IK  A  LINE. 

(Ui}  The  instrament  being  set  at  one  end  of  a  line  and  durectcd 
io  the  other,  intennediate  pomts  can  be  found  as  in  Art.  (177), 
&c.  If  a  vallej  intervenes,  the  sights  of  the  Compass,  (if  the 
Compass-piate  be  very  carefully  kept  level  cross-wajs),  or  tiie  tele- 
scope of  the  Transit  or  Theodolite,  answer  as  substitutes  for  the 
plumb-line  of  Art.  (179)* 

(116)  By  a  random  line.  When  a  wood,  hill,  or  other  obsta- 
ele,  prevents  one  end  of  the  Ime,  Z,  Fig.  283. 

from  bemg  seen  from  the  other,  A,  rui 
a  random  line  AB  with  the  Compass  or  A* 
Transit,  &;c.,  as  nearly  in  the  desired 
direction  as  can  be  guessed,  till  you  arrive  opposite  the  point  Z. 
Measure  the  error,  BZ,  at  right  angles  to  AB,  as  an  oflEset.  Multi- 
ply this  error  by  67y%,  and  divide  tie  product  by  the  distance  AB. 
The  quotient  will  be  the  degrees  and  decimal  parts  of  a  degree, 
contained  in  the  angle  BAZ*  Add  or  subtract  this  angle  to  or 
from  the  Bearing  or  reading  with  which  AB  was  run,  according  to 
tiie  side  on  which  the  error  was,  and  start  from  A,  with  this  cor> 
rected  Bearing  or  reading,  to  run  another  line,  which  will  come  out 
at  Z,  if  no  error  has  been  committed.* 

EoMLmple.  A  random  line  was  run,  by  compass,  with  a  Bearing 
of  S.  80^  E.  At  20  chains'  distance  a  point  was  reached  opposite 
to  the  desired  point,  and  10  links  distant  from  it  on  its  right 
Required  the  correct  Bearing.  "'* 

Am.    By  the  n Je,  ^ '  2000^^  "^  0^2865  =  17'.      The  cor- 

rect  Bearing  is  therefore  S.  80''  17'  E.  If  the  Transit  had  been 
used,  its  reading  would  have  been  changed  for  the  new  line  by  ilie 
same  17'.  A  simple  diagram  of  tho  case  will  at  once  shew  whether 
the  correction  is  to  be  added  to  the  original  Bearing  or  angle,  or 
subtracted  from  it. 

*  Thii  rale  it  fttUtanttaUj  identical  with  that  of  Art  (319),  whore  iti 
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If  Trigonometrical  Tables  are  at  hand,  the  correetioD  viU  btt 
more  precisely  obttuned  from  this  eqoation ;    Tan.  SAZ  ^  ^^. 

In  Hub  example,  —^  =  ^^  =  .005  =  tan.  17'.) 

The  5T*.3  nde,  as  it  is  sometimes  called,  may  be  rariouslj  modi- 
fied. Thns,  multiplj  the  error  by  86°,  and  divide  by  oae  sad  a  half 
times  the  distance ;  or,  to  get  tlie  correction  in  minutes,  moltiply 
by  S438  and  divide  by  the  (tistance ;  or,  if  the  error  is  ^ren  in 
feet  and  the  distance  in  foaivrod  duuns,  multiply  the  former  by  52 
and  divide  by  the  distance,  to  get  the  correction  in  minates. 

The  correct  line  may  be  run  irith  the  Bearing  (^  the  random 
line,  by  tonung  the  vermer  for  the  correclioQ,  as  in  Art.  (S12). 

<117)  By  UUtidn  ai4  Denrtves.  When  ^'s-ssa. 
a  ongle  tine.  Bach  as  AB,  oaonot  be  nin  bo  as  to 
come  opposite  to  the  ^ven  pinnt  Z,  proceed  thus,  . 
with  the  Compatt.  Ron  luiy  nomber  of  sigiag 
courses,  AB,  BC,  CD,  DZ,  in  any  convenient 
direction,  bo  as  at  last  to  arrive  at  Qie  desired  point. 
Calculate  the  Latitude  and  Departure  of  each  of 
these  couTsea  and  take  their  algebruao  sums.  The 
Bum  of  the  Latitudes  will  be  equal  to  AX,  and  that 
oftheDeparturestoXZ.  Theni8Tan.ZAX  =  ~ ; 

I.  e.  the  algebraic  sum  of  the  Departures  divided 

by  the  algebniio  sum  of  the  Latitudes  is  equal  to  the  tangent  of 

the  Bearing.* 

{118)  When  the  Tras^  ot  TheodoUte  is  used,  any  line  may  be 
taken  as  a  Meridian,  i.  e.  as  the  line  to  which  the  Moiring  lines 
are  refened ;  as  in  "  Traverang,"  Art.  (S7S),  page  254,  all  the 
moceBtdve  hnes  were  referred  to  the  first  line.  In  the  figure,  aa 
the  next  page,  the  same  lines  as  in  the  preceding  figure  are  rejs*' 

The  length  of  the  line  AZ  can  tlM>  b«  at  onm  t^laiDnl  ilnce  jt  it  njaal  to 
Ihe  aqusre  root  of  the  mm  of  the  (qnkrei  of  AX  and  XZ ;  or  to  ihs  Latiluda 
dirided  bf  the  ooMDe  of  the  Boarinj;. 
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Bested,  but  they  are  referred  to  Ute  first  coarse,  Fig.  SM. 

AB,  inEtead  of  to  tbe  Magnetic  Mend 

before,  and  their  Latitudes  are  meftBured 

its  produced  line,  and  its  Departures  p 

£cahu-  to  it.  As  before,  a  right-angled  tt 

will  be  formed,  and  the  angle  ZAT  i 

the  angle  at  A  between  tlie  first  line  A 

the  deured  Une  AZ. 

This  method  of  operation  has  many 
applications,  such  as  in  obtumng  data  for  running  Bfulroad  Curves, 
ko.,  and  the  student  should  master  it  thoroughly. 

The  de^red  angle  (and  at  the  same  time  the  distance)  can  be 
obtsjned,  approximately,  in  this  and  the  preceding  case,  by  finding 
in  a  Trareise  Table,  the  final  Idtitade  and  Departure  of  the  demred 
line  (or  a  Latitude  and  Departare  having  the  same  ratio)  and  the 
Bearing  and  Distance  corresponding  to  these  will  be  the  an^ 
and  distance  desired. 

(119)  By  filBlIar  trlusles.  ^'s  ^ 

Thiougb  A  measure  any  Ime  CD.  ^[ — ~-~~~,.,^e 
Take  a  pomt  E,  on  the  lino  CB,        {^^bT~""~~~~~~~~^ 
beyond  tie  obstacle,  and  from:it  Ah'w^^f'^felG' — --^5^^ 
set  off  a  parallel  to  CD,  to  some        C^^J----'''''''^ 
point,  F,  in  the  line  DB.    Measure  _  ..---''^''^^ 
EF,  CD,  and  CA.    Then  tlus  pro- 
portion, CD  :  CA  : :  EF  :  EG,  will  ^ve  the  distance  EG,  from 
E  to  a  point  in  the  line  AB.     So  for  other  points. 

(120)  By  trlaiinlalt*D>      When 

obstacles  prevent  the  preceding  me-  -^ 
tbods  bemg  used,  if  a  point,  C,  can  be 
found,  from  wUch  A  and  B  are  accessi- 
ble, measure  the  distances  CA,  CB, 
and  the  angle  ACB,  and  thence  calculate  the  an^e  CAB. '  Then 
observe  any  angle  AGD,  beyond  the  obstacle.  Jn  the  triangle 
ACD,  a  side  and  its  including  angles  are  known,  to  find  CD.  Met- 
tare  it,  and  a  point,  D,  in  the  deured  line,  will  be  obtained. 
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CHAPTER  m. 


OBSTACLES  TO  MEiSIJREIIIEIIT. 

A.   WhKN  both  ends  of  the  line  are  ACCESSJmUI. 

(121)  The  methods  giv^en  in  the  precedmg  Chapter  for  prolong- 
ing a  line  and  for  interpolating  points  in  it,  will  generally  give  fbe 
length  of  the  line  bj  the  same  operation.  Thus,  in  fig.  278,  the 
inaccessible  distance  BE  is  equal  to  CD  ;  in  Fig.  279,  BD  =  BC 
=  CD ;  in  Fig.  280,  the  distance  BE  can  be  calculated  from  the 
same  data  as  CE ;  in  Fig.  282,  AZ  =  VCAB^  +  BZ')  ;  in  Fig. 
283,  AZ  =  VCAX^  +  XZ»)  ;  in  Fig.  284,  AZ  =  >/(AY>  + 
YZ^)  ;  in  Fig.  285,  AG  =  ^BiCA— EG) .  .^  ^.^  gge,  the  tri- 

angle  ACD  will  ^ve  the  distance  AD.  The  method  of  Latitudes 
and  Departures,  Arts.  (117)  and  (418),  is  very  generally  appli- 
^fible.     So  is  the  following. 

(422)  By  triangfalatlon.   Let  AB  Fig.  287. 

be  the  inaccessible  distance.  From 
any  point,  C,  from  which  both  A  and 
B  are  accesdble,  measure  CA,  CB, 
and  the  angle  ACB.  Then  in  the 
triangle  ABC  two  sides  and  the  in- 
cluded angle  are  known  to  find  the 
side  AB.  If  all  the  angles  can  be  measured,  they  may  be  cor* 
rooted,  as  in  Art.  (887)** 

(42S)  A  broken  Base*  When  the  angle  C  is  very  obtuse,  the 
preceding  problem  may  be  modified  as  follows.  Naming  the  lines 
aa  is  usual  in  Trigonometry,  by  small  letters  correspondmg  to  the 

*  In  ttii  figure,  and  the  followingonesithe  angular  point  enclofed  in  a  circlt 
indicates  the  place  at  which  the  initrament  is  set 
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capital  letters  at  the  angles  to  vhich  they  are  oppoate,  and  letting 
K  =  the  number  of  minutes  in  the  supplement  of  the  angle  C,  we 

Fig.  28S. 
C 

shall  have 

AB  =  e  =  a  +  b  —  0.000000042308  x  2^^. 

a+o 

This  formula  is  chieflj  used  in  the  case  of  what  is  called  in  Tri- 
angular Surveying  ^^  A  broken  Base ;"  such  as  above ;  AC  and 
CB  being  measured  and  forming  very  nearly  a  strught  line,  and 
the  length  of  AB  bemg  required. 

Log.  0.000000042808  =  2.6264222—10. 

(421)  By  ang^s  to  known  points*  The  length  of  a  line,  boili 
ends  of  which  are  accessible,  may  also  be  determined  by  angles 
measured  at  its  eztrenuties  between  it  and  the  directions  of  two  or 
more  known  points.  But  as  the  methods  of  calculation  involve  sub- 
sequent problems,  they  will  be  postponed  to  Articles  (4S5),  (4M) 
and  (487). 

B.  When  onb  end  of  the  unb  is  inaccbssible. 

(425)  By  perpendlcnlars*  Many  of  the  methods  given  for 
the  chain,  in  PartU,  Chapter  Y,  may  be  still  more  advantageously 
employed  with  angular  instruments,  which  can  so  much  more  easily 
and  precisely  set  oflf  the  Perpendiculars  required  in  Articles  (191)f 
(192),  (IW),  4c. 

(42C)  By  equal  angles*    LetAB 

be  the  inaccesuble  line.  At  A  set  off  '^ 
AC,  perpendicular  to  AB,  and  as 
nearly  equal  to  it,  by  estimation,  as 
the  ground  will  permit.  At  C,  mea- 
sure the  angle  ACB,  and  turn  the 
sights,  or  vernier,  till  ACD  =  ACB. 
Fmd  the  point,  D,  at  the  intersections  of  the  Imes  CD  and  BA  pro- 
«ip-  id.    Then  is  AD  =  AB. 
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(427)  Br  IrlMglUUsn.    Measure  a distftnce         r.g,3oa. 
AC,  aboni;  equal  to  AB.     Measure  the  angles  at 

A  and  C.    Then  in  the  triangle  ABC,  two  angles 
and  the  included  side  are  known,  to  find  another 
.,       .-n       ACain.  ACB 
^"'•■^°-    ,j..ABC    ■ 

When  the  compass  b  used,  the  angles  betwc^u 
the  lines  will  bo  deduced  &om  their  respective 
Bearings,  by  the  principles  of  Art.  (243). 

If  the  angle  at  A  ia  90",  AB  =  AO  .  tang.  ACB. 

If  A  =  90",  and  C  =  45",  then  AC  =  AB ;  bat  this  poeittm 
could  not  easily  be  obtained,  except  hy  the  use  of  the  Sexttid;, 
B  reflecting  instrument,  nut  described  in  this  volume. 

(428)  Vkei  «iie  poiBt  cannot  be  seen  tevm  lh«  sther.— 

Choose  two  points,  C  and  D,  in  the  line  pjg.  q9i. 

of  A,  and  such  that  from  G,  A  and  B  can 
be  seen,  and  from  D,  A  and  B.  Measure 
AC,  AD,  and  the  angles  C  and  D.  Then, 
in  the  triangle  BCD,  are  known  two  an- 
gles and  the  included  side,  to  find  CB. 
Then,  in  the  triangle  ABC,  are  known 
two  sides  and  the  included  angle,  to  find 
die  thu^  side,  AB. 

(429)  To  find  tbe  distince  hvm  a  giren  poiit  to  an  lucew* 

sfM«  line.  In  Fig.  275,  Art.  (4M),  the  required  distance  i» 
CE.  The  operaliona  therein  directed  gjve  the  line  CA  and  the 
u^«CABorOAE.    The  reqiured  diataoce  GE  »  CA .  nn.  CAB. 


too 
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C.  When  both  snds  of  thb  line  are  ivaccimibul 

(ISO)  General  Methoi;    Let  Fig.  293. 

AB  be  the  inaccessible  line. 
Measure  any  convenient  distance 
CD,  and  the  angles  ACD,  BCD, 
ADC,  BDC. 

Then,  in  the  triangle  CDA, 
two  angles  and  the  included  side 
are  ^ven,  to  find  CA.  In  the 
triangle  CDB,  two  angles  and  the 
included  side  are  given,  to  find 
CB.  Then,  in  the  triangle  ABC, 
two  sides  and  the  included  angle 
are  given,  to  find  AB. 

The  work  may  be  verified  by  taking  another  set  of  triangles, 
and  finding  AB  from  the  triangle  ABD  instead  of  ABC. 

The  following  formulas  will  however  give  the  desired  distance 
with  less  labor. 

Fmd  an  angle  K,  such  that  tang.  K  =  "I"'  ^?!j '  ""•  P°^. 
*  *  sin.  CAD .  sin.  BDC 

Then  find  the  difference  of  the  unknown  angles  in  the  triangle 
CAB  from  the  fotmula 
Tang,  i  (CAB— ABC)  =  tang.  (45'»— K)  .  cot.  J  ACB. 
Then  is  CAB  =  J  (CAB  —ABC)  +  }  (CAB  +  ABC). 

i:v      11         k-n         r\T\  sio.  BDO  .  BIO.  AOB 

Fmally,  AB  =  CD  -. — r^=r^ — : — Trrr:' 
^  *  sin.  CBD  .  an.  CAB 

ExampU.  Let  CD  =  7106.25  feet ;  ACD  =  95^'  17'  20" ; 
BCD  =  61^  41'  50" ;  ADC  =  89^  88'  40" ;  BDC  =  78^  85'  10"; 
required  AB. 

The  figure  is  constructed  with  these  data  on  a  scale  of  5000  feet 
to  1  inch  =  1 :  60000. 

By  the  above  formulas,  E  is  found  to  be  80''  26'  5  ' ;  CAB  » 
118^  55'  37" ;  and  lastly  AB  =  6598.32. 

Both  the  methods  may  be  used  as  mutual  checks  in  any  im 
portant  case. 
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Fig.  293. 


If  the  lines  AB  and  CD  crossed  ^ 

each  other,  as  in  Fig.  293,  instead  of     .v^  v  \^ 
being  situated  as  in  the  preceding 
figure,  the  same  method  of  calcula- 
tion would  apply. 


Fig.  294. 


(431)  ProUem«  To  measure  an  inaccessible  distance,  AB, 
vJien  a  pointy  G,  in  its  line  can  be  obtained.  Set  the  instrument 
at  a  point,  D,  from  which  A,  B 
and  C  can  be  seen,  and  measure 
the  angles  CDA  and  ADB. 
Measure  also  the  line  DC  and 
the  angle  C.  Then  in  the  tri- 
angle ACD  two  angles  and  the 
included  side  are  ^ven  to  find 

AD.     In  the  triangle  DAB,  the 

angle  DAB  is  known,  (being  equal  to  ACD  +  CDA),  and  AD 

having  been  found,  we  again  have  two  angles  and  the  included  side 

to  find  AB. 


(4S2)  Problem.  To  measure  an,  inaccessible  distance,  AB, 
when  only  one  point,  C,  can  be  found  from  which  both  ends  of  the 
line  can  be  seen.     Consider  CA  Fig.  295. 

and  CB  as  distances  to  be  deter- 
mined, having  one  end  accessible. 
Determine  them,  as  in  Art.  (427)9 
by  choosing  a  point  D,  from  which 
G  and  A  are  viable,  and  a  point  E 
from  which  C  and  B  are  visible/ 
At  C  observe  the  angles  DCA,  ACB  ^ 
and  BCE.  Measure  the  distances  CD  and  CE.  Observe  the 
angles  ADC  and  BEC.  Then  in  the  triangle  ADC,  two  angles  and 
ttie  included  side  are  given,  to  find  CA ;  and  the  same  in  the  tri* 
angle  CBE,  to  find  CB.  Lastly,  in  the  triangle  ACB  ^.wo  sides 
and  the  included  angle  are  known,  to  find  AB. 
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(4SS)  Probton*  To  measure  an  inaccedsible  cUstancej  AB. 
when  no  point  can  be  found  from  which  the  two  ende  can  be  seen 
Let  C  be  a  point  from  which  A  is  Fig.  296. 

visible,  and  D  a  point  from  which 
B  is  visible,  and  also  C.  Measure 
CD.  Fmd  the  distances  CA  and 
DB,  as  in  the  preceding  problem ; 
i.  e.  choose  a  point  E,  from  which  A 
and  C  are  vbible,  and  another  £ 
pomt,  F,  from  which  D  and  B  are  visible.  Measure  EC  and  DF. 
Observe  the  angles  AEC,  EGA,  BDF  and  DFB ;  and  at  the  same 
time  the  angles  AGD  and  CDB,  for  the  subsequent  work.  Then 
GA  and  DB  will  be  found,  as  were  GA  and  GB  in  the  last  problem. 
Then  in  the  triangle  GDB,  two  sides  and  the  included  angle  are 
known  to  find  GB  and  the  angle  DGB ;  and,  lastly,  in  the  triangle 
AGB,  two  sides  and  the  included  angle  (the  difference  of  AGD 
and  DGB)  to  find  AB. 

(434)  ProbtoBk    To  faiterpolate  a  Base.     Four  inaeeessUiU 
oljectSj  A,  B,  G,  D,  bdng  in  a  right  Fig.  297. 

Une^  and  visible  from  only  oTie  point  J   ^^ B3J\\Vi/^c  b 

E,  it  is  required  to  determine  the  dis- 
tance between  the  middle  peintSy  B 
and  G,  the  exterior  distances^  AB  v  \ 

and  GD,  being  known.  W 

LetAB  =  a,  GD  =  J,  BG  =  a:;  S 

AEB  =  P,  AEG  =  Q,  AED  =  E. 

Galculate  an  auidliaty  angle,  K,  such  that 

-_  Aab         sin.  Q  .  an.  (R —  P) 

*«^S-    ^  =  (a-5)V  sin.P-sin.(B-Q)- 


Then  is  «  = ~—  ± 


2  •  cos.  K* 


Of  the  two  values  of  x^  the  positive  one  is  alone  to  be  taken. 

This  problem  is  used  in  Triangular  Surveying  when  a  portkn  of 
a  Base  line  passes  over  water,  &c. 
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(485)  ProMeBt  CHven  the  anglen  observed^  at  the  ends  of  a 
line  which  cannot  be  measuredy  between  it  and  the  eiuh  of  a  Une 
of  known  length  but  inaccesidbley  required  the  length  of  the  former 
line.  This  Problem  is  the  converse  of  that  given  in  Art.  (ISO). 
Its  figure,  292,  may  represent  the  case,  if  the  distance  AB  be 
regarded  as  known  and  CD  as  that  to  be  found.  Use  the  first  and 
second  formulas  as  before,  and  invert  the  last  formula,  obtaining 
pjv  __  AT>8i'**  CBD  .  sin.  CAB 
sin.  BDO  .  sin.  ACB' 

This  problem  maj  also  be  solved,  indirecQj,  by  assuming  any 
length  for  CD,  and  thence  calculating  as  in  the  first  part  of  Art. 
(ISO),  the  length  of  AB  on  this  hypothesis.  The  imaginary 
figure  thus  calculated  is  similar  to  the  true  one ;  and  the  true 
length  of  CD  wiU  be  given  by  this  proportion ;  calculated  length 
of  AB  :  true  length  of  AB  : :  assumed  length  of  CD  :  true  length 
of  CD. 

The  length  of  CD  can  also  be  obtained  fj^.  29S. 

graphically.  Take  a  line  of  any  length, 
as  CD',  and  from  C^  and  D'  lay  oflf  angles 
equal  to  those  observed  at  C  and  D,  and 
thus  fix  points  A,  B'.    Produce  AB'  till  it 


equals  the  ^ven  distance  AB,  on  any  de-  rJ^^^ 

sired  scale.    From  B  draw  a  parallel  to        ^'"'^-.^^ 

BD',  meeting  AD'  produced  in  D;  and 

from  D  draw  a  parallel  to  D'C  meeting 

A(y  produced  in  C.    Then  CD  will  be  the  ^^qmred  distance  to 

the  same  scale  as  AB.* 


(ISO)  ProUen*  Three  pointSj  A,  B,  C,  being  given  by  their 
distances  from  each  other ^  and  two  other  pairUSj  P  and  Q,  being 
so  situated  that  from  each  of  them  two  of  the  three  points  can  be 
seen  and  ike  angles  APQ,  BPQ,  CQP,  BQP,  be  measured,  it  is 
required  to  determine  the  positions  of  P  and  Q. 


Se«  Article  (468)  for  a  eolution  of  this  problem  bj  the  PUme-Tabk. 
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Construction.      Begin,  F»g-  299. 

as  in  Art.  (S97))  by  describ-  ^,^'^ — !IJ^*^C^ 

ing  a  circle  passing  through 
A  and  B,  and  having  the  cen- 
tral angle  subtended  by  AB, 
equal  to  twice  the  ^ven  an-  p^O — ^r'-'^^^^ 
gle  APB,  and  thus  contain-      \  \  /'  J 

ing  that  angle.    The  point        '*  %^         '\/^'  y' 

P  will  lie  somewhere  in  its  "  ""       " 

circumference.  Describe  another  circle  pasnng  throu^  B  and  G, 
and  having  a  central  an^e  subtended  by  BC  equal  to  twice  the 
^ven  angle  BQC.  The  point  Q  will  lie  somewhere  m  its  :ir- 
cumference.  From  A  draw  a  line  maiking  with  AB  an  angle  = 
BPQ,  and  meeting  at  X  the  circle  first  drawn.  From  C  draw  a 
line  making  with  CB  an  angle  =  BQP,  and  meeting  the  second 
circle  in  T.  Join  XY  and  produce  it  till  it  cuts  the  circles  in 
points  P  and  Q,  which  will  be  those  required ;  since  BPX  =  BAX 
=  BPQ ;  and  BQY  =  BCY  =  BQP. 

Calculation.  In  the  triangle  ABC,  the  sides  being  given,  the 
angle  ABC  is  known.  In  the  triangle  ABX,  a  side  and  all  the 
angles  are  kno?m,  to  find  BX.  In  the  triangle  CBY,  BY  is  ami- 
larly  found.  By  subtracting  the  angle  ABC  from  the  sum  of  the 
angles  ABX  and  CBY,  the  angle  XBY  can  be  obtained.  Then 
in  the  triangle  XBY,  the  sides  BX,  BY,  and  the  included  angle 
are  given  to  find  the  other  angles.  Then  in  the  triangle  BPX 
are  known  all  the  angles  and  the  ude  BX  to  find  BP.  In 
the  triangle  BQY,  BQ  is  found  in  like  manner,  finally,  in  the 
triangle  BPQ,  PQ  can  then  be  found. 

If  desired,  we  can  also  obtain  AP  in  the  triangle  APB ;  and  CQ 
in  the  triangle  CBQ. 
« 

CIST)  FroHm*  ^our  poinUj  A,  B,  C,  D,  being  given  in 
positiafij  by  their  mutual  distances  and  directions,  and  two  other 
points,  P  and  Q,  being  so  situated  that  from  each  of  them  two  of 
the  four  points  can  be  seen  and  the  angles  APB,  APQ,  PQC  and 
PQD  measured,  it  is  required  to  determine  the  position  of  P  and  Q 


OKAP.  ni.] 


OksttclM  to  Heasiremeiit. 

Fig.  300. 
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Construction.  Begin  as  in  the  last  arhce,  bj  descnt>iDg  on 
AB  the  segment  of  a  circle  to  contain  an  angle  equal  to  APB. 
From  B  draw  a  chord  BE,  makmg  an  angle  with  BA  equal  to  the 
supplement  of  the  angle  APQ.  On  CD  describe  another  segment 
to  contun  an  angle  equal  to  GQD.  From  C  draw  a  chord  CF, 
making  an  angle  with  CD  equal  to  the  supplement  of  the  angle 
DQP.  Draw  the  Ime  EF,  and  it  will  cut  the  two  drcles  in  the 
required  points  P  and  Q.* 

Calculation.  To  obtain  PQ  =  EF — EP — QF,  we  proceed 
to  find  those  three  lines  thus.  In  the  triangle  ABE,  we  know  the 
side  AB,  the  angle  ABE,  and  the  angle  AEB  =  APB ;  whence 
to  find  £6.  In  the  same  way,  the  triangle  GFD  gives  FC.  In 
the  triangle  EBC  are  known  £B  and  BG,  and  the  angle  EBC  = 
ABC — ABE ;  whence  EC  and  the  angle  ECB  are  found.  In 
the  triangle  ECF  are  known  EC,  FC,  and  the  angle  ECF  =  BCD 
—  ECB— FCD;  whence  we  find  EF,  and  the  angles  CEF  and 
CFE. 

In  ihe  triangle  BEP,  we  have  EB,  the  angle  BEP  =  BEC  + 
CEP,  and  the  angle  BPE  =  BPA  +  APE ;  to  find  EP  and  PB. 
In  the  triangle  QCF,  we  have  CF,  and  the  angles  CQF  and  CFQ, 
to  find  QC  and  QF.    Then  we  know  PQ  =  EF— EP  — QF. 


*  For,  the  angle  APQ  in  the  figure  equals  thf«  mearared  angle  APQ,  becaate 
the  lupplement  of  the  former,  EPA,  equals  the  sapplement  of  the  latter,  since  it 
is  measured  by  the  tame  arc  as  the  angle  ABE,  equal  to  that  supplement  by  coo 
■traction.    So  too  with  the  angle  DQP. 
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The  other  distances,  if  desired,  can  be  easily  found  from  the  above 
data,  some  of  the  calculations,  not  needed  for  PQ,  bemg  made  with 
reference  to  them.  In  the  triangle  ABP,  we  know  AB,  BP,  and 
theanj^.eJBAP,  to  find  the  angle  ABP  and  AP.  In  the  triangle 
QDG  we'  know  QC,  CD,  and  the  angle  GQD,  to  find  the  angle 
QOD  and  QD.  In  the  triangle  PBG,  we  know  PB,  BC,  and  the 
angle  PBC  =  ABC  —  ABP,  to  find  PC.  LasUy,  in  the  triangle 
QCB,  we  know  QC,  CB,  and  the  angle  QCB  =  DCB  — DCQ,  to 
findQB. 

The  solution  of  ttus  problem  includes  the  two  preceding ;  for,  let 
the  line  BC  be  reduced  to  a  point  so  that  its  two  ends  come  toge- 
ther and  the  three  lines  become  two,  and  we  have  the  problem 
of  Art  (436) ;  and  let  the  line  AB  be  reduced  to  a  point,  B, 
and  CD  to  a  point,  C,  and  we  have  but  one  line,  and  the  problem 
becomes  that  of  Art.  (4S5). 

In  these  three  problems,  if  the  two  stations  lie  in  a  right  line 
with  one  of  the  given  points,  the  problem  is  indeterminate. 


(ISS)  ProUem  of  the  eight  points.    Four  paints y  A,B^C,D, 


Fig.  301. 


B 


C 


A 


B 


are  inaecestiblej  but  visible 
from  four  other  points j  E, 
F,  G,  H ;  it  is  required  to 
find  the  respective  distances 
of  these  eight  points;  the 
ordy  data  being  the  obser- 
vationj  from  each  of  the 
points  of  the  second  Sj/S" 
tem^  of  the  angles  under 
which  are  seen  the  points 
vj  the  first  system. 


This  problem  can  be  solved,  but  the  great  length  and  compBca- 
tion  of  the  investigation  and  resulting  formulas  render  it  more  a 
matter  of  curiosity  than  of  utility.  It  may  be  found  inPuissant's 
"  Topographies^  page  65 ;  Lefevre's  " Trigonometrie^**  p. 90, and 
Lefevre's  "  Atpentage/'  No.  887. 
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CHAPTER  IV. 


TO  SUPPLY  OMISSIONS. 


I^ibrary. 


Of 


CillftircU. 


(IS9)  Anj  two  omissions  in  a  closed  surrey,  whether  of  the 
lirection  or  of  the  length,  or  of  both,  of  one  or  more  of  the  sides 
bounding  the  area  surveyed,  can  always  be  supplied  by  a  smtable 
application  of  the  principle  of  Latitudes  and  Departures,  as  was 
stated  in  Art.  (28S) ;  although  this  means  should  be  resorted  to 
only  in  cases  of  absolute  necessity,  since  any  omission  renders  it 
impossible  to  "  Test  the  survey,"  as  directed  m  Art.  (282).  In 
the  following  articles  the  survey  will  be  considered  to  have  been 
made  with  the  Compass.  AH  the  rules  will  however  apply  to  a 
Transit  or  Theodolite  survey,  the  angles  bemg  referred  to  any  line 
as  a  meridian,  as  in  ^^  Traversing." 

To  save  unnecessary  labor,  the  examples  in  the  vanoaa  cases 
now  to  be  examined,  will  all  be  taken 
from  the  same  survey,  a  plat  of  which 
ia  ^ven  in  the  margin  on  the  scale  of 
40  chains  to  1  inch  (1:81,680),  and  ^ 
the  Field-notes  of  which,  with  the 
Latitudes  and  Departures  carried  out  a 
to  five  decimal  places,  are  ^ven  on 
the  following  page.* 


*  The  teacher  can  make  any  number  of  ezamplei  for  hii  own  nae  bj  taking 
a  tolerably  accurate  survey,  striking  out  the  bearing  and  distance  of  any  ene 
cicorae,  and  calculating  it  precisely  as  ia  Case  1,  given  below.  He  can  then  omit 
•ny  two  quantities  at  will|  to  be  supplied  by  the  student  by  means  of  the  mloi 
now  to  be  given. 
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BEARING. 

DIST. 
Ilf  LINKS. 

LATITUDES. 

DEPARTURES. 

8TA. 

N. 

8. 

B.         1         W. 

A 

North. 

1284 

1284.00000 

0 

0 

D 

^N.  32'»  B. 

1782 

1511.22171 

944.ai6U^ 

0 

N.  80*B. 

2400 

416.75568 

2363.53872 

D 

8.  48»  E. 

2700 

1806.65212 

2006.49096 

B 

8.  !»•  W. 

2860 
46211 

2720.02159 

883.78863 

F 

N.  73»  28*  21"  W. 

1  1314.69682 

4430.55725, 

4526.67421  4526.67421  5314.34587  5314.34587 


Case  1.  When  the  length  and  the  Bearing  of  any  one  eide  are 
wanting. 

(440)  Finil  the  Latitudes  and  the  Departures  of  the  renuunmg 
sides.  The  diSerence  of  the  North  and  South  Latitudes  of  these 
lines,  is  the  Latitude  of  the  omitted  line,  and  the  difference  of  their 
Departures  is  its  Departure.  This  Latitude  and  Departure  are  two 
sides  of  a  right  angled  triangle  of  which  the  omitted  line  is  the 
hjpothenuse.  Its  length  is  therefore  equal  to  the  square  root  of 
the  sum  of  their  squares,  and  the  quotient  of  the  Departure  divided, 
bjr  the  Latitude  is  the  tangent  of  its  Bearing ;  as  in  Art.  (417)  • 

Li  the  above  survey,  suppose  the  course  from  F  to  A  to  have 
been  omitted  or  lost.  The  difference  of  the  Latitudes  of  the 
remaining  courses  will  be  found  to  be  1314.69682,  and  the  difier- 
once  of  the  Departures  to  be  4480.55725.  The  square  root  of  iiie 
sum  of  their  squares  is  4621.5 ;  and  the  quotient  of  the  Departure 
divided  by  ihe  Latitude  is  the  tangent  of  IS''  28'  21".  The  do- 
ficiencies  were  in  North  Latitude  and  .West  Departure ;  and  the 
omitted  course  is  therefore  N.  W  28'  21''  W.,  4621.5 

Case  2.  When  the  length  of  one  eide  and  the  Bearing  of 
another  are  wanting, 

(441)  When  the  deAclenI  sMes  a^folii  each  ethen  Fmd,  as 
in  Case  1,  the  length  and  Bearing  of  the  Ime  joining  the  ends  of 
the  remaining  courses.  This  Ime  and  the  deficient  lines  will  form  a 
triangle,  in  which  two  sides  will  be  known,  and  the  angle  between 
the  calculated  side  and  the  side  whose  Bearing  is  given  can  be 
found  by  Art.  (243).  The  parts  wanting  can  then  be  obtfiined 
bj  the  common  rules  of  Trigonometry. 


\ 
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Fig.  303. 


In  the  figure,  let  the  lengQi  of  EF, 
and  the  Bearing  of  FA  be  the  omitted 
parts.  The  difference  of  the  sums  of 
the  N.  and  8.  Latitudes,  and  the  E. 
and  W.  Departures  of  the  complete 
courses  from  A  to  E,  are  reepectiyelj 
1405.32477  North  Latitude,  and 
5814.84&87  East  Departure.  The 
course,  EA,  corresponding  to  this  de- 
ficiency we  find,  by  proceeding  as  in  case  1,  to  be  S.  76'  11'  16  \ 
W.,  5497.026.  The  angle  AEF  is  therefore  =  75'  11'  16" -•  ' 
18' =  57'  11'  15".  Then  in  the  triangle  AEF  are  given  the 
sides  AE,  AF,  and  the  angle  AEF  to  find  the  remaining  parts ; 
viz.  the  angle  AFE==91'  28'  21",  whence  the  Bearing  of 
FA  =  91'  28'  21"— 18'  =  N.  73'  28'  21"  W.;  and  the  side 
EF  =  2860.  5 


(112)  When  the  deMioit  sM^s  are  separated  from  eadi  •then 

A  modification  of  the  preceding  method  will  still  apply.    In  this 

fiorure  let  the  omisuons  be  the  Bearing 

of  FA  and  the  length  of  CD.    Lnagine 

the  courses  to  change  places  without 

changing  Bearings  or  lengths,  so  as  to 

bring  the  deficient  lines  next  to  each 

other,  by  transferring  CD  to  AG,  AB 

to  GH,  and  BC  to  HD.    This  will  not 

affect  their  Latitudes  or  Departures. 

JomGF.  Then  in  the  figure  DEFGH, 

the  Latitudes  and  Departures  of  all  the  sides  but  FG  are  known, 

whence  its  length  and  Bearing  can  be  found  as  in  Case  1. 

Then  the  triangle  AGF  may  be  treated  like  the  triangle  AEF 

m  the  last  article,  to  obtab  the  length  of  AG  =  CD,  and  the  Bear* 

mgofFA.  . 

(4IS)  Oihermse^  by  changing  the  Meridian.  Imagine  the  field 
to  turn  around,  till  the  side  of  which  the  distance  is  unknown, 
becomes  the  Meridian,  i.  e.  comes  to  be  due  North  and  South  * 


soo 
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all  the  other  sides  retaining  their  relative  poations,  and  continuing 
to  make  the  same  angles  with  each  other.  Change  their  Bearings, 
accordingly,  as  directed  in  Art.  (241).  Find  the  Latitudes  and 
Departures  of  the  aides  in  their  new  positions.  Since  the  side 
whose  length  was  unknown  has1>ecn  made  the  Meridian,  it  has  no 
Departure,  whatever  may  be  its  unknown  length ;  and  the  difference 
of  the  columns  of  Departure  will  therefore  be  the  Departure  of  the 
side^whose  Bearing  is  unknown.  The  length  of  this  sid«  is  given. 
It  is  the  hjpothenuse  of  a  right  angled  triangle,  of  which  the  De* 
parture  is  one  side.  Hence  the  other  side,  which  is  the  Latitude, 
can  be  at  once  found ;  and  also  the  unknown  Bearing. 

Put  this  Latitude  in  the  Table  in  the  blank  where  it  bek>ngs. 

Then  add  up  the  columns  of  Latitude,  and  the  difference  of  their 

sums  will  be  the  unknown  length  of  the  side  which  had  been  made 

a  Meridian.* 

Let  the  omitted  quantities  be,  as  in  the  last  article,  the  length 

of  CD  and  tiie  (Bearing  of  FA. 
Make  CD  the  Meridian.  The  chang- 
ed Bearings  will  then  be  found  by 
Art  (244)  to  be  as  in  the  mar^. 
To  aid  the  ima^nation,  turn  *the 
book  around  till  CD  points  up  and 
down,  as  North  lines  are  usually 
placed  on  a  map.  Then  obtun  the  Latitudes  of  the  courses  with 
their  new  Bearings  and  old  distances,  and  proceed  as  has  been 
directed. 

Cask  8.     Whe7i  the  lengths  of  two  sides  are  wanting.  •  • 

(444)  Wk«  the  delefoiit  sMm  a^i^lH  etch  other.    Fmd  the 

Latitudes  and  Departures  of  the  other  courses,  and  then,  by  Oase 
1,  find  the  length  and  Bearing  of  the  line  joining  the  extremities 
of  the  deficient  courses.  Then,  in  the  triangle  thus  formed,  are 
known  one  side  and  all  the  angles  (deduced  from  the  Bearings)  19 
find  the  lengths  of  the  other  two  sides. 

*  Thif  conception  of  thus  changing  the  Bearingi  is  stated  to  be  due  to  Pro; 
Robert  Patterson,  of  Philadelphia,  by  whom  it^  was  communicated  to  Mr.  Joha 
liiiauiiere,  and  published  by  nim,  in  ISH,  in  hit  **  Treatise  on  Surveying  " 


8TA. 

A 

OLD   BEARING. 

NEW   BEAEINO. 

North. 

N.  80®  W. 

B 

N.32«E. 

N.  48*  W. 

0 

N.  80<»E. 

Norlh. 

D 

6.  iSf"  E. 

N.  52*»  B. 

E 

8.  18*  W. 

8.  6C'  E. 

F 

I 
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Thus,  ia  Fig.  803,  page  299,  let  EF  and  FA  be  tlio  sides  whose 
lengths  are  unknown.  EA  is  then  to  be  calculated,  and  its  length 
will  be  found,  as  in  Art.  (441),  to  be  5497.026,  and  its  bearing 
S.  75^  11'  15''  W.,  whence  the  angle  AEF  =  75*  11'  15"— 18* 
=  57^  11'  16" ;  AFE  =  18^  +  78°  28'  21"  =  9r  28'  21";  and 
EAF  =  SI''  20'  24" ;  whence  can  be  obtained  EF  =»  286Q  and 
FA  =  4621.5. 

(445),  Wken  the  delldeMt  sides  are  stjMvaM  from  eacb  othor 

Let  the  lengths  of  BO  and  DE  be  those 
omitted.  Agab  imagine  the  courses 
to  change  places,  so  as  to  bring  the 
deficient  lines  together,  DE  being 
transferred  to  CG,  and  CD  to  6E. 
Join  B6.  Then  in  the  figure 
ABGEFA,  are  known  the  Latitudes 
and  Departures  of  aU  the  courses  ex- 
cept BG,  whence  its  length  and  Bearing 
can  be  found  as  in  Case  1.  Then  m  the  triangle  BGG,  the  angle 
CBG  can  be  found  from  the  Bearings  of  CB  and  BG,  and  the  angle 
CGB  from  the  Bearings  of  BG  and  GC.  Then  all  the  angles  of 
the  triangle  are  known  and  one  side,  BG,  whence  to  find  the 
required  sides,  BC  =  1782,  and  CG  =»  DE  =>  2700. 

(446)  Other wisej  by  changing  the  Meridian,  As  in  Art.  (448), 
imagine  the  field  to  turn  around,  tiU  one  of  the  sides  whose  length 
is  wanting,  becomes  a  Meridian  or  duo  North  and  South.  Change 
all  the  Bearings  corre^^ndinglj.  Find  the  Latitudes  and  Depar« 
tures  of  the  changed  courses.  The  diflference  of  the  columns  of 
Departure  will  be  the  Departure  of  the  second  course  <^  unknown 
length,  since  the  counre  made  Meridian  has  now  no  Departure. 
The  new  Bearing  of  this  8ec(»id  course  being  given,  in  the  right 
angled  triangle  formed  bj  tUa  course  (as  an  bjpothenuse)  and  its 
Departure  and  Latitude,  we  know  one  side,  the  Departure,  and 
the  acute  angles,  which  are  the  Bearing  and  its  complement.  The 
length  of  the  course  is  then  readily  calculated ;  and  abo  its  Lati- 
tude*   TUs  Tiatitu<le  being  inserted  ia  ita  proper  place^  the  iiflbi^ 
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ATA. 
A 

OLD    BEAlllNO. 

NEW    BEARING. 

North. 

N.  32**  W. 

B 

N.  320  E. 

North. 

0 

N.  80*»  B. 

N.  48*  B. 

D 

S  iff'E. 

8.  80*»B. 

E 

S.  l?f>  W.              8. 14®  B. 

F  1 

IN.  73*  oy  21"  W.  8.  74**  31'  39"  W. 

ence  of  ihe  columns  of  Latibide  will  be  the  length  of  that  wanting 
side  which  had  been  made  a  Meridian. 
Thus,  let  the  lengths  of  BG  and  DE  be  wanting,  as  in  the  pre* 

ceding  example.  Make  BO 
a  Meridian.  The  other  Bear- 
ings are  then  changed  as  in 
the  margin.  Calculate  new 
Latitudes  and  Departures. 
The  difference  of  the  Depa^ 
tures  will  be  the  Departure 
of  DE,  smce  BG,  bemg  a  Meridian,  has  no  Departure.  Hence  the 
length  and  Latitude  of  DE  are  readily  obtained.  This  Latitude 
being  put  m  the  table,  and  the  columns  of  Latitude  then  added  ud« 
their  difference  will  be  the  length  of  BG. 

Gasb  4.     When  the  Bearings  qf  two  sides  are  wanting. 

(147)  When  the  defktent  sides  idjoin  each  oilier.  Find  ihe 
Latitudes  and  Departures  of  the  other  sides,  and  then,  as  in  Case 
1,  find  the  length  and  bearing  of  the  line  joining  the  extremities 
of  the  deficient  sides.  Then  in  the  triangle  thus  formed  we  have 
the  three  sides  to  find  the  angles  and  thence  the  Bearing. 

(448)  When  the  defkient  sides  are  seiuvated  tt^m  eadk  other 

Change  the  places  of  the  sides  so  as  to  bring  the  deficient  ones 

next  to  each  other.     Thus,  in  the 

figure,  supposmg  the  Bearings  of  CD, 

and  EF  to  be  wanting,  transfer  EF  to 

DG,  and  DE  to  6F.    Then  calculate, 

as  in  Case  1,  the  length  and  Bearing  b 

of  the  line  joining  the  extremities  of 

the  deficient  sides,  CG  in  the  figure.    '^' 

This  line  and  the  deficient  sides  form  a 

triangle  in  which  the  three  sides  are 

^ven  to  determine  the  angles  and  thence  the  required  Beanngs. 

*  The  fullest  investigation  of  tRis  fubjeot^  developiog  many  carious  pointy  wilt 
be  found  in  Maseheroni's  **Problime9  de  Giomitrie  pour  let  ArpenteurM^  and  U 
iUier^a  **/^«^Miemer*i«."    The  method  of  Arts.  (442^  (4461  and  (448)  is  neir. 


in 
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(149)  Tub  Plane  Table  is  in  substance  merely  a  drawing  board 
fixed  on  a  tripod,  so  that  lines  may  be  drawn  on  it  bj  a  ruler  placed 
80  as  to  point  to  any  object  in  sight.  All  its  parts  are  mere  addi- 
tions to  render  this  operation  more  convenient  and  precise  * 

Such  an  arrangement  may  bo  applied  to  any  kind  of  ^^  Angular 
Surveying"  ;  such  as  the  Third  Method,  "  Polar  Surveying,"  in 
its  two  modifications  of  Badiatum  and  Proffression^  (characterized 
in  Art.  (220)),  and  the  Fourth  Method,  by  Interaecticms.  Each 
of  these  will  be  successively  explained.  The  instrument  is  very 
convenient  for  filling  in  the  details  of  a  survey,  when  the  principal 
pcnnts  have  been  determined  by  the  more  precise  method  of  ^^  Tri- 
angular Surveying,"  and  can  then  be  platted  on  the  paper  in 
advance.  It  has  the  great  advantage  of  dispensing  with  all 
notes  and  records  of  the  measurements,  since  they  are  platted  as 
they  are  made.  .  It  thus  saves  time  and  lessens  mistakes,  but  is 
wanting  in  precision. 

(450)  Tke  Table*  It  is  usually  a  rectangular  board  of  well 
seasoned  pine,  about  20  inches  wide  and  SO  long.  The  paper  to 
be  drawn  upon  may  be  attached  to  it  by  drawing-pins,  or  by  clamp- 
ing plates  fixed  on  its  sides  for  that  purpose,  or  by  springs  pressed 
upon  it,  or  it  may  be  held  between  rollers  at  opposite  sides  of  the 
table.  Tinted  paper  is  less  dazzling  in  the  sun.  Cugnot's  jomt, 
described  on  page  134,  is  the  best  for  connectmg  it  with  its  tripod, 
though  a  pair  of  parallel  plates,  like  those  of  the  Theodolite,  are 
often  used.  A  detached  level  is  placed  on  the  board  to  test  its 
horixontality ;  though  a  smooth  ball,  as  a  marble,  will  answer  the 
eame  purpose  approximately. 

*T1mPUm  TUbte  is  Botft  Ocniomttir, or  AngUmta»ur§,Vk»  the  Oompii^TVuil^  Aat 
tat  A  ^hi^igrapki  or  AngU^rmott, 
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A  pair  of  eights,  like  thoBO  of  the  compass,  are  sometiines 
placed  under  the  board,  serving,  like  a  '^  Watch  Telescope,"  (Art. 
(SS9),  to  detect  any  movement  of  the  instrument.  To  find  what 
point  on  the  lower  side  of  the  board  is  exactly  under  a  point  oiv 
the  upper  side,  so  that  bj  suspending  a  plumb-line  from  the  former 
the  latter  may  be  exactly  over  any  desired  point  of  ground,  a  large 
pair  of  '^  callipers,"  or  divid^ta  with  curved  legs,  may  be  used,  one 
of  their  points  being  placed  on  the  upper  point  of  the  board,  and 
their  other  point  then  determming  the  corresponding  under  pomt ; 
or  a  frame  forming  three  sides  of  a  rectangle,  like  a  slate  frame, 
may  be  placed  so  that  one  end  of  one  side  of  it  touches  the  upper 
point,  and  the  end  of  the  corresponding  side  is  under  tlie  table 
precisely  below  the  given  point,  so  that  from  this  end  a  plumb-line 
can  be  dropped.  A  compass  is  sometimes  attached  to  the  table, 
or  a  detached  compass,  consisting  of  a  needle  in  a  narrow  box, 
(called  a  Declinator),  is  placed  upon  it,  as  desired.  The  edges 
of  the  table  are  sometimes  divided  into  degrees,  like  the  ^^  Drawing 
board  Protractor,"  Art.  (278).  It  then  becomes  a  sort  of  Gronio 
meter,  like  that  of  Art.  (218). 

(151)  The  Alidade*  The  ruler  has  a  fiducial  or  feather  edge, 
which  may  be  divided  into  inches,  tenths,  &;c.  At  each  end  it 
carries  a  si^t  like  those  of  the  compass.  Two  needles  would  be 
tolerable  substitutes.  The  rights  project  beyond  its  edge  so  that 
their  centre  lines  shall  be  precisely  in  the  same  vertical  plane  as  this 
edge,  in  order  that  the  lines  drawn  by  it  may  correspond  to  the 
lines  sighted  on  by  them.  To  test  this,  fix  a  needle  in  the  board, 
piace  the  ruler  against  it,  sight  to  some  near  point,  draw  a  line 
by  the  ruler,  turn  it  end  for  end,  again  place  it  against  the  needle, 
again  sight  to  the  same  point,  and  draw  a  new  line.  K  it  coincides 
with  the  former  line,  the  above  condition  is  satisfied.  The  ruler 
and  sights  together  take  the  name  of  Alidade.  If  a  point  should 
be  too  high  or  too  low  to  be  seen  with  the  alidade,  a  plumb-line, 
held  between  the  eye  and  the  object,  will  remove  the  difSculty. 

A  telescope  is  sometimes  substituted  for  the  sights,  being  sup 
ported  above  tlie  ruler  by  a  standard,  and  capable  of  pointing 
upward  or  downward.     It  admits  of  adjustments  similar  in  principle 
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to  the  2d  and  3d  adjustments  of  the  Transit,  Part  IV,  Chapter  3, 
pages  242  and  246. 

But  even  without  these  adjustments,  whether  of  the  u^ts  or 
of  the  telescope,  a  survej  could  be  made  which  would  be  per* 
fectly  correct  as  to  the  relative  position  of  its  parts,  however  far 
the  line  of  sight  might  be  from  Ijing  in  the  same  vertical  plane 
as  the  edge  of  the  ruler,  or  even  from  being  parallel  to  it ;  just  aa 
in  the  Transit  or  Theodolite  the  index  or  vernier  need  not  to  be 
exactly  under  the  vertical  hair  of  the  telescope,  since  the  angular 
deviation  affects  all  the  observed  directions  equally. 

(4i2)  Metbod  •/  Radiation.  This  is  the  simplest,  though  not 
the  best,  method  of  surveying  with  the  Plane-table.  It  is  eepeci- 
ally  applicable  to  survey- 
ing a  field,  as  in  the  figure. 
In  it  and  the  foUowinc:  fi- 


,-^c 


gures,  the  size  of  the  Table 
is  much  exaggerated.  Set 
the  instrument  at  any  conve- 
nient point,  asO;  level  it,  ^ 
and  fix  a  needle  (having  a 
head  of  sealing-wax)  in  the 

board  to  represent  the  star  F  D 

tion.  Direct  the  alidade  to  any  comer  of  the  field,  as  A,  the  fiducial 
edge  of  the  ruler  touching  the  needle,  and  draw  an  indefinite  Ene  by 
it.  Measure  OA,  and  set  off  the  distance,  to  any  desired  scale,  from 
the  needle  point,  along  the  line  just  drawn,  to  a.  The  line  OA  i» 
thus  platted  on  the  paper  of  the  table  as  soon  as  determined  in  the 
field.  Determine  and  plat  in  the  same  way,  OB,  OC,  &c.,  to  i,  Cj 
&c.  Join  ai,  bcj  &c.,  and  a  complete  plat  of  the  field  is  obtained. 
Trees,  houses,  hills,  bends  of  rivers,  &c.,  may  be  determnied  in 
tlie  same  manner.  The  corresponding  method  with  the  Compass 
or  Transit,  w^as  described  in  Articles  (258)  and  (S91).  The  table 
may  be  set  at  one  of  the  angles  of  the  field,  if  more  convenient. 
If  the  alidade  has  a  telescope,  the  method  of  measurmg  distaikoet 
with  a  stadia,  described  in  Art.  (375)9  may  be  here  applied  witb 
great  advantage. 

20 
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(453)  method  of  Progrresslon.    Let  ABCD,  &c.,  be  the  line 
to    be    sun'eyed.  Fig.  308. 

Fix  a  needle  at  a  /  r—? ^^--'^P 

convenient  point 
of  the  Plane-table,  a 
near  a  corner  so 
as  to  leave  room 
for  lihe  plat,  and  ' 
Bet  up  the  table  at 
B,  the  second  an- 
gle of  the  line,  so 
that  the  needle, 
whose  point  repre- 
sents B,  and  which  should  be  named  i,  shall  be  exactlj  over  that 
station.  Sight  to  A,  pressing  the  fiducial  edge  of  the  ruler  against 
*the  needle,  and  draw  a  line  bj  it.  Measure  BA,  and  set  off  its 
(length,  to  the  desired  scale,  on  the  line  just  drawn,  from  i  to  a 
ipomt  a,  representing  A.  Then  sight  to  C,  draw  an  indefinite  lino 
Ibj  the  ruler,  and  on  it  set  off  the  length  of  BC  from  b  to  c.  Fix 
(the  needle  at  c.  Set  up  at  G,  the  point  c  being  over  this  station, 
aand  make  the  line  cb  of  the  plat  coincide  in  direction  with  CB  on 
lihe  ground,  bj  placmg  the  edge  of  the  ruler  on  cb^  and  turning  tko 
ftable  till  the  sights  point  to  B.  The  compass,  if  the  table  have 
lOne,  williacilitate  this.  Then  sight  forward  from  C  to  D,  and  fix 
<aD,^  on  the  plat,  as  be  was  fixed.  Set  up  at  D,  make  dc  coincide 
tmA.  BG,  and  proceed  as  before.  The  figure  shews  the  lines 
drawn  at  each  successive  station.  The  Table  drawn  at  A  shews 
hew  ilie  survey  might  be  commenced  there. 

In  ^ing  around  a  field,  the  work  would  be  proved  bj  the  last 
line  "elosing"  at  the  starting  point; and,  during  the  progress  of 
the  survey,  by  any  direction,  as  from  G  to  A  on  the  ground,  coin- 
ciding mth  the  corresponding  line,  ca^  on  the  plat 

This  method  is  substantially  the  same  as  the  method  cf  survey- 
ling  a  line  with  the  Transit,  explained  in  Art.  (S72).  It  requires 
>aU  the  points  to  be  accessible.  It  is  especially  suited  to  the  sur 
svey  of  a  road,  a  brook,  a  winding  path  through  woods,  &c.  The 
loficts  required  may  often  be  sketched  in  by  eye  with  sufiScient 
precision. 
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When  the  paper  is  filled,  put  on  a  new  sheet,  and  begin  bj  fixing 
on  it  two  points,  such  as  C  and  D,  which  were  on  the  former  sheet, 
and  from  them  proceed  as  before.  The  sheets  can  then  be  after- 
wards united,  so  that  all  the  points  on  both  shall  be  in  their  true 
relative  positions. 

(454)  Method  of  lotersectloot  This  is  the  most  usual  and 
the  most  rapid  method  of  using  the  Plane-table.  The  principle 
was  referred  to  in  Articles  (259)  and  (392).  Set  up  the  instru- 
ment at  any  convenient  point,  as  X  in  the  figure,  and  sight  to  all 

Fig.  309. 
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the  desired  points  A,  B,  C,  &c.,  which  are  visible,  and  draw  inde- 
finite lines  in  their  directions.  Measure  any  line  XY,  Y  being 
one  of  the  points  sighted  to,  and  set  off  this  line  on  the  paper  to 
any  scale.  Set  up  at  Y,  and  turn  the  table  till  tiie  line  XY  on 
the  paper  lies  in  the  direction  of  XY,  on  the  ground,  as  at  C  in  the 
last  method.  Sight  to  all  the  former  points  and  draw  lines  in  their 
directions,  and  the  intersections  of  the  two  lines  of  sight  to  each 
pomt  will  determine  them,  by  the  Fourth  Metiiod,  Art.  (8). 
Pomts  on  the  other  side  of  the  line  XY  could  be  determined  at  the 
same  time.  In  surveying  a  field,  one  side  of  it  may  be  taken  for 
the  base  XY.  Very  acute  or  obtuse  intersections  should  be 
avoided.  80°  and  150*^  should  be  the  extreme  limits.  The  impos- 
sibility of  always  doing  this,  renders  this  method  often  deficient  in 
precision.  When  the  paper  is  filled,  put  on  a  new  sheet,  by  fixing 
ma  it  two  known  pomts,  as  in  the  preceding  method. 
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(155)  Hetboi  tf  Resecdan*    This  method  (called  b;  the  Frenck 
Beeaupement^  is  a  modification  of  the  preceding  method  of  Inter 

Fig.  310. 

B 


lection.  It  requires  the  measurement  of  only  one  distance,  but  aU 
the  points  must  be  accessible.  Let  AB  be  the  measured  distance. 
Laj  it  off  on  the  paper  as  ab.  Set  the  table  up  at  B,  and  turn  it 
till  the  line  ba  on  the  paper  comcides  with  BA  on  the  ground,  as 
in  the  Method  of  Pi^gresfflon.  Then  sight  to  C,  and  draw  an  mde- 
finite  line  by  the  ruler.  Set  up  at  C,  and  turn  the  fine  last  drawn 
so  as  to  point  to  B.  Fix  a  needle  at  a  on  the  table,  place  fke 
alidade  against  the  needle  and  turn  it  till  it  sights  to  A.  Then  the 
point  in  which  the  edge  of  the  ruler  cuts  the  line  drawn  from  B 
will  be  the  point  e  on  the  table.  Next  nght  to  D,  and  draw  an 
indefinite  line.  Set  up  at  D,  and  make  the  line  last  drawn  pomt 
to  C.  Then  fix  the  needle  at  a  or  by  and  by  the  alidade,  as  at  the 
last  station,  get  a  new  line  back  from  either  of  them,  to  cut  the  last 
drawn  fine  at  a  point  which  will  be  d.  So  proceed  as  far  as  de- 
sired. 

(45C)  T«  orient  the  table**  The  operation  of  orientation  con- 
sists in  placmg  the  table  at  any  pomt  so  that  its  lines  shall  hare 
the  same  directions  as  when  it  was  at  preyious  stations  in  the  same 
survey. 

*  The  French  phraie,  To  orimi  one*f  self,  meaning  to  determine  one's  porition, 
oinallj  with  retpeot  to  the  four  qoarten  of  the  heavens,  of  wbich  tlie  Orient  if 
ibe  leaduig  one,  well  deserves  natoralisation  in  our  langnsge. 
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AViih  a  compass,  this  is  very  eadlj  effected  by  turning  the  table 
till  the  needle  of  the  attached  compass,  or  that  of  the  Declinator, 
placed  in  a  fixed  position,  points  to  the  same  degree  as  when  at 
the  previous  station. 

Without  a  compass  the  table  is  oriented,  when  set  at  one  end  of 
a  line  previously  determined,  by  sightmg  back  on  this  line,  as  at  C 
in  the  Method  of  Progression,  Art.  (458). 

To  orient  the  table,  when  at  a  station  unconnected  with  others, 
is  more  difficult.  It  may  be 
effected  thus.  Let  od  on  the  ta- 
ble represent  a  line  AB  on  the 
ground.  Set  up  at  A,  make  ab 
coincide  with  AB,  and  draw  a 
line  from  a  directed  towards  a 
steeple,  or  other  conspicuous  ob- 
ject, as  S.  Do  tibe  same  at  B.  Draw  a  line  ei,  parallel  to  a&, 
and  intercepted  between  aS,  and  iS.  Divide  ah  and  cd  into  the 
same  number  of  equal  parts.  The  table  is  then  prepared.  Now 
let  there  be  a  station,  P,  f  on  the  table,  at  which  tiie  table  is  to  be 
oriented.  Set  the  table,  so  that  jp  is  over  P,  apply  the  edge  of  the 
ruler  to  ^,  and  turn  it  till  this  edge  cuts  cd  in  the  division  corre- 
sponding to  that  in  which  it  cuts  oi.  Then  turn  the  table  till  the 
sights  point  to  S,  and  the  table  will  be  oriented. 

(157)  To  flDd  one's  place  on  the  gronnd*  This  problem  may 
be  otherwise  expressed  as  Interpolating  a  point  in  a  plat.  It  is 
most  easily  performed  by  revering  the  Method  of  Intersection. 
Set  up  the  table  over  the  station, 
0  in  the  figure,  whose  place  on 
the  plat  already  on  the  table  is 
dedred,  and  orient  it,  by  one  of 
the  moans  described  in  the  last 
article.  Make  the  edge  of  the 
ruler  pass  through  some  pomt,  a 
on  the  table,  and  turn  it  tall  the 
sights  point  to  the  corresponding 
station,  A  on  the  ground.    Draw  a  line  by  the  ruler.    The  dedred 
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point  is  Bomewliere  in  this  Ime.  Make  the  roler  pass,  through 
another  point,  h  on  the  table,  and  make  the  sights  point  to  B  on 
the  ground  >  Draw  a  second  line,  and  its  intersection  with  tlie 
first  will  be  the  point  desired.  Using  C  in  the  same  waj  would 
^ve  a  third  line  to  prove  the  work.  This  operation  may  be  used 
as  a  new  method  of  surveying  with* the  plane-table,  since  any 
number  of  points  can  have  their  places  fixed  in  the  same  manner. 
This  problem  may  also  be  executed  on  the  principle  of  Trilinear 
Surveying.  Three  pomts  b||ng  ^ven  on  the  table,  lay  on  it  a  piece 
of  transparent  paper,  fix  a  needle  any  where  on  this,  and  wi&  Oie 
.alidade  sight  and  draw  lines  towards  each  of  these  three  points 
on  the  ground.  Then  use  this  paper  to  find  the  desired  point,  pre- 
cisely as  directed  in  the  last  sentence  of  Art.  (898),  page  277. 

(4S8)  Inaccessikto  dteUBceSi  Many  of  &e  problems  m  Part 
Vn.  can  be  at  once  solved  on  the  ground  by  the  plane-table,  since 
it  b  at  the  same  time  a  Goniometer  and  a  Protractor.  Thus,  the 
Problem  of  Art.  (4SS)  may  be  solved  as  follows,  on  the  principle 
of  the  construction  m  the  last  paragraph  of  that  article.  Set  tlie 
table  at  C.  Mark  on  it  a  pomt,  </,  to  represent  C,  pladng  e^ 
vertically  over  C.  Sight  to  A,  B  and  D,  and  draw  corresponding 
lines  from  e\  Set  up  at  D,  mark  any  point  on  the  line  drawn  from 
e'  towards  D,  and  call  it  d\  Let  df  be  exactly  over  D,  and  direct 
dV  toward  C.  Then  si^t  to  A  and  B,  and  draw  corresponding 
lines,  and  th^ir  intersections  with  the  lines  before  drawn  towards 
A  and  B  will  fix  points  a'  and  ('.  Then  on  the  line  joining  a  and 
by  gLYeu  on  the  paper  to  represent  A  and  B,  ab  being  equal  to  AB 
on  any  scale,  construct  a  figure,  abedy  nmilar  to  o!V(fd\  and  the 
lino  ed  thus  determined  will  represent  CD  on  the  same  scale  as  AB 
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( 159)  The  Principles  which  were  established  m  Part  I,  and  subse* 
qnenilj  applied  to  surveying  with  various  instruments,  may  also  be 
employed,  with  tolerable  correctness,  for  determining  and  represent- 
ing the  relative  positions  of  larger  or  smaller  portions  of  the  earth's 
surface  without  any  Instruments  but  such  as  can  be  extemporized. 
The  prominent  objects  on  the  ground,  such  as  houses,  trees,  the 
summits  of  hills,  the  bends  of  rivers,  the  crossings  of  roads,  &c., 
are  regarded  as  ^^  points"  to  be  ^^  determined."  Distances  and 
angles  are  consequently  required.  Approximate  methods  of 
obtaining  these  will  therefore  be  first  given. 

(460)  Distances  Dy  pacing*  Quito  an  accurate  measurement 
of  a  line  of  ground  may  be  made  by  walking  over  it  at  a  uniform 
pace,  and  counting  the  steps  taken.  But  the  art  of  walkmg  in  a 
stndght  line  must  £rst  be  acquired.  To  do  this,  fix  the  eye  on  two 
objects  in  the  desired  line,  such  as  two  trees,  or  bushes,  or  stones, 
or  tufits  of  grass.  Walk  forward,  keeping  the  nearest  of  these 
objects  steadily  covering  the  other.  Before  getting  up  to  the 
nearest  object,  choose  a  new  one  in  line  farther  ahead,  and  then 
proceed  as  before,  and  so  on.  It  is  better  not  to  attempt  to  make 
each  of  the  paces  three  feet,  but  to  take  steps  of  the  natural  length, 
and  to  ascertain  the  value  of  each  by  walking  over  a  known  dis- 
tancoy  and  dividing  it  by  the  number  of  paces  required  to  traverse 
it.  Every  person  should  thus  determine  the  usual  length  of  hia 
o^m  steps,  repeating  the  experiment  sufficiently  often.  The  French 
^  Geograplucal  Engineers "  accustom  themselves  to  take  regular 
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Bceps  of  eigUt-tienUis  of  a  metrcj  equal  to  two  feet  seven  and  a  half 
inches.  The  English  militaiy  pace  is  two  feet  and  six  inches. 
This  is  regarded  as  a  usual  average.  108  such  paces  per  minute 
give  8.07  English  nules  per  hour.  Quick  pacing  of  120  such  paces 
per  minute  gives  3.41  miles  per  hour.  Slow  paces,  of  three  feet 
each  and  60  per  minute,  give  2.04  miles  per  hour.* 

An  instrument,  called  a  Pedometer,  has  been  contrived,  which 
counts  the  steps  taken  bj  one  wearing  it,  without  any  attention  <m 
his  part.  It  is  attached  to.  the  body,  and  a  cord,  passing  from  it 
to  the  foot,  at  each  step  moves  a  toothed  wheel  one  division,  and 
some  intermediate  wheelwork  records  the  whole  number  upon  a  dial. 

(4U)  BIstuces  by  Tfsnal  angles.  Prepare  a  icaley  by  marking 
off  on  a  pencil  what  length  of  it,  when  it  is  held  off  at  arm's  length, 
a  man's  height  appears  to  cover  at  different  d'lstances  (previously 
measured  with  accuracy)  of  100,  600, 1000  feet,  &c.  To  apply 
this,  when  a  man  is  seen  at  any  unknown  distance,  hold  up  the 
pencil  at  arm's  length,  makmg  the  top  of  it  come  in  the  line  from 
the  eye  to  his  head,  and  placing  the  thumb  nail  in  the  line  frt«n 

Fig.  313. 
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the  eye  to  hia  feet,  as  m  Fig.  818.  The  pencil  having  been  previ- 
ously graduated  by  the  method  above  explained,  the  portion  of  it 
now  mtercepted  between  these  two  lines  will  indicate  the  corre> 
spending  distance. 

If  no  previous  scale  have  been  prepared,  and  the  distance  of  a 
man  be  required,  taKC  a  foot-rule,  or  any  measure  minutely  divided, 
hold  it  off  at  arm's  length  as  before,  and  see  how  much  a  man's 
height  covers.  Then  knowing  the  distance  from  the  eye  to  the 
rule,  a  statement  by  the  Rule  of  Three  (on  the  principle  of  similar 
triangles)  will  give  the  distance  required.  Suppose  a  man's  height, 
of  70  inches,  covers  1  mch  of  the  rule.    He  is  then  70  times  as  far 

•  A  hone,  on  a  walk,  averaiee*  330  feet  ner  minute,  on  a  trot  650.  and  on  a  com 
mon  gallop  1040.    For  longer  timea,  the  difference  in  honen  if  moro  apparent 
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from  the  eje  as  the  role ;  and  if  its  distance  be  2  feet,  that  of  the 
man  is  140  feet.  Instead  of  a  man's  height,  that  of  an  ordinary 
house,  of  an  apple-tree,  &e  length  of  a  fence-rail,  &c.,  xnBjitm 
be  taken  as  the  standard  of  comparison. 

To  keep  the  arm  immovable,  tie  a  string  of  known  length  to  the 
pencil,  and  hold  between  the  teeth  a  knot  tied  at  the  other  end  of 
the  string. 

(462)  Disteices  by  yisibiUty.  The  degree  of  visibiUty  of  vari- 
ous  well-known  objects  will  indicate  approximately  how  fistr  distant 
they  are.  Thns,  by  ordinary  eyes,  the  windows  of  a  large  house 
can  be  counted  at  a  distance  of  about  18000  feet,  or  2  J  miles ; 
men  and  horses  will  be  perceived  as  points  at  about  half  that  dis- 
tance, or  1|  miles ;  a  horse  can  be  clearly  distinguished  at  about 
4000  feet ;  the  movements  of  men  at  2600  feet,  or  half  a  mile ; 
and  the  head  of  a  man,  occasionally,  at  2800  feet,  and  very  plainly 
at  1800  feet,  or  a  quarter  of  a  mile.  The  Arabs  of  Algeria  define 
a  mile  as  ^^  the  distance  at  which  you  can  no  longer  distmguish  a 
man  from  a  woman.''  These  distances  of  visibility  will  of  course 
vary  somewhat  with  the  state  of  the  atmosphere,  and  still  more  with 
individual  acuteness  of  right,  but  each  person  should  make  a  corre 
spondmg  scale  for  himself. 

(4<S)  MsUices  by  sonnii  Sound  passes  through  the  air  mth 
a  moderate  and  known  velocity ;  light  passes  almost  instantaneously. 
If,  then,  two  distant  points  be  visible  from  each  other,  and  a  gun 
be  fired  at  night  from  one  of  them,  an  observer  at  the  other,  noting 
by  a  stop-watch  the  time  at  which  the  flash  is  seen,  and  then  that 
at  which  the  report  is  heard,  can  tell  by  the  intervening  number  of 
seconds  how  far  apart  the  points  are,  knowing  how  far  sound  travels 
in  a  second.  Sound  moves  about  1090  feet  per  second  in  dry  air, 
with  the  temperature  at  the  freezing  point,  82^  Fahrenheit.  For 
hi^er  or  lower  temperatures  add  or  subtract  If  foot  for  each  degree 
of  Fahrenheit.  K  a  wind  blows  with  or  against  the  movement  of 
the  sound,  its  velocity  must  be  added  or  subtracted.  If  it  blows 
obliquely,  the  correction  will  evidently  equal  its  velocity  multiplied 
by  the  cosine  of  the  angle  which  the  direction  of  the  wmd  makes 
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with  the  direction  of  Ihe  sound.*  If  the  gun  be  fired  at  each  end 
of  the  base  in  turn,  and  the  means  of  the  times  taken,  the  effect  of 
the  wind  will  be  eliminated. 

K  a  watch  is  not  at  hand,  suspend  a  pebble  to  a  string  (such  as 
a  thread  drawn  from  a  handkerchief)  and  count  its  vibrations.  If 
it  be  89}  inches  long,  it  will  vibrate  in  one  second ;  if  9|  inchen 
long,  in  half  a  second,  &c.  If  its  length  is  unknown  at  the  time, 
still  count  its  vibrations ;  measure  it  subsequently ;  and  then  will 

tlic  time  of  its  vibration,  in  seconds,  =  \/ 1         o^    "°^f  • 

(Ml)  Angles*  Bight  angles  are  those  most  frequentij  reqmred 
in  this  kind  of  survey,  and  thej  can  be  estimated  bj  the  eye  with 
much  accuracy.  If  other  angles  are  desired,  they  will  be  deter- 
mined by  measuring  equal  distances  along  the  lines  which  make  the 
angle,  and  then  the  line,  or  chord,  joining  the  ends  of  these  distan 
ces,  thus  forming  chain  angles,  expliuned  in  Art.  (IM). 

(M5)  Methods  of  operation.  The  ''  First  Method"  of  deter 
mining  the  position  of  a  point.  Art  (5),  is  the  one  most  generally 
applicable.  Some  line,  as  AB  in  Ilg.  1,  is  paced,  or  otherwise 
measured,  and  then  the  lines  AS  and  BS ;  the  pomt  S  is  thus  de 
termined. 

The  ^^  Second  Method,"  Art.  ((),  is  also  much  employed,  the 
right  angles  being  obtained  by  eye,  or  by  the  easy  methods  given 
in  Part  U,  Chapter  V,  Arts.  (140),  &c.  It  is  used  for  o&ets,  as 
m  Part  11^  Chapter  III,  Arta.  (IH),  &c. 

The  "  Third  Method,"  Art.  (7),  may  also  be  used,  the  angles 
being  determined  as  in  Art.  (4(4). 

The  '^  Fourth  Method,"  Art  (8),  may  also  be  employed,  the 
angles  being  similarly  determined. 

The  ^^  Fifth  Method,"  Art.  (M),  would  seldom  be  used,  unless 
by  makmg  an  extempore  plane*table,  and  proceeding  as  directed 
b  tiie  last  paragraph  of  Art.  (457). 

*  A  gentle,  pleasant  wind  hut  a  veloci^  of  10  feet  per  second ;  a  bnsk  gals 
20  feet  per  second  ;  a  very  brisk  gale  30  feet ;  a  high  wind  50  feet ;  a  very  high 
wind  70  feet ;  a  storm  or  tempest  80  feet ;  a  great  storm  100  feet;  a  hnrncaiM 
|?0  feet :  and  a  violent  hiirrioane,  that  tears  up  trees,  Slc.,  150  feet  per  second 
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The  method  referred  to  in  Art.  (11)  may  also  be  employed. 

When  a  sketch  has  made  some  progress,  new  points  may  b^ 
fixed  on  it  by  their  being  in  line  with  others  already  determined. 

All  these  methods  of  operation  are  shown  in  the  foUowmg  figure 
AB  is  a  Ime  paced,  or  otherwise  measured  approximately. 

Fig.  314. 

M 


The  hill  C  18  determmed  by  the  first  meUiod.  The  river  on  the 
other  side  of  AB  is  determined  by  ofibets  according  to  the 
Second  Method.  The  house  D  is  determined  by  the  Third  Method, 
£BF  being  a  chm  angle.  The  house  G  is  determmed  by  the 
Fourth  Method,  chun  angles  bemg  measured  at  B  and  H,  a  point 
m  AB  prolonged.  The  pond  E  is  determined,  as  in  Art.  (11),  by 
the  intersection  of  the  alinements  CD  and  6H  prolonged.  The 
bend  of  the  river  at  L  is  determined  by  its  distance  from  H  in 
the  Ime  of  AH  prolonged.  A  new  base  line,  HM,  is  fixed  by  a  chain 
angle  at  H,  and  employed  like  the  former  one  so  as  to  fix  the  hill 
at  N,  &c.  All  these  methods  may  thus  be  used  collectively  and 
successively.  The  necessary  lines  may  always  be  ranged  with 
rods,  as  directed  in  Art  (199),  and  very  many  of  the  instrumental 
metfiods  already  explained,  may  be  practiced  wiili  extempore  coi>« 
trivances.  The  use  of  the  Plane-table  is  an  admirable  prepara- 
tion for  this  style  of  surveying  or  sketching,  which  is  most  fre- 
quently employed  by  Military  En^eers,  though  they  generally 
use  a  prismatic  C<»npass,  or  pocket  Sextant,  and  a  sketching  case, 
wluch  may  serve  as  a  Plane-table. 
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CHAPTER  L 

COPYING  PLATS. 

(4M)  Thb  Plat  of  a  survey  necessarilj  has  manj  lines  of  constrao 
tion  drawn  upon  it,  which  are  not  needed  in  the  finished  map 
These  lines,  and  the  marks  of  instruments,  so  disfigure  the  papei 
that  a  fair  copj  of  the  plat  is  usuall j  made  before  the  map  ia 
finished.  The  various  methods  of  copying  plats,  &c.,  whether  on 
the  same  scale,  or  reduced  or  enlarged,  will  therefore  now  be 
described. 

(167)  Stretching  the  paper*  If  the  map  is  to  be  colored,  the 
paper  must  first  be  wetted  and  stretched,  or  the  appUcation  of  the 
wet  colors  will  cause  its  surface  to  swell  or  blister  and  become  uneven. 
Therefore,  with  a  soft  sponge  and  clean  water  wet  tiie  back  of  the 
paper,  woridng  from  the  centre  outward  in  all  directions.  The 
^^  water-mark'*  reads  coirecUy  only  when  looked  at  from  the  front 
side,  which  it  thus  distinguishes.  When  the  paper  is  thorou^j 
wet  and  thus  greatly  expanded,  glue  its  edges  to  the  drawing  board* 
for  half  an  inch  in  width,  tummg  them  up  against  a  ruler,  passmg 
the  glue  along  them,  and  then  turning  tiiem  down  and  pressing 
them  with  the  ruler.  Some  prefer  gluing  down  opposite  edges  in 
succession,  and  others  adjoining  edges.  The  paper  must  be  mod» 
rately  stretched  smooth  during  the  process.  Hot  glue  is  best 
Paste  or  gum  may  be  used,  if  the  paper  be  kept  wet  by  a  damp 
doth,  so  that  the  edges  may  dry  first.    ^^  Mouth-glue  "  may  be  used 
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by  rubbing  it  (moistened  in  the  mouth  or  in  boiling  water)  along  tlie 
turned  up  edges,  and  then  rubbing  them  dry  by  an  ivory  folderi  a 
piece  of  dry  paper  being  interposed.  As  this  is  a  slower  process, 
the  middle  of  each  side  should  first  be  fieustened  down,  then  the  four 
angles,  and  lastly  the  intermediate  portions.  When  tho  paper 
becomes  dry,  the  creases  and  puckerings  will  have  disappeared, 
and  it  will  be  as  smooth  and  tight  as  a  drum-head. 

(468)  Copyliif  by  tnttng*  fix  a  large  pane  of  clear  glass  m 
a  frame,  so  that  it  can  be  supported  at  any  angle  before  a  window, 
or,  at  night,  in  front  of  a  lamp.  Place  the  plat  to  be  copied  ol 
this  glass,  and  the  clean  paper  upon  it.  Connect  them  by  pins, 
&c.  Trace  all  the  desired  lines  of  the  origmal  with  a  sharp  pencil, 
as  lightly  as  they  can  be  eaally  seen.  Take  care  that  the  paper 
does  not  slip.  If  the  plat  is  larger  than  the  glass,  copy  its  paits 
successively,  being  very  careful  to  fix  each  part  in  its  true  relative 
position.  Ink  the  lines  with  India  ink,  making  them  very  filno  and 
paie,  if  the  map  is  to  be  afterwards  colored. 

(4W)  Copyinir  on  tracingr  paper*  A  thb  transparent  paper  is 
prepared  expressly  for  the  purpose  of  making  copies  of  maps  and 
drawings,  but  it  is  too  delicate  for  much  handling.  It  may  be  pre- 
pared by  soaking  tissue  paper  in  a  mixture  of  turpentine  and 
Canada  balsam  or  bal9am  of  fir  (two  parts  of  the  former  to  one  of 
Hie  latter),  and  drying  very  slowly.  Cold  drawn  linseed  oil  wiU 
answer  tolerably,  the  sheets  being  hung  up  for  some  weeks  to  dry. 
linen  is  also  similarily  prepared,  and  sold  under  the  name  of 
*^  VeQum  tracing  paper.''  It  is  less  transparent  than  the  tracing 
paper,  but  is  very  strong  and  durable.  Both  of  those  are  used 
rather  for  preserving  duplicates  than  lEbr  finished  maps. 

(470)  Copylii;  by  transftr  paper*  This  is  tbm  paper,  one  mde 
of  which  is  rubbed  with  blacklead,  fcc,  smoothly  spread  by  cotton. 
It  is  hid  on  the  clean  paper,  the  blackened  «de  downward,  anti 
the  plat  is  placed  upon  it.  All  the  lines  of  the  plat  are  then  gone 
over  with  moderate  pressure  by  a  Umit  point,  such  bs  the  eye-ond 
jf  a  small  needle.    A  faint  tracing  of  these  lines  wUt  then  be  fount} 
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on  the  clean  paper,  and  can  be  inked  at  leisure.  If  the  ori^nai 
c&nnot  be  thus  treated,  it  may  first  be  copied  on  tracing  paper, 
and  this  copy  be  thus  transferred.  If  the  transfer  paper  be  pre- 
pared by  rubbmg  it  with  lampblack  ground  up  widi  hard  soap,  its 
lines  will  be  inefiaceable.    It  is  then  called  ^^  Camp-paper.^' 

(471)  Copfini:  by  puctares*  Fix  the  clean  paper  on  a  draw- 
ing board  and  the  plat  over  it.  Prepare  a  fine  needle  with  a  seal- 
ing-wax head.  Hold  it  very  truly  perpendicdar  to  the  board,  and 
prick  through  every  angle  of  the  plat,  and  every  comer  and  inter- 
section of  its  other  lines,  such  as  houses,  fences,  &c.,  or  at  least 
the  two  ends  of  every  line.  For  circles,  the  centre  and  one  point 
of  the  curcumference  are  sufficient.  For  irregular  curves,  such  as 
rivers,  &c.,  enough  points  must  be  pricked  to  indicate  all  their 
siiuosities.  Work  with  system,  finishing  up  one  strip  at  a  lime, 
so  as  not  to  omit  any  necessary  points  nor  to  prick  through  any 
twice,  though  the  latter  is  safer.  When  completed,  remove  the 
plat.  The  copy  will  present  a  wilderness  of  fine  points.  Select 
those  which  determine  the  leading  lines,  and  then  the  rest  will  be 
easily  recognized.  A  beginner  should  first  pencil  the  lines  lightly, 
and  then  ink  them.  An  experienced  draftsman  will  omit  the  pen- 
cilling. Two  or  three  copies  may  be  thus  pricked  through  at  once. 
The  holes  in  the  original  plat  may  be  made  nearly  invisible  by 
rubbing  them  on  the  back  of  the  sheet  with  a  paper-folder,  or  the 
thumb  nail. 

(172)  Copflnj:  by  interseeiioBSi  Draw  a  Ime  on  the  clean  paper 
equal  in  length  to  some  important  line  of  the  original.  Two  start- 
ing points  are  thus  obtained.  Take  in  the  dividers  the  distance 
from  one  end  of  the  line  on  the  original  to  a  third  point.  From 
the  corresponding  end  on  the  copy,  describe  an  arc  with  tins  dis- 
tance for  radius  and  about  where  the  point  will  come.  Take  the 
distance  on  the  original  from  the  other  end  of  the  line  to  the  point, 
and  describe  a  corresponding  arc  on  the  copy  to  intersect  the 
former  arc  in  a  point  which  will  be  that  desired.  The  principle 
of  the  operation  is  that  of  our  "  Rrst  Method,"  Art.  (5).  Two 
oairs  of  dividers  may  be  used  as  explained  in  Art.  (tO).    "  Tri 
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angular  compasses,"  having  three  legs,  are  used  by  fixing  two  of 
their  legs  on  the  two  ^ven  points  of  the  original,  and  the  third  leg 
on  the  point  to  be  coped,  and  then  transferring  them  to  the  copy. 
All  the  points  of  the  origbal  can  thus  be  accurately  reproduced. 
The  operation  is  however  very  slow.  Only  the  chief  pomts  of  a 
plat  may  be  thus  transferred,  and  the  •details  fiUed  in  by  the  foI« 
lowing  method. 

(473)  Copying  by  sqoareSf  On  the  ori^nal  plat  draw  a  scries 
of  parallel  and  equidistant  lines.  The  T  square  does  this  most 
readily.  Draw  a  similar  series  at  right  angles  to  these.  The  plat 
will  then  be  covered  with  squares,  as  in  Fig.  88,  page  48.  On 
the  clean  paper  draw  a  similar  series  of  squares.  The  important 
points  may  now  be  fixed  as  in  the  last  article,  and  the  rest  copied 
by  eye,  all  the  pomts  in  each  square  of  the  original  being  properly 
placed  in  the  corresponding  square  of  the  copy,  noticing  whether 
they  are  near  the  top  or  bottom  of  each  square,  on  its  right  or  left 
side,  &c.  This  method  is  rapid,  and  in  skilful  hands  quite  accu« 
rate. 

Instead  of  drawing  lines  on  the  ori^nal,  a  sheet  of  transparent 
paper  containing  them  may  be  placed  over  it ;  or  an  open  frame 
with  threads  stretched  across  it  at  equal  distances  and  at  right 
angles. 

This  method  supplies  a  transition  to  the  Reduction  and  Erdarge- 
ment  of  plats  m  any  deinred  ratio ;  under  which  heod  Copy inghj 
the  Pantagraph  and  Camera  Lucida  will  be  noticed. 

(474)  Redneiig  by  Sfoaresi  Begin,  as  m  the  preceding  article, 
by  drawing  squares  on  the  origmal,  or  placing  them  over  it.  Then 
on  the  clean  paper  draw  a  similar  set  of  squares,  but  with  their 
aides  one-half,  one  third,  &c.,  (according  to  the  desired  reduction), 
of  those  of  the  origmal  plat.  Then  proceed  as  before  to  copy  into 
each  small  square  all  the  pomts  and  lines  found  in 'the  large  square 
of  the  plat  in  their  true  positions  relative  to  the  sides  and  comers 
of  the  square,  observing  to  reduce  each  distance,  by  eye  or  as 
directed  in  the  following  article,  in  the  given  ratio. 


820 


MAPPING. 


[part  z. 


V 


(475)  Redncin;  by  proportional  scales*  Many  graphical  me- 
thods of  finding  the  proportionate  length  on  the  copy,  of  any  line  of 
the  original,  may  be  used.  The  "Angle  of  redaction"  is  con 
structed  thus.  Draw  any  line 
AB.  With  it  for  radius  and  A 
for  centre,  describe  an  indefinite 
arc.  With  B  for  centre  and  a 
radius  equal  to  one-half,  one-third, 

&c.,  of  AB  according  to  the  de-    ^<r{f\^\\V\V;Vl  Vil  I  1 1 1 1 1 
ured  reduction  describe  another  a  b  b 

arc  intersecting  the  former  arc  in  C.  Join  AC.  From  A  as 
centre  describe  a  series  of  arcs.  Now  to  reduce  any  distance, 
take  it  in  the  dividers,  and  set  it  off  from  A  on  AB,  as  to  D.  Then 
the  distance  from  D  to  E,  the  other  end  of  the  arc  passing  through 
D,  will  be  the  proportionate  length  to  be  set  off  on  the  copy,  in  the 
manner  directed  in  Art.  (472). 

The  Sector,  or  "  Compass  of  proportion,"  described  in  Art  (52), 
presents  such  an  "Angle  of  reduction,"  always  ready  to  be  used 
in  this  manner. 

The  "  Angle  of  reduction  "  may  be  simplified 
thus.  Draw  a  line,  AB,  parallel  to  one  side 
of  the  drawing  board,  and  another,  BC,  at  right 
angles  to  it,  and  one-half,  &c.,  of  it,  as  desired. 
Join  AC.  Then  let  AD  be  the  distance  re- 
quired to  be  reduced.  Apply  a  T  square  so 
as  to  pass  through  D.  It  will  meet  AC  in 
some  point  E,  and  DE  will  be  the  reduced 
length  required. 

Another  arrangement  for  the  same  object  is  shown  in  Hg.  817. 


Fig.  316. 


Draw  two  lines,  AB,  AC,  at  any  angle,  and  de- 
scribe a  series  of  arcs  from  their  intersection.  A, 
as  in  the  figure.  Suppose  the  reduced  scale  18  to 
be  half  the  original  scale.  Divide  the  outermost 
arc  into  three  equal  parts,  and  draw  a  line  from 
A  to  one  of  the  points  of  division,  as  D.  Then 
each  arc  will  be  divided  into  parts,  one  of  which 
is  twice  the  other.  Take  any  distance  on  the  ori- 
ginal scalci  and  find  by  trial  which  of  the  arcs  on 
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the  right  hand  side  of  the  figure  it  corresponds  to.     The  other  part 
'  of  that  arc  will  be  half  of  it,  as  desired. 

'^  Proportional  compasses,"  being  properly  set,  reduce  lines  in 
any  defired  ratio.  A  simple  form  of  them,  known  as  ^^  Wholes 
and  halves,"  is  often  useful.  It  consists  of  two  slender  bars,  pointed 
at  each  end,  and  united  by  a  pivot  which  is  twice  as  far  from 
one  pair  of  the  points  as  from  the  other  pair.  The  long  ends  being 
set  to  any  distance,  the  short  ends  will  give  precisely  half  that  dis- 
tance. . 

(476)  Redncing  by  a  pantagraph.  This  instrument  consists  of 
two  long  and  two  short  rulers,  connected  so  as  to  form  a  parallelo> 
gram,  and  capable  of  being  so  adjusted  that  when  a  tracing  point 
attached  to  it  is  moved  over  the  lines  of  a  map,  &c.,  a  pencil 
attached  to  another  part  of  it  will  mark  on  paper  a  precise  copy, 
reduced  on  any  scale  deshred.  It  is  made  in  various  forms.  It  is 
troublesome  to  use,  though  rapid  in  its  work. 

(477)  Reducing  by  a  camera  liieida*  This  is  used  in  the  Coast 
Survey  Office.  It  cannot  reduce  smaller  than  one-fourth,  without 
losing  distinctness,  and  is  very  trying  to  the  eyes.  Squares  drawn 
on  the  original  are  brought  to  apparently  coincide  with  squares  on 
the  reduction,  and  the  details  are  then  filled  in  with  the  pencil,  aa 
seen  through  the  prism  of  the  instrument. 

(478)  Enlarging  plats.  Plats  may  be  enlarged  by  the  princi- 
pal methods,  which,  have  been  given  for  reducing  them,  but  this 
should  be  done  as  seldom  as  possible,  since  every  inaccuracy  in  the 
original  becomes  magnified  in  the  copy.  It  is  better  to  make  a 
new  plat  from  the  original  data. 
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CONTMTIONAL  SIGNS. 

(479)  Various  conyentional  signs  or  marks  have  been  adopted, 
more  or  less  general! j,  to  represent  on  maps  the  inequalities  of  the 
surface  of  the  ground,  its  different  kinds  of  culture  or  natural  pro 
ducts,  and  the  objects  upon  it,  so  as  not  to  encumber  and  disfigure 
it  with  much  writing  or  many  descriptive  legends.  This  is  the 
purpose  of  what  is  called  Topographieal  Mapping. 

(480)  The  relief  of  ground.  The  inequalities  of  the  surface 
of  the  earth,  its  elevations  and  depressions,  its  hills  and  hollows, 
constitute  its  ^'  Belief."  The  representation  of  this  is  sometimes 
called  ^^  Hill  drawing."  Its  difficulty  arises  from  our  being  accus- 
tomed to  see  hills  sideways,  or  *^  in  elevation,"  while  they  must 
be  represented  as  they  would  be  seen  from  above,  or  "  in  plan." 
Various  modes  of  thus  drawing  them  are  used ;  their  positions  being 
laid  down  in  pencil  as  previously  sketched  by  eye  or  measured. 

K  light  be  supposed  to  fall  vertically^  the  slopes  of  the  ground  will 
receive  less  light  in  proportion  to  their  steepness.  The  relief  of 
ground  will  be  indicated  on  this  principle  by  makmg  the  steep 
slopes  very  dark,  the  gentier  inclinations  less  so,  and  leaving  the 
level  surfaces  white.  The  shades  may  be  produced  by  tints  of 
India  ink  applied  with  a  brush,  their  edges,  at  the  top  and  bottom 
of  a  hill  or  ridge,  being  softened  off  with  a  clean  brush. 

If  light  be  supposed  to  fall  obliquely^  the  slopes  facmg  it  will  be 
light,  and  those  turned  from  it  dark.  This  mode  is  effective,  but 
not  precise.  In  it  the  light  is  usually  supposed  to  come  from  the 
upper  left  hand  comer  of  the  map. 

Horizontal  contour  linet  are  however  the  best  convention  Sot 
this  purpose.  Imagine  a  hill  to  be  sliced  off  by  a  number  of  equi* 
distant  horizontal  planes,  and  their  intersections  with  it  to  be  drawn 
as  they  would  be  seen  from  above,  or  horizontally  projected  on  the 
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map.  These  are  "  Contour  lines. "  The;  are  the  same  lines  u 
would  be  ibnned  by  water  surrounding  the  hill,  and  rising  one  foot 
at  a  time  (or  any  other  height)  till  it  reached  the  top  of  the  hill. 
The  edge  of  the  water,  or  its  shore,  at  each  successive  rise,  would 
be  one  of  these  horizontal  contour  lines.  It  is  plain  that  their 
nearness  or  distance  on  the  map  would  indicate  the  steepness  or 
gentleness  of  the  elopes.     A  right  cone  would  thus  be  repre- 

Fig.  3ia  Fig.  319.  Fig,  320. 


sented  by  a  series  of  concentric  circles,  aa  in  Rg.  318 ;  an  oblique 
cone  by  circles  not  concentric,  but  nearer  to  each  other  on  the  steep 
side  than  on  the  other,  as  in  Fig.  S19  ;  and  a  half-egg,  somewhat 
as  in  Fig.  320. 

Vertical  sec^Tis,   perpendicular   to  these   contour  lines,  are 
usoally  combined  with  them.     They  are  the  "Lines  of  greatest 
slope,"  and  may  be  supposed  to  represent  water  running  down  tie 
sides  of  the  bill.     They  are  also  made  thicker  and  nearer  together 
on  ihe  steeper  slopes,  to  produce  the  effect  required  by  the  conven- 
tion of  vertical  light  F'8-  **'• 
already  referred    to. 
The   margintd  figure 
shews    an    elongated 
half-egg,  or  oral  hill, 
thus  represented. 

The  spaces  between 
the  rows  of  vertical 
"  Hatchings"  indicate 

the  contour  lines,  which  are  not  actually  drawn.  The  beauty  of 
the  graphical  execution  of  this  work  depends  on  the  uniformity  of 
the  strokes  representing  uniform  slopes,  on  their  perfectly  regular 
gradation  in  thickness  and  nearness  for  varying  slopes,  and  m 
their  being  made  precisely  at  right  angles  to  the  contour  line! 
between  which  they  are  «tnated. 
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The  methods  of  detenaimng  the  contour  linea  are  application! 
of  Levelling,  and  will  therefore  be  poetpoaed,  together  vith  the 
farther  detaila  of  "  Hill-drawiug,"  to  the  volume  treating  of  that 
subject,  vhlch  is  announced  in  the  Pre&ce. 

(481)  SlffBS  Atr  naliral  Sirfkce.  Scmd  is  represented  bj  fine 
dots  made  with  the  point  of  the  pen ;  ffravel  by  coarser  dots. 
Rocks  are  drawn  in  their  proper  places  in  irregnlar  angular  forms, 
imitating  their  true  appearance  as  seen  from  above.  The  nature 
of  the  rocks,  or  the  0-eoloffy  of  the  country,  may  be  shown  by  apply- 
ing the  proper  colors,  as  agreed  on  by  geologists,  to  the  back  of 
the  map,  so  that  they  may  be  seen  by  holding  it  up  agfunet  the 
light,  while  they  will  thus  not  confuse  the  usual  details. 

(482)  Sign  for  Ti^Utln.     Woodi  are  represented  by  scol- 
loped circles,  irregularly  disposed,  Fig.  35H. 
imitating  trees  seen  "  in  plan,"  and   {^ 

closer  or  farther  apart  according  to    -J 
the  thickness  of  the  forest.     It  b    ^ 
usual  to  shade  their  lower  and  right 
hand  sides  and  to  represent  their    S 

shadows,  as  in  the  6gure,  though,  in  strictness,  this  is  incoufflstenl 
with  the  hypothesis'  of  vertical  light,  adopted  for  "  hilt-drawing." 
For  pine  and  similar  forests,  the  signs  may  have  a  star4ike  form, 
as  on  the  right  hand  side  of  the  figure.  Trees  are  sometimes 
drawn  "  in  elevation,"  or  rideways,  as  usually  seen.  This  makes 
thorn  more  eanly  recognized,  but  is  in  utter  violation  of  the  princi- 
ples of  mapping  in  horizontal  projection,  though  It  may  be  defended 
as  a  pure  convention.  Oreharda  are  represented  by  trees  arrang- 
ed in  rows.  Bmhea  may  be  drawn  like  trees,  but  smaller. 
Qratt-land  is  drawn  with  irregularly  Fig.  3S3. 


to  the  base  of  the  drawing.     Meadovttm     ».'*"-»^  -"^-^  ''^ 
tometimes  represented  by  pairs  of  diverging  lines,  (as  on  the  li^ 


OHAP.  II.] 


€on?eiititiial  Signs. 


825 


of  the  figure),  which  may.  be  regarded  as  tall  blades  of  grass. 
Uncultivated  laad  is  indicated  by  appropnately  intermingling  the 
signs  for  grass  land,  bashes,  sand  and  rocks.     Cultivated  land  is 
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shown  by  parallel  rows  of  broken  and'  dotted 
lines,  as  in  the  fignre,  repres.enting .  furrows. 
Craps  are  so  temporary  that  sifflos  for  them  are 
unnecessary,  though  often  used.  They  are  usu-  [j]  l|  \\\\j  !j|  [_  [| 
ally  imitative,  as  for  cotton,  sugar,  tobacco,  rice, 
vines,  hops,  &c.  Gardens  are  drawn  with  cir- 
cular and  other  beds  and  walks. 


(183)  Signs  for  water.  The  Seorcoast  is  lepresented  by  draw- 
ing a  line  parallel  to  the  shore,  following  all  its  windings  and  inden- 
tations, and  as  close  to  it  as  possible^  then  another.parallel  line  a 
little  more  distant,  then  a  third  still  more  distant,  and  so  on. 
Examples  are  seen  in  figures  287,  &c.  If  these  lines  are  drawn 
from  the  low  tide  mark,  a  similar  set  may  be  drawn  between  that 
and  the  high  tide  mark,  and  dots,  for  sand,  be  made  over  the 
included  space.  Rivers  have  each  shore  treated  like  the  sea 
shore,  as  in  the  figures  of  Part  VII.*  Brooks  would  be  shown  by 
only  two  lines,  or  one,  according  to  their  magnitude.  Ponds  may 
be  drawn  like  sea  shores,  or  represented  by  ^  Fi?.  325.  v 
parallel  horizontal  lines  ruled  across  them.  ^ 
Marshes  and  Swamps  are  represented  by  an 
irregular  intermingling  of  the  preceding 
fflgn  with  that  for  grass  and  bushes,  as  in  the 
figure. 

(484)  Colored  Topogra|^hyf  The  conventional  signs  which  have 
been  described,  as  made  with  the  pen,reqmre  much  time  and 
labor.  Colors  are  generally  used  by  the  French  as  substitutes  for 
them,  and  combine  the  adyantages  of  great  rapidity  and  effective- 
ness. Only  three  colors  (besides  India  ink)  are  required ;  viz. 
Gamboge  (yellow),  Indigo  (blue),  and  Lake  (pink).  Sepia, 
Burnt  Sienna,  Yellow  ochre,  Red  lead,  and  Vermillion,  are  also 
sometimes  used.    The  last  three  are  difficult  to  work  with.    To 

*  Those  in  Part  II,  Chapter  V,  have  the  lines  tuo  close  together  in  the  middleu 
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use  these  paints,  moisten  the  end  of  a  cake  and  rub  it  up  with  a 
drop  of  water,  afterwards  diluting  this  to  the  proper  tint,  which 
should  always  be  light  and  delicate.  To  cover  any  surfsuse  with 
a  uniform  flat  tint,  use  a  large  camel's  hair  or  sable  brush,  keep  it 
always  moderately  full,  incline  the  board  towards  you,  previously 
moisten  the  paper  with  clean  water  if  the  outline  is  very  irregular, 
begin  at  the  top  of  the  surface,  apply  a  tint  across  the  upper  part, 
and  continue  it  downwards,  never  letting  the  edge  dry.  This  last 
is  the  secret  of  a  smooth  tint.  It  requires  rapidity  in  returning  to 
the  beginmng  of  a  tint  to  continue  it,  and  dexterity  in  following  the 
outline.  MarhUng^  or  variegation,  is  produced  by  having  a  brush 
at  each  end  of  a  stick,  one  for  each  color,  and  applying  first  one, 
and  then  the  other  beside  it  before  it  dries,  so  that  they  may  blend 
but  not  mix,  and  produce  an  irregularly  clouded  appearance. 
Scratched  parts  of  the  paper  may  be  painted  over  by  first  applying 
strong  alum  water  to  the  place. 

The  conventions  for  colored  Topography,  adopted  by  the  French 
Military  Engineers,  are  as  follows.  yRoobS^  yelhw;  using  gam< 
boge  and  a  very  littie  indigo.  Qrass-land,  green;  made  of 
gamboge  and  indigo.  Cultivatbd  land,  broum;  lake,  gamboge, 
and  a  little  India  ink.  ^'  Burnt  Sienna"  will  answer.  Adjoining 
fields  should  be  slightly  varied  in  tint.  Sometimes  furrows  are 
indicated  by  strips  of  various  colors.  Gardens  are  represented 
by  small  rectangular  patches  of  brighter  green  and  broum.  Uif- 
CULTIVATED  LAND,  marbled  green  and  light  broum.  Brush, 
BRAMBLES,  jcc,  marbled  green  and  yellow.  Heath,  furze,  &c., 
marbled  ^e^n  and  jptTt^.  Yiseyabds^  purple ;  lake  and  indigo. 
Sands,  a  light  broum;  gamboge  and  lake.  ^^  Yellow  ochre"  will 
io.  Lakes  and  rtvers,  light  blu^e,  with  a  darker  tint  on  their 
upper  and  left  hand  sides.  Seas,  dark  blu^^  with  a  littie  yellow 
added.  Marshes,  the  blue  of  water,  with  spots  of  grass  greeuj  the 
touches  all  lying  horizontally.  Roads,  brown  ;  between  the  tints 
for  sand  and  cultivated  ground,  with  more  India  ink.  Hills, 
greenieh  broum;  gamboge,  indigo,  lake  and  India  ink,  instead  of 
the  pure  India  ink,  directed  in  Art.  (480).  Woods  may  be 
finished  up  by  drawing  the  trees  as  in  Art.  (182)  and  coloring 
them  green,  with  touches  of  gamboge  towards  the  light  (the  uppei 
and  left  hand  side)  and  of  indigo  on  the  opposite  side. 
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(485>  Signs  for  detacbe4  objects*  Too  great  a  number  of  these 
\nll  cause  confusion.  A  few  leac^g  ones  will  be  given,  the  mcaii- 
ings  of  which  are  apparent. 

Figa. 

Wind  mill  J  ^334. 

Steam  milly  ^  335. 

Furnace^  4  336. 

Woollen  factory^  ^  337. 

CoUcn  factory y     #  33a 

Qlas9  worksy       j^  339 

Churchy  ^  340. 

Grave  yardy  J[X^ui . 
An  ordinary  house  is  drawn  in  its  true  position  and  size,  and  the 
ridge  of  its  roof  shown  if  the  scale  of  the  map  is  large  enough. 
On  a  very  small  scale,  a  small  shaded  rectangle  represents  it.  If 
colors  are  used,  buildings  of  masonry  are  tinted  a  deep  crimson, 
(with  lake),  and  those  of  wood  with  India  ink.  Their  lower  and 
right  hand  sides  are  drawn  with  heavier  lines.  Fences  of  stone  or 
wood,  and  hedges,  may  be  drawn  in  imitation  of  the  realities ;  and, 
if  desired,  colored  appropriately. 

MineB  may  be  represented  by  the  signs  of  the  planets  which 
were  anciently  associated  with  the  various  metals.  The  signs  here 
given  represent  respectively, 

Oold,    Silver,    Iron,    Copper,    Tm,    Lead,    Quicksilver. 

©  3)  «  ¥  2f         T&  5 

&.  large  black  circle,  # ,  may  be  used  for  Coal. 

Boundary  lines j  of  private  properties,  of  townships,  of  counties, 

and  of  states,  may  be  indicated  by  lines  farmed  of  various  combi- 

nations  of  short  lines,  dots  and  crosses,  as  below.* 


Court  houscj 

Figfc 

Post  officcj 

^   327. 

Tavern, 

mi'z^s. 

BlachsmWCs  shop. 

A    329. 

Ovide  loardy 

t      330. 

Quarry, 

X     331. 

Grist  mill. 

0     332. 

Saw  mill, 

M    333. 

++++++++++++++++++ 

*  Very  minute  directions  for  the  execution  of  the  details  described  in  this  chap 
r,  are  given  in  Liett|.  B.  S.  Smith's  "  Topographical  Drawing."    Wilej  N.  Y. 
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FINISHING  THE  llliP. 

(IW)  OrienUtlon*  The  map  is  usually  so  drawn  that  the  top 
of  the  paper  may  represent  the  North.  A  Meridian  line  should 
also  be  drawn,  both  True  and  Magnetic,  as  in  Ilg.  199,  page  189. 
The  number  of  degrees  and  minutes  in  the  Variation,  if  known, 
should  also  be  placed  between  the  two  North  points.  Soinetimes 
a  compass-star  is  drawn  and  made  very  ornamental. 

(187)  Lettering*  The  style  in  which  this  is  done  very  much 
affects  the  general  appearance  of  the  map.  The  young  surveyor 
should  give  it  much  attention  and  careful  practice.  It  must  all  be 
in  imitation  of  the  best  printed  models.  No  writing,  however 
beautiful,  is  adnussible.  The  usual  letters  are  the  ordinary 
ROMAN  CAPITALS,  SmaU  Roman,  ITALIC  CAPITALS^ 
Small ItaUe^uid  GOTHIC  OR  EGYPTIAN.  Tbislast, 
when  well  done,  is  very  effective.  .  For  the  Titles  of  maps,  various 
fancy  letters  may  be  used.  For  very  large  letters,  those  formed 
only  of  the  shades  of  the  letters  regarded  as  blocks  (the  body  being 
rubbed  out  after  being  pencilled  as  a  guide  to  the  placing  of  the 
shades)  are  most  easily  made  to  look  well.  The  amplest  lettering 
is  generally  the  best.  The  sizes  of  the  names  6f  places,  &c.,  should 
be  proportional  to  their  importance.  Elaborate  tables  for  vaiioua 
scales  have  been  published.  It  is  better  to  make  the  letters  too 
small  than  too  large.  They  should  not  be  crowded.  Pencil  Unes 
should  always  be  ruled  as  guides.  The  lettering  should  be  in  lines 
parallel  to  the  bottom  of  the  map,  except  the  names  of  rivers,  roads, 
&c.,  whose  general  course  should  be  followed. 

(188)  Borders*  The  Border  may  be  a  smgle  heavy  line, 
enclosing  the  map  in  a  rectangle;  or  such  a  line  may  be  relieved 
by  a  finer  line  drawn  parallel  and  near  to  it.  Time  should  not  be 
wasted  in  ornamenting  the  border.     The  simplest  is  the  best. 
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(189)  Joining  papert  K  the  map  is  larger  than  the  sheets  of 
paper  at  hand,  they  should  be  joined  with  a  feather-edge,  by  pro* 
ceciUng  thus.  Cut,  with  a  knife  guided  by  a  ruler,  about  one- 
third  through  the  thickness  of  the  paper,  and  tear  oflf  on  the  under 
ude,  a  strip  of  the  remsdning  thickness,  so  as  to  leave  a  thin  sharp 
edge.  Treat  the  other  sheet  in  the  same  way  on  the  other  side  of 
it.  When  these  two  feather  edges,  are.  then  put  together,  (with 
paste,  glue  or  varnish),  they  will  make  a  neat,  and  strong  joint. 
The  sheet  which  rests  upon  the  other  must  be  on  the  right  hand 
side,  if  the  sheets  are  jomed  lengthways,  or  below  if  they  are  joined 
in  that  direction,  so  that  the  thickness  of  the  edge  may  not  cast  a 
shadow,  when  properly  placed  as  to  the  light.  The  sheets  must 
be  joined  before  lines  are  drawn  across  them,  or  the  lines  will 
become  distorted.  Drawing  paper  is  now  made  in  rolls  of  great 
length,  so  as  to  render  this  operation  unnecessary. 

(490)  Mounting  mapSt  A  map  is  sometimes  required  to  be 
mounted,  i.  e.  backed  with  canvas  or  muslin.  To  do  this,  wet  the 
muslin  and  stretch  it  strongly  on  a  board  by  tacks  driven  very 
near  together.  Cover  it  with  Qtrong  paste,  beating  this  in  with  a 
brush  to  fill  up  the  pores  of  the  muslin.  Then  spread  paste,  over 
the  back  of  the  paper,  and  when  it  has  soaked  into  it,  apply  it  to 
the  muslin,  inclining  the  board,  and  pasting  first  a  strip,  about  two 
inches  wide,  along  the  upper  side  of  the  paper,  pressing  it  down 
with  clean  linen  in  order  to  drive  out  all  air  bubbles.  .  Press  down 
another  strip  in  like  manner,  and  so  proceed  till  all  is  pasted.  Let 
it  dry  very  gradually  and  thoroughly  before  cutting  the  muslin 
from  the  board. 

Maps  may  be  varmshed  with  picture  varnish ;  or  by  applying 
four  or  five  coats  of  isinglass  size,  letting  each  dry  well  before 
applying  the  next,  and  ^ving  a  full  flowing  coat  of  Canada  balsam 
diluted  with  the  best  oil  of  turpentino. 
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PART  XL 


LAYING  OUT,  PARTING  OFF,  AND 
DIVIDING  UP  LAND/ 

CHAPTER  L 


LATIRCl  OUT  LAIVlk 

(491)  Its  nature.  This  operation  is  precisely  the  reyerse  ot 
tiiose  of  Sorvejing  properly  so  called.  The  latter  measures  certain 
lines  as  thej  are ;  the  former  marks  them  oat  in  £he  ground  where 
they  are  required  to  be,  in  order  to  satisfy  certain  conditions. 
The  same  instruments,  however,  are  used  as  in  Surveying. 

Perpendiculars  and  parallels  are  the  lines  most  often  employed. 
The  PerpencUctdars  may  be  set  out  eitiier  with  the  chain  alone, 
Arts.  (140)  to  (159) ;  still  more  easily  with  tiie  Cross-staflT,  Art 
(101),  or  the  Optical-square,  Art.  (107)  ;  and  most  precisely  with 
a  Transit  or  Theodolite,  Arts.  (402)  to  (400).  ParaUeU  may 
also  be  set  out  with  the  chain  alone,  Arts.  (100)  to  (166) ;  or 
with  Transit,  &c..  Arts.  (407)  and  (408).  The  ranging  out  of 
lines  by  rods  is  described  In  Arts.  (109)  and  (178),  and  with  an 
Angular  instrument,  in  Arts.  (S76),  (400)  and  (415). 

(492)  To  lay  oat  Sf  ures*  Reduce  the  desired  content  to 
square  chains,  and  extract  its  square  root.  This  will  be  the  length 
of  the  reqmred  side,  which  is  to  be  set  out  by  one  of  the  methods 
indicated  in  the  preceding  article. 

An  AcrCf  laid  out  in  the  form  of  a  square,  is  frequentiy  desired 
by  farmers.    Its  side  must  be  made  316^  links  of  a  Ounter^s 

*  The  DemoDStrations  of  the  Problems  in  this  part,  when  reqairetl.  wffl  be 
foand  in  Appendix  B. 
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chun;  or  208^  feet;  or  69^^  yards.    It  ia  often  taken  at 
TO  paces. 

The  number  of  plants,  hills  of  com,  loads  of  manure,  &c.,  which 
an  acre  will  contain  at  any  uniform  distance  apart,  can  be  at  once 
found  by  di^ding  209  by  this  distance  in  feet,  and  multiplying 
ihe  quotient  by  itself;  or  by  dividrng  48560  by  the  square  of  the 
distance  in  feet.  Thus,  at  8  feet  apart,  an  acre  would  contain 
4840  plants,  &c. ;  at  10  feet  apart,  486 ;  at  a  rod  apart,  160 ; 
and  so  on.  K  the  distances  apart  be  unequal,  divide  48560  by 
the  product  of  these  distances  in  feet ;  thus,  if  the  plants  were  in 
rows  6  feet  apart,  and  the  plants  in  the  rows  were  8  feet  apart, 
2420  of  them  would  grow  on  one  acre. 

(49S)  To  lay  oat  roctaogleSt  The  content  and  length  being 
given^  both  as  measured  by  the  same  unit,  divide  the  former  by 
the  latter,  and  the  quotient  will  be  the  required  breadth.  Thus,  1 
acre  or  10  square  chms,  if  5  chiuns  long,  must  be  2  chains  wide. 

The  content  being  given  and  the  length  to  be  a  certain  number 
of  times  the  breadth.  Divide  the  content  in  square  chiuns,  &c.,  by 
the  ratio  of  the  length  to  the  breadth,  and  the  square  root  of  the 
quotient  will  be  the  shorter  side  desired,  whence  the  longer  side 
is  also  known.  Thus,  let  it  be  required  to  lay  out  80  acres  in  the 
form  of  a  rectangle  8  times  as  long  as  broad.  80  acres  ==  800 
square  chains.  The  desired  rectangle  will  contain  8  squares,  each 
of  100  sq.  chs.,  having  sides  of  10  chs.  The  rectangle  will  there- 
fore be  10  chs.  wide  and  80  long. 

An  Acre  laid  out  in  a  rectangle  twice  as  long  as  broad,  will  be 
224  Imks  by  448  links,  naarly ;  or  147}  feet  by  295  feet ;  or  49| 
yards  by  98|  yards.  50  paces  by  100  is  often  used  as  an  ap« 
proximation,  easy  to  be  remembered. 

The  content  being  given,  and  the  difference  between  the  lengtli 
and  breadth.  Let  c  represent  this  content,  and  d  this  difference. 
Then  the  longer  side  =  J  d!  +  J  ^(d^  +  4  c}. 

Example.  Let  the  content  be  6.4  acres,  and  the  difference 
1 2  chains.  Then  the  ddes  of  the  rectangle  will  be  respectiTf^ly 
16  chams  and  4  chains. 
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The  eontent  being  given,  and  the  mm  of  the  length  and  breadtk 
Let  c  represent  this  content,  and  s  iliis  siun.  Then  the  longei 
Bide  =  J«+ J  ^(«^  —  4tf). 

Example.  Let  the  content  be  6.4  acres,  and  the  sum  20  chains. 
The  above  formula  gives  the  sides  of  the  rectan^e  16  chains  and  4 
ehains  as  before. 

(491)  To  by  oat  trlanirteSf  The  content  and  the  base  being 
(^ven,  divide  the  former  by  half  the  latter  to  get  the  height.  At 
any  point  of  the  base  erect  a  perpendicuhir  of  the  length  thus 
obtained,  and  it  will  ba  the  vertex  of  the  required  triangle. 

The  content  being  given. and  the  base  having  to  be  m  times  the 
height,  the  height  will  equal  the  square  root  of  the  quotient 
obtained  by  dividing  twice  the  given  area  by.  97^ . 

The  content  being  given  and  the  triangle  to  be  equilateral,  take 
the  square  root  of  the  content  and  multiply  it  by  1.520.  The  pro- 
duct will  be  the  length  of  the  side  required.  This  rule  makes  the 
sides  of  an  equilateral  triangle  containing  one  acre  to  be  480^  links. 
A  quarter  of  an  acre  laid  out  in  the  same  form  would  have  each 
side  240  links  long.  An  equilateral  triangle  is  very  easily  set  out 
on  the  ground,  as  directed  in  Art.  (M),  under  ^^  Platting,"  using 
a  rope  or  chun  for  compasses. 

(4S5)  The  content  and  base  being  given,  and  one  ade  having 
to  make  a  given  angle,  as  B,  with  the  base  Fis-  343. 

AB,  the  length  of  the  side  BC  =?44?S,- 

AB .  sm.  B 

Example.    Eighty  acres  are  to  be  laid 

out  in  the  form  of  a  triangle,  on  a  base, 

AB,  of  sixty  chains,  bearing  N.  80^  W. 

the  bearing  of  the  side  BC  being  N.  TO""  £.    Here  the  angle  B  is 

found  from  the  Bearings  (by  Art^  (24S),  revenung  one  of  them) 

to  be  80^    Hence  BC  =  58.88.    The  figure  is  on  a  scale  of  50 

ohains  to  1  inch  =  1 :  89600. 

Any  right-line  figure  may  be  laid  out  by  analogpus  methods. 

(4M)  To  lay  oat  circles*  Multiply  the  given  content  by  7, 
divide  the  product  by  22,  and  take  the  square  root  of  the  quotienti 
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This  win  give  ihe  radius,  with  which  the  circle  can  be  described 
cm  the  ^und  with  a  rope  or  chain.  A  circle  containing  one  acre 
has  a.  radius  of  178^  links.  A  circle  containing  a  quarter  of  an 
acre  will  have  a  radius  of  89  links. 


(497)  Town  lolSt  House  lots  in  cities  are  usually  laid  off  as 
rectangles  of  25  feet  front  and  100  feet  depth,  variously  combined 
in  blocks.  Part  of  New-York  is  lud  out  in  blocks  200  feet  by 
800,  each  containmg  64  lots,  and  separated  by  streets,  60  feet 
wide,  running  along  their  long  sides,  and  avenues,  100  feet  wide, 
on  their  short  sides.  The  eight  lots  on  each  short  side  of  the  block, 
front  on  the  avjBnues,  and  the  remaining  forty-eight  lots  front  on 
the  streets.  Such  a  block  covers  ahnost  precisely  3}  acres,  and 
17^  such  lots  about  make  an  acre.  But,  aUowmg  for  the  streets, 
land  laid  out  into  lots,  25  by  100,  arranged  as  above,  would  con- 
tain only  11.9,  or  not  quite  12  lots  per  acre. 

Lots  in  smaU  towns  and  villages  are  Isdd  out  of  greater  me  and 
less  uniformity.  50  feet  by  100  is  a  frequent  size  for  new  villages, 
the  blocks  being  200  feet  by  500,  each  therefore  containing  20  lots. 

(498)  JjoA  sold  for  UMS*  A  case  occurring  in  the  State  of 
New-York  will  serve  as  an  application  of  the  modes  of  lajdng  out 
squares  and  rectangles.  Land 
on  which  taxes  are  unpaid  is 
sold  at  auction  to  the  htcest 
bidder ;  i.  e.  to  him  who  will 
accept  the  smallest  portion  of 
it  m  return  for  paying  the  taxes 
on  the  whole.  The  lot  in  ques- 
tion was  originally  the  east 
half  of  the  square  lot  ABGD, 
containing  500  acres.  At  a 
sale  for  taxes  in  1880,  70  acres 
were  bid  off,  and  this  area  was 
set  off  to  the  purchaser  in  a  square  lot,  from  the  northrcast  comer. 
Required  the  side  of  the  square  in  links.  Again,  in  1884,  29 
acres  more  were  thus  sold,  to  be  set  off  in  a  strip  of  equal  widtb 
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around  the  square  previously  sold.  Required  the  width  of  this 
strip.  Once  more,  in  1839,  42  acres  more  were  sold,  to  be  set 
off  around  the  preceding  pece.  Required  ihe  dimensions  of  this 
third  portion.  The  answer  can  be  prored  by  calculating  if  the 
dimensions  of  the  remaining  rectangle  will  ^ve  the  content  which 
it  should  have,  via.  250  —  (70  +  29  +  42)  =  109  Acres. 
The  figure  is  on  a  scale  of  40  chiuns  to  1  inch  &=  1 :  81680. 

(199)  New  countries.  The  operations  of  laying  out  land  for  the 
purposes  of  setders,  are  required  on  a  large  pcale  in  new  countries^ 
m  combination  with  their  survey.  There  is  great  difficulty  in 
uniting  the  necessary  precision,  rapidity  and  cheapness.  ^^Tri« 
angular  Surveying"  will  ensure  the  first  of  these  qualities,  but  is 
deficient  in  the  last  two,  and  leaves  the  laying  out  of  lots  to  be 
subsequentiy  executed.  "  Compass  Surve^g"  possesses  the  last 
two  qualities,  but  not  the  first.  The  United  States  system  for 
surveying  and  laying  out  the  Public  Lands  admirably  combines  an 
accurate  determination  of  standard  lines  (Meridians  and  Parallels) 
with  a  cheap  and  rapid  subdivision  by  compass.  The  subject  is  so 
important  and  extensive  that  it  will  be  explained  by  itself  in 
Part  Xn. 


CHAPTER  11. 


PARTNCI  OFF  LAND. 

(500)  It  is  often  required  to  part  off  from  a  field,  or  fh)m  an 
indefinite  space,  a  certain  number  of  acres  by  a  fence  or  other 
boundary  line,  which  is  also  required  to  run  in  a  particular  direo 
tion,  to  start  from  a  certain  point,  or  to  fulfil  some  other  condition. 
The  various  cases  most  likely  to  occur  will  be  here  arranged 
according  to  these  conditions.  Both  graphical  and  numerical  me* 
thods  will  generally  be  given.* 

*  The  given  lines  will  be  represented  by  fine  full  lines;  the  lines  of  constmctiiMi 
bj  broken  ltaes»  and  the  lines  of  the  result  by  heavy  full  lines. 


CHAP,  n.] 


ParUng  off  Land* 


88A 


The  giren  content  is  always  supposed  to  be  redaced  to  square 
chains  and  decimal  parts,  and  the  lines  to  be  in  chains  and  deci- 
mals. 

A.    Bt  a  une  parallel  xo  a  sidk. 

(SOI)  To  part  off  a  rectangle.  If  the  sides  of  the  field  adja- 
cent to  the  given  side  make  right  angles  with  it,  the  figure  parted 
off  by  a  parallel  to  the  given  side  will  be  a  rectangle,  and  its 
breadth  wiU  equal  the  required  content  divided  by  that  side,  as  in 
Art  (4M). 

K  the  field  be  bounded  by  a  curved  or  zigzag  line  outside  of  the 
given  side,  find  the  content  between  these  irregular  lines  and  the 
ipven  stnught  side,  by  the  method  of  of&ets,  subtract  it  firom  the 
content  required  to  bo  parted  off,  and  proceed  with  the  remainder 
as  above.    The  same  directions  apply  to  the  subsequent  problems. 


(502)  To  part  off  a  parallelogram* 

aie  given  side  be  paraUel,  the 
figure  parted  off  will  be  a  parallel- 
ogram, and  its  perpendicular  width, 
GE,  will  be  obtained  as  above. 
The  length  of  one  of  the  parallel 
An—  CB   _    ABDC 

,  as  AXj  —  -; r-  ——  -r,* 1 IT* 

Bin.  A       AB  .  sm.  A 


If  the  sides  adjacent  to 


Fig. 

344. 

CL- 

A 

\. 

\ 

/ 

i          B 

fi 

(503)  To  part  off  a  trapezoid.  When  the  ndes  of  the  field 
adjacent  to  the  given  side  are  not  parallel,  the  figure  parted  off 
will  be  a  trapezoid. 

When  the  field  or  figure  is  given  on  the  ground,  or  on  a  plat, 
be^  as  if  the  sides  were  parallel,  pig.  345. 

dividing  the  given  content  by  the 
base  AB.  The  quotient  will  be 
an  approximate  breadth,  OE,  or 
DF;  too  small  if  the  sides  con- 
verge, as  in  the  figure,  and  vice 
versa.  Measure  CD.  Calculate 
the  content  of  ABDC.    Divide  the  difference  of  it  and  the  required 
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content  b  j  CD.  Set  off  the  quotient  perpendicular  to  CD,  (m  this 
figure,  outside  of  it,)  and  it  will  give  a  new  line,  GH,  a  still  nearer 
approximation  to  tiiat  desired.  The  operation  may  be  repeated,  if 
found  necessary. 


(504)  When  the  field  is  ^yen  by  Bearings,  de-        Fig-  3'*<>- 
duce  from  them,  as  in  Art.  (243)}  the  angles  at  A 
and  B.    The  required  sides  will  then  be  ^ven  by 
these  formulas : 

V  \  BID.  A .  sm.  B  / 

>     AD  =  (AB  —  CD)  ■    f;^K,. 

^  sm.  (A  +  B) 

BC  =  (AB  -  CD)  .    f^'^BV 

^  sm.  (A  +  B) 

I  When  the  sides  AD  and  BC  diverge,  instead  of  convergmg,  a^i 
lin  the  figure,  the  negative  term,  in  the  expression  for  CD,  becomes 
'^positive ;  and  in  the  expresdons  for  both  AD  and  BC,  the  first 
|lfactor  becomes  (CD — AB). 

The  perpendicular  breadth  of  the  trapezoid  =AD  .  cdn.  A; 
or  =  BC  .  sin.  B. 

Example,  Let  AB  run  North,  six  chains ;  AD,  N.  80^  E. ; 
BC,  S.  GO"*  E.  Let  it  be  required  to  part  off  one  acre  by  a  fence 
parallel  to  AB.  Here  AB  =  6.00,  ABCD  =  10  square  chidns, 
A  =  80^B  =  60^  Am.  CD  =  4.57,  AD  =  1.92,  BC  =  2.18, 
and  the  breadth  =  1.89. 
The  figure  is  on  a  scale  of  4  chsuns  to  1  inch  =^:  8168. 

B.      Bt  a  line  PERPSin>IC17LAB  TO  A  SIDE. 

(505)  To  jiart  off  a  trlaBglet    Let  EG  be  the  required  lino. 
When  the  field    is    given   on   the  Fig.  347. 
ground,  or  on  a  plat,  at  any  point,  as 
D,  of  the  given  side  AB,  set  out  a 
"  guess  line,"  DE,  perpendicular  to 
AB,  and  calculate  the  content  of  ^ 
DEB.    Then  the  required  distance  BF,  from  the  angular  pcnnt 

to  the  foot  of  the  desired  perpendicular,  -Bd7(|J|). 
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Example.    Let  BD  =s  30  chains ;  ED  =  12  chains ;  and  the 
desired  area  =  24.8  acres.    Then  BF  s=:  85.22  chains. 
The  scale  of  the  figure  is  80  chains  to  1  inch's  1 :  28760. 


(506)  When  the  field  is  given  bj  Bearings, 
find  the  angle  B  from  the  Bearings ;  then  is 


Fig.  348. 


BF 


-V( 


2  X  BFG 


) 


tang.  B 

Example.    Let  BA  bear  S.  75^  E.,  and  BC 
N.  60°  E.,  and  let  five  acres  be  required  to  be 
parted  oflf  from  the  field  by  a  perpendicular  to  BA.    Here  the 
angle  B  =  45%  and  BF  =  10.00  chwns. 

The  scale  of  the  figure  is  20  chsuns  to  1  inch  =  1 :  15810. 


Produce  the  converging 

Fig.  369. 


B*'- 


(507)  To  part  off  a  qnadrilateral. 

sides  to  meet  at  B.  Calculate  the 
content  of  the  triangle  HKB,  whe- 
tlier  on  the  ground  or  plat,  or  from 
Bearings.  Add  it  to  the  content 
of  the  quadrilateral  required  to  be 
parted  off,  and  it  will  give  that  of  the  triangle  FGB,  and  die  me- 
thod of  the  precedmg  case  can  then  be  applied. 

(508)  To  part  off  any  Qgnre»  If  the  field  be  very  irregularly 
8ha])ed,  find  by  trial  any  line  which  will  part  off  a  little  less  than 
the  required  area.  This  trial  line  will  represent  TTT^  in  the  pre- 
ceding figure,  and  the  problem  is  reduced  to  parting  off,  accord- 
ing to  the  required  condition;  a  quadrilateraly  comprised  between 
the  trial  line,  two  sides  of  the  field,  and  the  required  line,  and  con* 
taining  the  difference  between  the  required  content  and  that  parted 
off  by  the  trial-line. 

C.    By  a  line  running  in  ant  given  direction, 

(509)  To  part  off  a  triani^tet    By  construction,  on  the  grotmd 

or  the  plat,  proceed  nearly  as  in  Art.  (50S),  setting  out  a  lino 

in  the  required  direction,  calculating  the  triangle  thus  formed,  and 

obtaining  BF  by  the  same  formula  as  in  that  Article. 

oo 
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(510)  If  the  field  be  ^ren  by  Bearings,  find 
from  them  the  angles  GBA  and  6FB ;  then  is 
•jjp,_    //2  X  BFGrin  (B  +  F) 


Fig.  35«. 


~Vf 


) 


sin.  B  .  sin.  F 

JExample.  Let  BA  bow:  S.  S0°  E. ;  BC, 
N.  80°  E. ;  and  a  fence  be  required  to  ran^&om 
some  point  in  BA,  a  due  North  course,  and  to 
part  off  one  acre.  Required  the  distance  from 
B  to  the  point  F,  whence  it  must  start.  Ans. 
The  angle  B  =  70%  and  F  =  80^  Then  BF  = 
6.47. 

The  scale  of  Hg.  850  is  6  chains  to  1  inch  =  1 :  4752. 

(511)  To  iiart  off  ft  4u4rilftterftl.    Let  it  be  required  to  part 
off,  by  a  line  running  in  a  **'»•  ^si. 

gi^en  direction,  a  quadrila-     i 
tend  from  a  field  in  "which 
are  given  the  side  AB,  and 
the  directions  of  the  two  ^ 
other  sides  running  from  A 
and  from  B. 

On  the  ground  or  plat 
produce  the  two  converging 
sides  to  meet  at  some  point 
E.  Calculate  the  content 
of  the  triangle  ABE.  Measure  the  dde  AE.  From  ABE  subtract 
the  area  to  be  cut  off,  and  the  remainder  will  be  the  content  of  the 
triangle  CDE.  From  A  set  out  a  lino  AF  parallel  to  the  ^ven 
direction.    Eiid  the  content  of  ABF.    Take  it  from  ABE,  and 

tftus  obtain  AFE.    Then  this  formula,  ED  =  AE  \/^^>  ^Sl  fix 

the  point  D,  since  AD  =  AE  —  ED. 

(512)  When  the  field  and  the  dividing  line  are  given  by  Bear 
mgs,  produce  the  sides  as  in  die  last  article.  Fmd  all  the  angles 
from  the  Bearings.  Calculate  the  content  of  the  triangle  ABE,  by 
the  formula  for  one  side  and  its  including  angles.    Take  Hm 
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desired  content  from  this  to  obtain  CDE.     Calculate  the  side 

AE=AB?!Hi|.  ThenisAD=AE-J(2xCDE^^v; 
sm,  E  V  \    gin.  B  .  sin.  CDE    / 

Example.  Let  DA  bear  S.  20i**  W. ;  AB,  N.  51  J**  W.,  8.19  ; 
BC,  N.  78^°  E. ;  and  let  it  be  required  to  part  off  two  acres  by  a 
fence,  DC,  running  N.  45®  W.  Ans.  ABE  =  82.50  sq.  chains ; 
whence  CDE  =  12.50  sq.  chs.  Also,  AE  =  8.87;  and  finally 
AD  =  8.87  —  5.49  =  2.88  chains. 

The  scale  of  Fig-  851  is  5  chdns  to  1  inch  =  1 :  3960. 

If  the  sum  of  the  angles  at  A  and  B  was  more  than  two  right 
angles,  the  point  E  would  lie  on  the  other  side  of  AB.  The  neces- 
sary modifications  are  apparent. 

(513)  To  part  off  any  figure.  Proceed  in  a  similar  manner  to 
that  described  in  Art.  (508),  by  getting  a  suitable  trial-line,  pro- 
ducing the  sides  it  intersects,  and  then  applying  the  method  just 
given. 

D.    By  a  line  sxARxiNa  from  a  given  point  in  a  side. 

(511)  To  ]ftart  off  a  trianglei  Let  it  be  required  to  cut  off 
from  a  comer  of  a  field  a  triangu-  pig.  352. 

lar  space  of  given  content,  by  a 
line  starting  from  a  given  point 
on  one  of  the  sides,  A  in  the  figure, 
the  base,  AB,  of  the  desired  tri- 
angle being  thus  given.  If  the 
field  be  given  on  the  ground  or  on 
a  plat,  divide  the  given  content 
by  half  the  base|  and  the  quotient  will  be  the  height  of  the  tri* 
angle.  Set  off  this  distance  firom  any  point  of  AB,  perpendicular 
to  it,  as  from  A  to  C ;  irom  G  set  out  a  parallel  to  AB,  and  its 
intersection  with  the  second  side,  as  at  D,  will  be  the  vertex  of  the 
required  triangle. 

Otherwise,  divide  the  required  content  by  half  of  the  perpendi* 
eular  distance  from  A  to  BD,  and  the  quotient  will  be  BD. 

*  This  origiDal  formula  is  very  conveDient  for  logarithmic  computation. 
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(515)  K  die  field  be  ffyen  by  the  Bearings  <^  two  sides  and  tht 
length  of  one  of  them,  deduce  the  angle  B  (Fig.  352)  from  the 

Bearings,  as  m  Art.  (21S).    Then  is  BD  =  --n — : — n  • 
^  ^  An .  ain.  B 

If  it  b  more  convenient  to  fix  the  point  D,  bj  the  Second  Me* 
thod,  Art.  (•),  that  of  rectangular  co-ordinates,  we  shall  have 
BE  =  BD  .  COS.  B ;  and  ED  =  BD  .  sin.  B. 

The  Bearing  of  AD  is  obtuned  from  the  angle  BAD ;  which  b 

known,  smce  ^  =  ___=  tang.  BAD. 

Example.  Eighty  acres  are  to  be  set  off  from  a  comer  of  a 
field,  the  course  AB  being  N.  80^  W.,  sixty  chains ;  and  the  Bear- 
ing of  BD  being  N.  70^  E.  An9.  BD =68.88 ;  BE  =  46.19 : 
ED  =  26.67 ;  and  the  Bearing  of  AD,  N.  IT  23'  W. 

The  scale  of  Fig.  852  is  40  chuns  to  1  mch  =  1 :  81680. 

If  the  field  were  right  angled  at  B,  of  course  BD  =  , 

Ai> 

(516)  T«  part  off  a  foadrllateral.  Imagine  the  two  convcrg- 
mg  sides  of  the  field  produced  to  meet,  as  m  Art.  (511).  Calcu- 
late the  content  of  the  triangle  thus  formed,  and  the  question  will 
then  be  reduced  to  the  one  explained  in  the  last  two  articles. 

(517)  To  part  off  any  flgure.  Proceed  as  directed  in  Art. (SIS). 
Otherwise,  proceed  as  follows. 

The  field  being  given  on  the  ground  or  on  a  plat,  find  on  which 
ride  of  it  the  required  line  will  end,  by  drawing  or  running  ^'  guess 
lines"  from  the  given  point  to  various  angles,  and  roughly  measur- 
ing the  content  thus  parted  off.  f'ig*  353. 
If,  as  in  the  figure,  A  being  the 
given  point,  the  K^ess  Ime  AD 
parts  off  less  than  the  required  conr 
tent,  and  AE  parts  off  more,  then 
the  desired  division  line  AZ  will 
end  in  the  side  DE.   Subtract  the 
area  parted  off  by  AD  from  the 
required  content,  and  the  difference  will  be  the  content  of  the  tri 
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angle  ADZ.  Divide  tiiis  by  half  ibe  perpendicular  let  M  from 
the  ^yen  p(Hnt  A  to  the  side  DE^  and  the  quotiont  will  be  the  base, 
or  distance  from  D  to  Z. 

Or,  find  the  content  of  ADE  and  make  this  proportion ;  ADE  : 
ADZ  : :  DE  :  DZ. 

(518)  The  field  bemg  ^yen  bj  Bearings  and  distances,  find 
as  before,  by  approximate  trials  on  the  plat,  or  otherwise,  which 
side  the  desired  line  of  division  will  terminate  in,  as  DE  in  the  last 
figure.  Draw  AD.  Fmd  the  Latitude  and  Departure  of  this 
line,  and  thence  its  length  and  Bearing,  as  m  Art.  (110).  Then 
calculate  the  area  of  the  space  this  line  parts  off,  ABGD  in  the 
figure,  by  the  usual  method,  explained  in  Part  III,  Chapter  YI. 
Subtract  this  area  from  that  required  to  be  cut  off,  and  the  remain- 
der will  be  the  area  of  the  triangle  ADZ.  Then,  as  m  Art.  (515), 
^rj_       2  ADZ 

AD .  sin.  ADZ' 

This  problem  may  be  executed  without  any  other  Table  than  that 
of  Latitudes  and  Departures,  thus.  Find  the  Latitude  and  Depar- 
ture of  DA,  as  before,  the  area  of  the  space  ABCD,  and  thence 
the  content  of  ADZ.  Then  find  the  Latitude  and  Departure  of 
EA,  and  the  content  of  ADE.  liastiy,  make  this  proportion : 
ADE:ADZ::DE:DZ.* 

Example.  In  the  field  ABODE,  Jcc,  part  of  which  is  shown 
in  Y\g.  853,  (on  a  scale  of  4  chains  to  1  inch  =  1 :  3168),  one 
acre  is  to  be  parted  off  on  the  west  side,  by  a  line  starting  from  the 
angle  A.  Required  the  distance  from  D  to  Z,  the  other  end  of 
this  dividing  line.f 

The  only  courses  needed  are  these.  AB,  N.  58^  W.,  1.55 , 
BC,  N.  20^  E.,  2,00 ;  CD,  N.  53 J^  E.,  1.32 ;  DE,  S.  67°  E.,  5J9. 
A  rou^  measurement  will  at  once  shew  that  ABCD  is  less  than 
an  acre,  and  that  ABCDE  is  more ;  hence  the  dedred  line  will  fiEdl 

*  The  ]>robIein  may  alio  be  performed  by  making  the  lide  on  which  the  divi 
sion  line  i«  to  fall,  a  Meridian,  and  changing  the  Bearingi  aa  in  Art.  (244).    The 
difference  of  the  new  Departnret  will  be  the  Departure  of  the  Division  line.    Iti 
poiitioD  can  then  be  eatily  determined,  by  calculationi  reiembling  those  in  Fart 
Yll,  Chapter  IV,  Arts.  (443),  &c. 

t  If  the  whole  field  has  been  snnreyed  and  balanced,  the  balanced  Latitudes 
and  Departures  should  be  used.  We  will  here  suppose  the  survey  to  have  proved 
pcffectly  correct. 


M2 


LATIRG  OUT  AND  DITIIIUIC  PP  LAND,     [part  xi. 


on  DE.  The  Latitudes  and  Departures  of  AB,  BC  and  CD  are 
then  found.  From  them  the  course  AD  is  found  to  be  N.  8^  E., 
8.68.  The  content  of  ABCD  will  be  8.19  square  chiuns.  Sub 
tracting  this  from  one  acre,  the  remainder,  6.81  sq.  chs.,  is  the  con« 
tent  of  ADZ.  AP  =  8.63  x  sm.  66^  =  8.29.  Dividing  ADZ 
by  half  of  this,  we  obtun  DZ  =  4.14  chains. 

Bj  the  Second  Method,  the  Latitude  and  Departure  of  DA,  the 
area  of  ABCD,  and  of  ADZ,  bemg  found  as  before,  we  next  find 
the  Latitude  and  Departure  of  EA,  from  those  of  AD  and  DE« 
and  thence  the  area  of  ADE  =»  9.53.  Lastly,  we  have  whe  pro- 
portion 9.53  :  6.81 : :  5.79  :  DZ  =  4.14,  as  before. 

E.   Br  A  LIKB  PASSIKQ  THROUGH  A  GIVSIT  POINT  WITHIN  THE  FIELD. 


Let  P  be  a  point  within  a  field 

It   B 

Fig.  354.       I 


(519)  To  part  off  a  triangle. 

through  which  it  is  required  to 
run  a  line  so  as  to  part  off  from 
the  field,  a  given  area  in  the 
form  of  a  triangle. 

When  the  field  is  given  on  the 
ground  or  on  a  plat,  the  division 
can  be  made  bj  construction, 
thus.  From  P  draw  PE,  paral- 
lel to  the  side  BC.  Divide  the 
given  area  by  half  of  the  perpen- 
dicular distance  from  P  to  AC, 
and  set  off  the  quotient  from  G 
to  G.  Bisect  GC  in  H.  On 
HE  describe  a  semi-circle.  On 
it  set  off  EK  =  EC.  Join  KH. 
Set  off  HL  =  HK.  The  line  LM,  drawn  from  L  through  P,  will 
be  the  division  line  required.*  If  HK  be  set  off  in  the  contrary 
direction,  it  will  fix  another  line  LTM',  meeting  CB  produced,  and 
thus  parting  off  another  triangle  of  the  required  content. 

Example.    Let  it  be  required  to  part  off  81.175  acres  by  a 
tsnce  passing  through  a  point  P,  the  distance  PD  of  P  from  the 

^  *  At  some  linei  in  the  figure  are  not  use<i  in  the  conitmction,  though  netnled 
for  the  Demoustration,  the  sIuJimjI  thou  Id  draw  it  himself  to  a  large  acale. 
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ride  BG,  measured  parallel  to  AC,  being  6  chains^  and  DC  18 
eluuns.    The  angle  at  C  is  fixed  by  a  ^^  tie-line''  ABs=  48.00^ 
BC  bemg  42.00,  and  CA  being  80.00.    Ans.    CL  =  27.81 
chains,  or  CL'  ss  7.69  chains. 
The  figure  is  on  a  scale  of  20  chains  to  1  inch  =s  1 :  15840. 


Fig.  355. 


(520)  If  the  angle  of  the  field 
and  the  position  of  the  point  P  are 
giycn  by  Bearings  or  angles,  proceed 
thus,  find  the  perpendicular  dis- 
tances, PQ  and  PR,  from  the  giyen 
point  to  the  rides,  by  the  formulas 
PQ  =  PC.rin.  PCQ;  and  PR  = 
PC  .  sin.  PCR.  Let  PQ  =  q,  PR 
=^P9  and  the  required  content  =s  e, 

p      V  yp'*       Bin.  LCM/ 

JExample.  Let  the  angle  LCM  =  82^.  Let  it  be  required  to 
part  off  the  same  area  as  in  the  preceding  example.  Lot  PC  =s 
19.75,  PCQ=17o  80 J',  PCR  =  64o  29 J'.  Required  CL. 
Ans.  PQ  =  5.94,  PR  =  17.82,  and  therefore,  by  the  formula, 
CL  =  27.81,  or  CL'  =  7.69 ;  corresponding  to  the  graphical 
solution.    The  figure  is  on  the  same  scale. 

If  the  giyen  point  were  vnthout'^e  field,  the  divirion  line  could 
be  determined  in  a  similar  manner. 

(521)  To  part  off  a  fuirflateral*    Conceiye  the  two  rides  of 


ThenCL  =  ^±./(4_^ 

P      V  \p^       Bin. 


Fig.  356. 


the  field  which  the  division  line  will  intersect, 

DA  and  CB,  produced  till  they  meet  at  a 

point  G,  not  shown  in  the  figure.     Calculate 

the  triangle  thus  formed  outside  of  the  field.  ^ 

Its  area  increased  by  the  required  area, 

will  be  that  of  the  triangle  EFG.    Then  the 

problem  is  identical  with  that  in  the  last 

article.      The  foUowmg  example   is   that 

given  m  Gummere's  Surveymg.    The  figure 

represents  it  on  a  scale  of  20  chains  to  1  mch  =  1 :  15840. 
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Example.  A  field  is  bounded  thus:  N.  14^  W.,  15.20; 
N.  TOi^  E.,  20.48 ;  S.  6°  E.,  22.79 ;  N.  861^  w.,  18.00.  A 
spring  within  it  bears  from  the  second  comer  S.  75^  E.,  7.90.  It 
is  required  to  cut  oflF  10  acres  from  the  West  dde  of  the  field  by  a 
strai^t  fence  through  the  spring.  How  fiir  will  it  be  from  the 
first  comer  to  the  p<»nt  at  which  the  division  fence  meets  the  fourth 
side  ?    Am,  4.6857  chains. 


(522)  T«  fart  •'  any  Igwet    Let  it  be  required  to  part  off 
from  a  field  a  certun  area  by  Fig*  357. 

a  line  passing  through  a  giyen 
point  P  within  the  field.  Run 
a  guess-line  AB  through  P. 
Calculate  the  area  which  it 
parts  o£  Call  the  difference 
between  it  and  the  required 
areas=(2.  Let  CD  be  the 
desired  line  of  diyision,  and 
let  P  represent  the  angle,  APC  or  BPD,  which  it  makes  with  the 
given  line.  Obtain  the  angles  PAC  =  A,  and  PBD  s=  B,  eiiher 
by  measurement,  or  by  deduction  from  Bearings.  Measure  PA 
and  PB.  Then  the  desired  angle  P  will  be  ^ven  by  the  following 
formula. 

(AP2  —  BP'V 
cot.  A  +  cot.  B  —        ^^  ^       J  db 


V[ 


AP'  .  cot.  B  —  BP2  .  cot.  A 


2d 


—  cot.  A  .  cot.  B  + 


\  ^cot.  A  +  cot  B— 


AP»  —  BP» 

2c^ 


)'] 


If  the  guess  line  be  run  so  as  to  be  perpendicular  to  one  of  the 
ndes  of  the  field,  at  A,  for  example,  the  preceding  expressioo 
reduces  to  the  following  simpler  form. 

Cot.  P  =  —  J  (cot.  B  —  :^^'  ~  ^^' 


2.d 


) 


v/C 


AP» .  cot.  B 
2d 


+ 


J  I  cot.  B  — 


AP»— BP» 
2d 


y\ 
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Example.  It  was  required  to  out  off  from  a  field  twelve  acrea 
by  a  line  passing  through  a  spring,  P.  A  guessrline,  AB,  was  run 
making  an  angle  with  one  nde  of  the  field,  at  A,  of  55^,  and  with 
the  opposite  ^de,  at  B,  of  81^.  The  area  thus  cut  off  was  found 
to  be  18.10  acres.  From  ibe  spring  to  A  was  9.80  chains,  and  to 
B  8.80  chains.  Beqmred  the  angle  which  the  required  line,  CD, 
must  make  with  the  guess  line,  AB,  at  P.  Am.  2XP  45' ;  or 
—  86^  25'.    The  heavy  broken  line,  CO)',  shows  the  latter. 

The  scale  of  the  figure  is  10  chains  to  1  inch  ss  1 :  7920. 

If  the  given  pomt  were  outside  of  the  field,  the  calculations  would 
be  similar. 


F.      By  THB  6U0RTB8T  POSSIBLE  LINE. 

(52S)  To  part  off  a  triangle.    Let  it  be  required  to  part  off  a 
triangular  space,  BDE,  of  g^ven  content,  from  the        Fig.  35S. 
comer  of  a  field,  ABC,  by  the  shortest  possible 
line,  DE. 

From  B  set  off  BD  and  BE  each  equal  to 

//2^BMy    The  line  DE  thus  obtained  will  be 
V  \  sm.  B  / 

perpendicular  to  the  line,  BF,  which  bisects  the  an- 
gleB.  The  length  of  DE  =  ^^^ '  ^°f  L*^'  °\ 

cos.  T  D 

Example.  Let  it  be  required  to  part  off  1.3  acre  from  the 
comer  of  a  field,  the  angle,  B,  being  80^.  Am.  BD  ss  BE  =3 
7.21 ;  and  DE  =  8.78. 

The  scale  of  the  figure  is  10  chains  to  1  inch  s=l :  7920. 


G.    Land  of  yabiablb  yaltte. 

(SSI)  Let  the  figure  represent  a  field  in  wluch 
the  land  is  of  two  qualities  and  values,  divided  by   B 
the  ^^  qualiiy  Ime  "  EF.    It  is  required  to  part  off 
from  it  a  quantity  of  land  worth  a  certain  sum,  by  ^ 
a  strdght  fence  parallel  to  AB. 

Multiply  the  value  per  acre  of  each  part  by  its 
length  (in  chains)  on  the  line  AB,  add  the  pro- 
ducts, multiply  the  value  to  be  set  off  by  10,  divide 


Fig.  359. 

c 


y 


A 
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by  the  above  sum,  aad  the  quotient  will  be  the  desired  breadth^  BG 
or  AD|  in  chains. 

Example.  Let  the  land  on  one  side  of  EF  be  worth  $200  pei 
acre,  and  on  the  other  side  $100.  Let  the  length  of  the  former, 
BE,  be  10  chains,  and  EA  be  80  chains.  It  is  required  to  part 
off  a  quantity  of  land  worth  $7500.  AnB.  The  width  of  the 
desired  strip  will  be  15  chains. 

The  scale  of  the  figure  is  40  chains  to  1  mch  =  1 :  31680. 

If  the  '^  quality  line"  be  not  perpendicular  to  AB,  it  may  be 
made  so  by  ^^  giving  and  taking,"  as  in  Art.  (121),  or  as  in  tiie 
article  foUowmg  this  one. 

The  same  method  may  be  applied  to  land  of  any  number  of 
different  qualities ;  and  a  combination  of  this  method  with  the  pre- 
ceding problems  will  solve  any  case  which  may  occur. 

H.      STRAIOHTENma  CBOOESD  FENCES. 

(525)  It  is  often  required  to  substitute  a  straight  fence  for  a 
crooked  one,  s(  that  the  former  shall  part  off  precisely  the  same 
quantity  of  land  as  did  the  latter.  This  can  be  done  on  a  plat  by 
the  method  given  in  Art.  (8S),  by  which  the  irregular  figure 

Fig.  360. 


1...2...3...4...5  is  reduced  to  the  equivalent  triangle  1... 5... 8',  and 
tlie  straight  line  5... 8'  therefore  parts  off  the  same  quantity  of  land 
on  either  side  as  did  the  crooked  one.  The  cUstance  from  1  to  8', 
as  found  on  the  plat,  can  then  be  set  out  on  the  ground  and  tlie 
stnught  fence  be  then  ranged  from  3'  to  5 

The  work  may  be  done  on  the  ground  more  accurately  by  run- 
ning a  guess  line,  AG,  Fig.  861,  across  the  bends  of  the  fence  which 
crooks  from  A  to  B,  measuring  ofiets  to  the  bends  on  each  side 
of  the  guess  line,  and  calculating  their  content.  If  the  sums  of 
these  areas  on  each  side  of  AG  chanced  to  be  equal,  that  would  be 
the  line  desired ;  but  if,  as  m  the  figure,  it  passes  too  far  on  one 
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side,  divide  the  difference  of  the  areas  by  half  of  AG,  and  sot  it 
off  at  right  angles  to  AC,  from  A  t<^  D.  DC  will  then  be  a  line 
parting  pff  the  same  quantity  of  land  as  did  the  crooked  fence.  If 
the  fence  at  A  was  not  perpendicolar  to  AC,  but  oblique,  as  AE, 
then  from  D  run  a  parallel  to  AC,  meeting  the  fence  at  E,  and  EO 
will  be  the  required  line. 


\ 


CHAPTER  in. 


DIYIDINfi  UP  LAND. 

(526)  Most  of  the  problems  for  "  Dividmg  up'*  land  may  be 
brought  under  the  cases  in  the  preceding  chapter,  by  regarding 
one  of  the  portions  into  which  the  figure  is  to  be  divided,  as  an 
area  to  be  "  Parted  off"  from  it.  Many  of  them,  however,  can 
be  most  neatly  executed  by  considering  them  as  independent  pro* 
blems,  and  this  will  be  here  done.  They  will  be  arranged,  firutly, 
according  to  the  simplicity  of  the  figure  to  be  divided  up,  and  then 
sub-arranged,  as  in  the  leading  arrangement  of  Chapter  II,  accord- 
mg  to  the  manner  of  the  division. 


DIVISION  OF  TRIANGLES. 

(527)  By  lines  iMtraOel  to  a  side.  Sup- 
pose that  the  triangle  ABC  is  to  be  divided  into 
two  equivalent  parts  by  a  line  parallel  to  AC. 
The  deured  point,  D,  from  which  this  line  is  to 
start,  will  be  obtained  by  measuring  BD  = 
AB  i/ J.     So,  too,  E  is  fixed  by  BE  =  BC  >/ J. 


Fig.  363. 
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Generally,  to  divide  the  trian^e  into  two  parts,  BDE  and  ACED 
which  shall  hare  to  each  other  a  ratio  =  m  :  n,  we  hare  BD  s* 


AB 


i. 


m 


tn  -^^  n 

This  may  be  constaructed  thtis.    Describe  a 
Beimcircle  on  AB  as  a  diameter.    From  B  set 


Fig.  369. 


offBF  = 


m 


.  BA.    MJF  erect  a  perpendi- 


Fig.  364. 


m  +  n 
cular  meeting  the  semicircle  at  G.     Set  off  BG 
from  B  to  D.    D  is  the  startmg  point  of  the  divi- 
sion  line  required.    In  the  figure,  the  two  parts  aro  as  2  to  8,  uid 
BF  is  therefore  =  }  BA. 

To  divide  the  triangle  ABC  into  fiye 
equivalent  parts,  we  should  have,  similarly, 
BD=AB  VI;  BD'  =  AB  Vil  BD" 
c=AB  ^f;  BD'"=^AB  ^f 

The  same  method  will  divide  the  trian- 
gle mto  any  desired  number  of  parts  hav- 
ing any  ratios  to  each  other. 


Suppose  that  ABO 

Fig.  305. 
B 


m 


(528)  By  lines  jierjieiidf cular  to  a  8ide« 

is  to  be  divided  into  two  parts  having 
a  ratio  =:  m  :  n,  by'aline  perpendicular 
to  AC.  Let  £F  be  the  dividing  line 
whose  position  is  required.  Let  BD 
be  a  perpendicular  let  fiill  from  B  to 

AC.    Then  is  AE  =  ^(aC  X  AD  X 

AFB:EFBC::m:n::l:2. 

If  the  triangle  had  to  be  divided  into  two  equivalent  parts,  the 
above  expression  would  become  AE  =^  VCh  AG  x  AD). 

(529)  By  lines  mniiliig  in  any  giyen  directlMi.  Let  a  triaagley 
ABC,  be  ^ven  to  be  divided  into  two  parts,  having  a  ratio  =  m  :  n, 
by  a  lino  making  a  given  angle  with  a  side.    Part  off,  as  in  Art 


m  +  n 


I .     In  this  figure. 


(5t9)  or  (510),  ilg.  350,  an  area  BFG  = 


m 

m  4-  n 


•  ABC. 
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(5S0)  By  Ums  starlta;  froB  an  angle.    Divide  the  side  oppo^ 
gite  to  the  given  angle  into  the  required  num-  i^^s-  ^^' 

ber  of  parts,  and  draw  lines  from  the  angle  to 
the  points  of  diviuon.  In  the  figure  the  tri- 
angle is  represented  as  being  thus  divided  into 
two  equivalent  parts. 

If  the  triangle  were  required  to  be  divided  into  two  parts,  having 

m 

to  each  other  a  ratio  —  tw  :  n,  we  should  have  AD  =  AC  — ; — j 

'  m  +  n 

and  DC  =  AC  — !^. 

m  +  n 

If  the  triangle  had  to  be  divided  into  three 
parts  which  should  be  to  each  other  ::m:n:pj 


Fig.  367. 


we  should  have  AD  =  AC 


m 


m  +  n  +  p 


,DE 


AC 


,  and  EC  =  AC 


«i  +  n+p  m  -{-  n  +  p' 

Suppose  that  a  triangular  field  ABC,  had  to  be  divided  among 
five  men,  two  of  them  to  have  a  quarter  each,  and  three  of  them 
each  a  sixth.  Divide  AC  into  two  equal  parts,  one  of  these  again 
into  two  equal  parts,  and  the  other  one  into  three  equal  parts. 
Run  the  lines  from  the  four  points  thus  obtained  to  the  angle  B. 


(531)  By  lines  starting  ft'OB  a  point  in  a  side*    Suppose  thai 
the  triangle  ABC  is  to  be  divided  into  two  ^^S-  ^^ 

equivalent  parts  by  a  line  starting  from  a  point 
D  in  the  side  AC.    Take  a  point  E  in  the 
middle  of  AC.    J<Mn  BD,  and  from  E  draw  a 
parallel  to  it,  meeting  AB  in  F.    DF  will  be  i 
the  dividing  line  required. 

The  point  F  will  be  most  easily  obtained  on  the  ground  by  the 
proportion  AD  :  AB  : :  AE  =  J  Af! :  AF. 

The  altitude  of  AFD  of  course  equals  ^  ABC  -7-  \  Al>. 

If  the  triangle  is  to  be  divided  into  two  parts  having  any  other 
ratio  to  each  other,  divide  AC  m  that  ratio,  and  then  {»t)ceed  as 

before.     Let  this  raUo  =  w  :  »,  then  AF  ^ —     — ^ — . 

AD  m  +  n 


ISO 


LATING  OCT  AND  MTIDIIW  UP  LAHIK      [pirt  xx 


Fig-  370. 


(582)  Kext  suppose  that  the  trian-  Fig.  369. 

gle  ABO  is  to  be  divided  into  three 
equivalent  partBy  meeting  at  D.    The 
altitudes,  EF  and  6H,  of  the  parts 
IDE  and  DCO,  will  be  obtained  by  . 
lividing  |  ABO,  by  half  of  the  respective  bases  AD  and  DO. 

If  one  of -these  quotients  ^ves  an  altitude  greater  than  that  of  the 
triangle  ABO,  it  will  shew  that  the  two  lines  DE  and  DG  would 
both  cut  the  same  side,  as  in  Fig.  870,  in 
frhich  EF  is  obtained  as  above,  and  GH  = 
I  ABO  ^  J  AD- 

In  practice  it  is  more  convenient  to  de- 
termine the  points  F  and  G,  by  these 
proportions ; 

BK  :  AK  ::  EF  :  AF;  and  BK  :  AK  ::  GH  :  AH. 

The  division  of  a  triangle  into  a  greater  number  of  parts,  having 
any  ratios,  may  be  effected  in  a  similar  manner. 

(58S)  This  problem  adnuts  of  a  more  elegant  sdution,  analogous 
to  that  given  for  the  division  into  two  **»g-  371. 

parts,  graphically.  Divide  AO  into 
three  equal  parts  at  L  and  M.  Job 
BD,  and  from  L  and  M  draw  paral- 
lels to  it,  meeting  AB  and  BO  in  E 
and  G.  Draw  ED  and  GD,  which  will  be  the  deored  lines  of 
division.    The  figure  is  the  same  triangle  as  Hg.  869. 

The  points  E  and  G  can  be  obtained  on  the  ground  by  measoi^ 
ing  AD  and  AB,  and  maJdng  the  proportion  AD :  AB  : :  |  AO :  AE. 
The  point  G  is  similariy  obtained. 

The  same  method  wiU  divide  a  triangle  into  a  greater  number 
of  parts. 

(5S1)  To  dinde  a  triangle  into  four  equivalent  triangjles  by 
lines  terminating  in  the  sides,  is  very 
easy.  From  D,  the  middle  point  of  AB, 
draw  DE  parallel  to  AO,  and  from  F, 
the  middle  of  AO,  draw  FD  and  FE. 
The  problem  is  now  solved. 


Fig.  372. 
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(5S5;  By  lines  passing  tiirotgli  a  point  wiOiin  tht  triangle, 

Let  D  be  a  given  point  (such  as  a  well,  ^'fi^-  ^^' 

&c.)  within  a  triangular  field  ABO,  from 

which  fences  are  to  run  so  as  to  divide 

tho  triangle  into  two  equivalent  parts. 

Join  AD.    Take  E  in  the  middle  of  BC,   a.^ 

and  firom  it  draw  a  parallel  to  DA,  meeting  AC  in  F.    EDF  is 

the  fence  required. 


Fig.  374. 


(536)  If  it  be  required  to  di- 
vide a  triangle  into  two  equiva- 
lent parts  by  a  straight  line  pass- 
ing through  a  point  within  it,  pro- 
ceed thus.  Let  P  be  the  given 
point.  From  P  draw  PD  paral- 
lel to  AG,  and  PE  parallel  to  BC. 
Bisect  AC  at  F.  JoinFB.  From 
B  draw  BG  parallel  to  DF.  Then 
bisect  6C  m  H.  On  HE  de- 
scribe a  semicircle.  On  it  set  off 
EK  =  EC.  Join  EH.  Set  off 
HL  =  HK.  ThelmeLMdrawn 
from  L,  through  P,  will  be  the 
division  line  required. 

This  figure  is  the  same  as  that  of  Art.  (519).  The  triangle 
ABC  contains  62.85  acres,  and  the  distance  CL  =  27.31  chains, 
as  in  the  example  in  that  article. 


Fig.  375. 


(537)  Next  suppose  that  the  trian- 
gle ABC  is  to  be  divided  into  three 
eqmvalent  parts  bj  lines  starting  from 
a  point  D,  within  the  triangle,  given  by 
tho  rectangular  co-ordinates  AE  and 
and  ED.  Let  ED  be  one  of  the  lines 
of  division,  and  F  and  G  the  other  pomts  required.  The  point  F 
will  be  determined  if  AH  is  known ;  AH  and  HF  being  its  rectan- 
gular co-ordinates.    From  B  let  fall  the  perpendicular  BK  on  AC. 
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»-      .    .„      AK  (I  ABC  —  AB  X  BD)       -,  ...       ,  ., 

Thenu.AH=  aExBK-EDxAK-     The  posibon  oI  the 

other  point,  G,  is  determmed  in  a  similar  manner. 

(588)  Let  DB,  instead  of  DE,  Fig.  375 

be  one  of  the  required  lines  of 
division.  Divide  ^  ABC  by  half 
of  the  perpendicular  DH,  let  fall 
from  D  to  AB,  and  the  quotient 
will  be  the  distance  BF.  To  find 
G,  if,  as  in  this  figure,  the  trian-  ai 
gle  BDO  (=  BG  X  i  DK)  is  less  than  i  ABC,  divide  the  excess 
of  the  latter  (which  will  be  CDG)  by  J  DE,  and  the  quotient  will 
beCG. 

Example.  Let  AB  ==  80.00 ;  BC  =  46.00 ;  CA  =  60.00. 
Let  the  perpendiculars  from  D  to  the  sides  be  these ;  DE  =s  10.00 ; 
DH  =  20.00 ;  DK  =  5.17  J.  The  content  of  the  triangle  ABC 
will  be  666.6  square  chains.  Each  of  the  small  triangles  must 
therefore  contain  222,2  sq.  chs.,  BD  being  one  division  line.  We 
shall  therefore  have  BF  =  222.2  -f-  J  DH  =  22.2  chains.  BDC 
=  46  X  j^  X  6.17^  =  116.4  sq.  chs.,  not  enough  for  a  second  por- 
tion, but  leavmg  105.8  sq.  chs.  for  CDG ;  whence  CG  =  21.16 
chs.  To  prove  the  work,  calculate  the  content  of  tiie  remaining 
portion,  GDFA.  We  shall  find  DGA  =  144.2  sq.  chs.,  and  ADF 
=  78.0  sq.  chs.,  makmg  together  222.2  sq.  chs.,  as  required. 

The  scale  of  Fig.  876  is  SO  chains  to  1  inch  =  1  :  28760. 


(5S9)  The  precedmg  case  may 
be  also  solved  graphically,  thus. 
TakeCL  =  JAC.  Join  DL,  and 
from  B  draw  BG  parallel  to  DL. 
Join  DG.  It  will  be  a  second  line 
of  division.  Then  take  a  point,  y 
M,  in  the  middle  of  BG,  and  from  a^ 


Fig.  377. 


it  draw  a  line,  MF,  parallel  to  DA.  DF  will  be  the  third  line  of 
division.  This  method  is  neater  on  paper  than  the  preceding ;  but 
less  convenient  on  the  ground. 
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(SIO)  Let  it  be  required  to  diyide  Fig.  378. 

the  triangle  ABO  into  three  equiva- 
lent triangles,  by  linto  drawn  from 
the  three  angular  points  to  some  un- 
knoum  point  within  the  triangle.  This 
point  is  now  to  be  found.  On  any  A 
side,  as  AB.  take  AD  =  \  AB.  From  D  draw  DE  parallel  to 
AC.     The  middle,  F,  of  DE,  is  the  point  required. 

If  the  three  small  triangles  are  not  to  be  equivalent,  but  arc  to 
have  to  each  other  the  ratios  ::m:n:pj  Fi^.  379. 

divide  a  side,  AB,  into  parts  having 
these  ratios,  and  through  each  point 
of  division,  D,  E,  draw  a  parallel  to 
the  side  nearest  to  it.  The  intersec- 
tion of  these  parallels,  in  F,  is  the  a^ 
point  required.  In  the  figure  the  parts  A  OF,  ABF,  BCF,  are  as 
2:3:4. 


(oil)  Let  it  be  required  to  find  fig.  38G. 

the  position  of  a  point,  D,  situated 
within  a  ^ven  triangle,  ABC,  and 
equally  distant  from  the  points  A,  B, 
C ;  and  to  determine  the  ratios  to 
each  other  of  the  three  triangles  into 
which  the  given  triangle  is  divided. 

By  construction,  find  the  centre  of  the  circle  passing  through 
A,  B,  0.     This  will  be  the  required  point. 

By  calculation,  the  distance  DA  =  DB  =  DC  =  ^^  X  ^C  x  CA 
•^  *  4  X  area  ABC 

rhe  three  small  triangles  will  be  to  each  other  as  the  sines  of  their 
angles  at  D ;  i.  e.  ADB  :  ADC  :  BDC  : :  sin.  ADB  :  sin.  ADC  : 
sin.  BDC.  These  angles  are  readily  found,  since  the  sine  of  half 
of  each  of  them  equals  the  opposite  side  divided  by  twice  one  of 
the  equal  distances. 
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(542)  By  the  shortest  posslhte  IIm.    Let  it  be        Fig.  38i. 
required  to  divide  the  triangle  ABC  by  the  short 
est  possible  line,  DE,  into  two  parts,  which  shall 
be  to  each  other  ::  m  :  7i;  or  DBE  :  ABC  : :  m 
:  m  +  n. 

From  the  smallest  angle,  B,  of  the  triangle, 
measure  along  the  sides,  BA  and  BC,  a  distance 

BD  =  BE=./(-4-XABxBc).    DEisthe 

line  required.    It  is  perpendicukr  to  the  line  BF  which  biaecta 

the  angle  ABC;  and  it  is  =  ™\  ^  J(    *"      X  AB  x  BCI- 
°  cos.  ^  B  V  \f»  +  n  9 

DIVISION    OF   RECTANGLES. 

(513)  By  lines  iiarallel  to  a  sUe.  Divide  two  opposite  sides 
into  the  required  number  of  parts,  either  equal  or  in  anj  given 
ratio  to  each  other,  and  the  lines  joining  the  points  of  division  will 
be  the  lines  desired. 

The  same  method  is  applicable  to  any  parallelogram. 

Example.  A  rectangular  field 
ABCD,  measuring  15.00  chms 
by  8.00,  is  bought  by  three  men, 
who  pay  respectively  $800,  $400 
and  $500.  It  is  to  be  divided 
among  them  in  that  proportion. 
An%.  The  portion  of  the  first, 
AEE'B,  is  obtained  by  making  the  proportion  800  +  400  +  500  : 
800  : :  15.00  :  AE  =  8.75.  EF  is  in  like  manner  found  to  be 
5.00 ;  and  FD  =  6.25.  BE'  is  made  equal  to  AE ;  E'F  to  EF : 
and  FC  to  FD.  Fences  from  E  to  E',  and  from  F  to  F,  will 
divide  the  land  as  required. 

The  scale  of  the  figure  is  10  chains  to  1  inch  =  1 :  7920. 

The  other  modes  of  dividing  up  rectangles  will  be  given  undef 
the  head  of  <<  Quadrilaterals,"  Art.  (518),  &c. 


Fig.  382 
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DIVISION   OF   TRAPEZOIDS. 

(514)  By  lines  paraUel  to  the  basest    Given  the  bases  and  a 
diird  side  of  the  trapezoid,  A6GD,  to  be  Fig  383. 
divided  into  tvro  parts,  such  that  BGFE  : 
EFDA  ::m:n. 

The  length  of  the  desired  dividing  line, 

rm.    A'.         TJT7       AB(EP  — BC)  'l^\ 

The  distance  BE  = ;^- — -  ,,    ^.  '  :  : 

Example.  Let  AD  =  30  chains ;  BG  = 
20  chs. ;  and  AB  =  54^  chs. ;  and  the  parts 
to  be  as  1  to  2;  required  EF  and  BE. 
Ans.    EF  =  23.80 ;  and  BE  =  20.65. 

The  figure  is  on  a  scale  of  30  chains  to  1   ^'  H,  L 
inch  =  1 :  23760. 

(515)  Given  the  bases  of  a  trapezoid,  and  the  perpendicular 
distance,  BH,  between  them ;  it  is  required  to  divide  it  as  before, 
and  to  find  EF,  and  the  altitude,  BG,  of  one  of  the  parts.    Let 

BGFE:  EFDA  ::m:w.    Then  BG  =  —  ?S^i^ + 

AD — ^1>U 

/r    w  2  X  ABCD  X  BH      /BC  X  BH\  2"1 

VLm  +  n^         AD  — BC         "^XAD  — BC/J* 

EF  =  BG+BGx^5^— . 

Example.  Let  AD  =  80.00 ;  BG  =  20.00 ;  BH  =  64.00 ; 
and  the  two  parts  to  be  to  each  other  : :  46  :  89. 

The  above  data  give  the  content  of  ABGD  ^  1350  square 
chfidns.  Substituting  these  numbers  in  the  above  formula,  we  obtam 
BG  =  20.96.  and  EF  ==  23.88. 

(546)  By  lines  starting  from  points  in  a  side*  To  divide  a 
trapezoid  into  parts  equivalent,  or  having  any  ratios,  divide  ?t8 
parallel  sides  in  the  same  ratios,  and  jom  the  corresponding  points. 
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Fig.  384. 

•  R E  H        Q 

Bf-x r 


If  it  be  also  required  that  the  divbion  lines  shall  start  fiotu 
ffiven  points  on  a  side,  proceed 
thus.     Let  it  be  required  to 
divide  the  trapezoid  ABGD 
into  three  equivalent  parts  by 
fences  starting  from  P  and  Q 
Divide  the  trapezoid,  as  above 
directed,  into  three  equivalent    ^^ 
trapezoids  by  the  lines  EF  and  6H.    These  three  trapezoids  mu 
now  be  transformed,  thus.    Join  EP,  and  from  F  draw  FR  paral 
lei  to  it.    Join  PR,  and  it  will  be  one  of  the  division  lines  required. 

The  other  division  line,  QS,  is  obtained  similarly. 

(547)  Other  cases*  For  other  cases  :f  dividing  trapezoids, 
apply  those  for  quadrilaterals  in  general,  given  in  the  following 
articles.* 

DIVISION   OF  QUADRILATERALS. 

(518)  By  Does  parallel  to  a  side.    Let  ABGD  be  a  quadril» 

teral  which  it  is  required  to 
divide,  by  a  line  EF,  paral- 
lel to  AD,  into  two  parts, 
BEFC  and  EFDA,  which 
shall  be  to  each  other  as 
m :  n.  Prolong  AB  and  CD 
to  intersect  in  G.  Let  a  be 
the  area  of  the  triangle 
ADG,  obtained  by  any  me- 
thod, graphical  or  trigono- 
metrical, and  a'  =  the  area  ^  b'  h  c 
of  the  triangle  BC6,  obtained  by  subtracting  the  area  of  the  ^ven 
quadrilateral  from  that  of  the  triangle  ADG.    Then  GK  =  6B 


on 


Vl  r ^  1 .    Having  measured  this  length  of  GK  from  G 

Gn,  set  off  at  K  a  perpendicular  to  GK,  and  it  will  be  the  required 
line  of  division. 

*  If  a  line  be  drawn  joining  the  middle  points  of  the  parallel  bases  of  a  trape 
ccid,  any  line  drawn  through  the  middle  or  the  first  line,  and  meeting  the  panl 
lei  bases,  will  divide  the  trapezoid  into  two  equivalent  partsw 
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Otherwise,  taie  GE  =  GA./iH!^^'^)  ;  and  from  E 

a  parallel  to  AD. 
^If  the  tyro  parts  of  the  quadrilateral  were  to  be  oquiyalent,  m  =n, 

and  we  have  GK  =  GH  J\7^  ^  I ;  and  consequently  GE  to 

OA  in  the  same  ratio. 

Example.  Let  a  quadrilateral,  A6CD,  be  required  to  be  thus 
livided,  and  let  its  angles,  B  and  0,  be  given  by  rectangular  co-ordi- 
uates,  viz :  AB'  =  6.00 ;  B'B  =  9.00 ;  DC  =  8.00 ;  CO  =  13.00 ; 
B'C  =  24.00.  Here  GH  is  readfly  found  to  be  29.64 ;  ADG  = 
563.16  square  chains ;  and  BGG  =  220.16  square  chains.  Hence, 
by  the  formula,  GK  =  24.72 ;  whence  KH  =  GH  —  GK  =  4.92 ; 
and  the  abscissas  for  the  pomts  E  and  F  can  be  obtained  by  a 
simple  proportion. 

The  scale  of  the  figure  is  20  chains  to  1  inch  =  1 :  15840. 

If  the  quadrilateral  be  ^ven  by  Bearings,  part  off  the  desired 

area  = .  ABCD,  by  the  formulas  of  Art.  (604). 

m  -^  It 

Suppose  now  that  a  quad-  Fig.  3S0. 

rilateral,  ABCD,  is  to  be  di- 
vided into  p  equivalent  parts, 
by  lines  parallel  to  AD. 
Measure,  or  calculate  by  Tri- 
gonometry, AG.  Let  Qbe' 
the  quadrilateral  ABCD,  and, 
as  before,  a'  =  BCG.    Then 


GE  =  AgJJ^|;GL  =  AG    /^'^ 

(  a'  +  Q  )  (  li'  + 


GN  =  AG-yj^j|^ 

(  a'  +  Q 


Q 


&c. 


If  the  quadrilateral  be  given  by  Bearings,  part  off,  by  Art.  (M4)| 

1  2 

-  •  ABCD,  then  part  off  -  .  ABCD ;  &;c. ;  so  m  any  similar  case. 
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(549)  Iftj  ttnes  perf^niicilar  to  a  side 

quadrilateral  which  is.  to  be  divided,  by 
a  line  perpendicular  to  AD,  into  two 
parts  having  a  ratio  =:m:n.    By  hypo- 

m 


Let  ABGD  be  a 

Fig.  387. 


thesis,  ABEF  == 


.  ABCD. 


m  -^^  n 
Taking  away  the  triangle  ABG,  the  ^  ^  '         Ji       p 

remainder,  GBEF,  will  be  to  the  rest  of  the  figure  in  a  known 
ratio,  and  the  position  of  EF,  parallel  to  BG,  will  be  found  as  in 
the  last  article. 


(550)  By  lines  mnfng  in  any  given  iirecliont    To  divide 
a  quadrilateral  ABCD  into  two  parts  : :  m  :  n,  part  off  from  it  an 

area  =  —^^  .  ABCD,  by  the  methods  of  Arts.  (509)  or  (510), 


m  +  n 


if  the  area  parted  off  is  to  be  a  triangle,  or  Arts.  (511)  or  (512), 
if  the  area  parted  off  is  to  be  a  quadrilateral. 


(551)  By  lines  starting  from 

divided,  by  the  line  CE,  into  two 
parts  having  the  ratio  m  :  n. 
Since  the  area  of  the  triande 


an  anglei     ABCD  is  to  be 

Fig.  388. 

C 
JL 


CDE  = 


m 


.  ABCD,  DE  will 


m  +  n 

be  obtamed  by  dividing  this  area 
by  half  of  tiie  altitude  CF. 


(552)  By  lines  starting  fk^om  points  In  a  sidet     Let  it   be 


required  to  divide  ABCD  into  two 
parts  : :  m  :  n,  by  a  Ime  starting  from 
the  point  E.    The  area  ABFE  is 


Fig.  389. 


known,  (being  = 


m 


.  ABCD)  as 


TO  +  n 
also  ABE;  AB,  BE,  and  EA  be- 
ing given  on  the  ground.    BEP  will  then  be  known  =  ABFE  -  • 

ABE.    Then  GF  =  r-=rc;»  ^^^  *^®  F^^*  ^  ^s  obtamed  by  running 
a  parallel  to  BE,  at  a  perpendicular  distance  from  it  =  6F. 
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To  divide  a  quadrilateral,  ABOD,  Fig.  39o. 

graphicallj,  into  two  equivalent  parts 
by  a  line  from  a  point,  E,  on  a 
side,  proceed  thus.  Draw  the  diago- 
nal GA,  and  from  B  draw  a  parallel 
to  it,  meeting  DA  prolonged  in  F. 
Mark  the  middle  point,  0,  of  FD.    V  a     g     h 

Join  GE.  From  C  draw  a  parallel  to  EG,  meeting  DA  in  II.  ED 
is  the  required  line.  The  quadrilateral  could  also  be  divided  in 
any  ratio  =3  tti  :  n,  by  dividing  FD  in  that  ratio. 

If  the  quadrilateral  be  ^ven  by  Bearings,  proceed  to  part  off 
Uie  desired  area,  as  in  Aft.  (515)  or  (511)  • 

(553)  Let  it  be  required  to  divide  a  quadrilateral,  ABGD,.into 
three    equivalent    parts.  Fig.  39i. 

From  any  angle,  as  G, 
draw  GE,  parallel  to  DA. 
Divide  AD  and  EG,  each 
into  three  equal  parts,  at 

F,  F,  and  G,  G'.  Draw 
BF,  BF'.  From  G  draw 
GH,  parallel  to  FB,  and 

from  G'  draw  G'H',  par    ^  '  f ' 

rallel  to  F'B.    FH  and  F'll^  are  the  required  lines  of  division. 

Let  it  be  required  to  make  Fij;.  393. 

the  above  division  by  Unes 
etarting  from  two  given 
pointe^  P  and  Q.  Reduce 
the  quadrilateral  to  an  equi- 
valent triangle  GBE,  as  in 
Art.  (87).  Divide  EB  into 
three  equal  parts  at  F  and 

G.  Join  GQ,  and,  from  G, 
draw  GK  parallel  to  it.    Join  GP,  and  from  F  draw  FL  parallel 
to  it.    Join  PL  and  QK,  and  they  will  be  the  divisionlines  required. 

(554)  By  lines  paasiig  throvgk  a  p^int  wlUtin  the  If  ire. 

Proceed  to  part  off  the  desired  area  as  in  Arts.  (519),  (520))  or 
(521),  according  to  the  circumstances  of  the  case. 
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DIVISION    OF   POLYGONS. 

(SS5)  By  lines  rnnii^  la  uj  iirection.    Let  ABCDEFG  be 

a  given  polygon,  and  £H  the  di- 
rection parallel  to  which  is  to  be 
drawn  a  line  PQ,  dividing  the 
polygon  into  two  parts  in  any  de- 
sired ratio  ssm  :  n.    The  area 


PCDEQ  = 


m 


ABCDEFG. 


m  +  n 
Taking  it  from  the  area  BGDEH, 
the  remainder  will  be  the  area 
BPQH.  The  quadrilateral  a^ 
BC]^9  GE  being  supposed  to  be  drawn,  can  then  be  divided  by 
the  method  of  Art.  (i48),  into  two  parts,  BPQH  and  PQEG, 
having  to  each  other  a  known  relation. 

If  DK  were  the  ^ven  direction,  at  right  angles  to  the  fonner, 
the  position  of  a  dividing  line  BS  could  be  similarly  obtained. 

(fiM)  By  llies  stirtUig  fhim  JUi  wgle*    Produce  one  side,  AB 

Fig.  394. 


A  W         fi 

of  the  given  polygon,  both  ways,  and  reduce  the  polygon  to  a  single 
equivalent  triangle,  XYZ,  by  the  method  of  Art.  (82).  Then 
divide  the  base,  XY,  in  the  required  ralio,  as  at  W,  and  draw 
ZW,  which  will  be  the  division  line  desired.  In  this  figure  the 
polygon  is  divided  into  two  equivalent  parts. 
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If  the  dUision  line  should  pass  outside  of  the  polygon,  as  does 
ZP,  through  P  draw  a  parallel  to  BZ,  meetmg  the  adjacent  side 
of  the  polygon  in  Q,  and  ZQ  will  be  the  division  Ime  desired. 

(557)  By  lines  sUrtfng  from  a  point  on  a  silo.  Sec  Articles 
(517)  and  (518)  in  the  preceding  chapter. 

(558)  By  lines  passing  tlirongli  a  point  witliin  tlie  flgnre* 

Part  off,  as  in  Arts.  (519)  or  (522)  in  the  preceding  chapter, 
if  a  stndght  line  be  required ;  or  by  guess  lines  and  the  addition 
of  triangles,  as  in  Art.  (5S8)  of  this  chapter,  if  the  lines  have 
merely  to  start  from  the  point,  such  as  a  spring  or  well. 

(559)  Otker  problcmSt  The  Mowing  is  from  Gummere's  Sur- 
veying. Question.  A  tract  of  land  is 
bounded  thus :  N.  SSjo  E.,  28.00 ;  N. 
TSjo  E.,  80.50 ;  S.  8^^  E.,  46.49 ;  N. 
66JO  W.,  49.64.  It  is  to  be  divided  into 
four  equivalent  parts  by  two  straight  lines, 
one  of  which  is  to  run  parallel  to  the  third 
side ;  required  the  distance  of  the  parallel 
division  line  from  the  first  comer,  mea- 
sured on  the  fourth  side ;  also  the  Bearing 
o(  the  other  division  line,  and  its  distance  from  the  same  comer 
measured  on  the  first  side.  Ans.  Distance  of  the  parallel  divi- 
sion line  from  the  first  comer,  32.50 ;  the  Bearing  of  the  other, 
S.  88^  22'  E. ;  and  its  distance  from  the  same  comer  5.99. 

The  scale  of  the  figure  is  40  chains  to  1  inch  =  1 :  81680. 

An  indefinite  number  of  problems  on  this  subject  might  be  pro- 
posed, but  they  would  be  matters  of  curiosity  rather  than  of  utility, 
and  exercises  in  Geometry  and  Trigonometry  rather  than  in  Sur- 
veying ;  and  the  youngest  student  will  find  his  life  too  short  for 
even  the  hastiest  survey  of  merely  the  most  fruitful  parts  of  the 
boundless  field  of  Mathematics. 
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PART  XII. 


THE  PUBLIC  LANDS 
OF  THE   UNITED  STATES/ 

(MO)  fieneral  systeut  The  Pablic  Lands  of  tho  United  Statei 
of  America  are  generally  divided  and  laid  out  into  squares,  the 
sides  of  which  ran  truly  North  and  South,  or  East  and  West. 

This  is  effected  by  means  of  Meridian  lines  and  Parallels  of  Lati- 
tude, established  six  miles  apart.  The  principal  meridians  and  base 
lines  are  established  astronomically,  and  the  intermediate  ones  are 
run  with  chain  and  eompass.  The  squares  thus  formed  are  called 
Townships.  They  contun  86  square  miles,  or  28040  acres,  ^^  as 
nearly  as  may  be."  The  map  on  the  oppodte  page  represents  a 
portion  of  the  Territory  of  Oregon  thus  laid  out  The  scale  is  10 
miles  to  1  inch  =  1 :  633600.  On  it  will  be  seen  the  ''Willamette 
Meridian,''  running  truly  North  and  South,  and  a  ''  Base  line," 
which  is  a  ''  Parallel  of  Latitude,"  running  truly  East  and  West. 
Parallel  to  these,  and  six  miles  from  them,  are  other  lines,  forming 
Townships.  AU  the  Townships,  situated  North  or  South  of  each 
.icher,  form  a  Range.  The  Ranges  are  named  by  their  number 
East  or  West  of  the  principal  Meridian.  In  the  figure  are  seen 
three  Ranges  East  and  West  of  the  Willamette  Meridian.  They  are 
noted  as  R.  I.  £.,  R.  L  W.,  &c.  The  Townships  in  each  Range 
are  named  by  their  number  North  or  South  of  the  Base  Ime.    Ln 


*  The  sttbttance  of  tfaU  Part  is  maioly  takea  from  **  Inatnictioni  to  the  Surreyur 
1851,  by  John  Nl.  Mooi^,  '*  Principal  Clerk  of  'Snrveyt/'  by  direction  of  lloiil 


laioly 
lal  K>i 


General  of  Oregon,  being  a  Manual  for  Field  Operationii/'  prepared,  in  March, 


J.  Butterfield,  '*  Commianoner  of  the  General  Land  Office,*'  and  communicated  in 
the  author  by  Hon.  John  Wilson,  the  present  CommiMioner.  The  aim  of  the 
**  Inatmctions"  ia  stated  to  be  "  simplicity,  uniformity  and  permanency."  Thoy 
•eem  admirably  adapted  for  these  objects,  and  the  lasting  importance  of  the  subjt*ct 
in  this  country  has  led  the  author  to  reproduce  about  half  of  them  in  this  ploci*. 
They  were  subsequently  directed  to  do  adopted  for  the  Sorveying  service  in 
Minnesota  and  Oalifomia. 


J 


8C4 


1^ 


1  0 


( 


yd^  8^  PfBLllhLAlllDS. 


1  - 


^  J 


[part  xn. 


N 


6 

5 

4 

3 

2 

1 

7 

8 

9 

10 

11 

12 

18 

17 

16 

IS 

14 

13 

19 

20 

21 

22 

23 

24 

30 

29 

28 

27 

26 

25 

31 

82 

38 

34 

35 

36 

i§ 

Wtt^.^;: 


E 


the  0^&re '  dlov^  flid  principal  Meridian  are  seen  four  North 
and  fiv(  ^SouQl  of  the  Base  line.  They  are  noted  as  T.  1  N.. 
T.  2  Nf,  T.  1  S.,  &€.• 

Each  Township  is  divided  into  86  Sec- 
tions, each  1  mile  square,  and  therefore 
contaimng,  ^^  as  nearly  as  may  be,"  640 
acres.  The  sections  in  each  Township  are 
numbered,  as  in  the  margin,  from  1  to  36, 
beginning  at  the  Northreast  angle  of  the 
Township,  and  going  West  from  1  to  6, 
then  East  from  7  to  12,  and  so  on  alter* 
nately  to  Section  36,  which  will  be  in  the  South-east  angle  of  the 
Township.  The  Sections  are  sub-divided  into  Quarter-sections, 
half-a-milc  square,  and  contaimng  160  acres,  and  sometimes  mto  half- 
quarter^ections  of  80  acres,  and  quarter-quarternsections  of  40  acres. 

By  this  beautiful  system,  the  smallest  subdivision  of  land  can  be 
at  once  designated ;  such  as  the  North-east  quarter  of  Section  81, 
in  Township  two  South,  in  range  two  East  of  Willamette  Meridian. 

(561)  Difflenltf  •  ^^  The  law  requires  that  the  lines  of  the 
public  surveys  shall  be  governed  by  the  true  meridian,  and  that 
the  townships  shall  be  9ix  miUs  square^ — two  things  involving  in 
connection  a  mathematical  impossibility — for,  strictiy  to  conform 
to  the  meridian,  necessarily  throws  the  township  out  of  square,  by 
reason  of  the  convergency  of  meridians ;  hedce,  adhering  to  tiie 
true  meridian  renders  it  necessary  to  depart  from  the  strict  require- 
ments of  law  as  respects  the  precise  area  of  townships,  and  the 
subdivisional  parts  thereof,  the  township  assuming  something  of  a 
trapezoidal  form,  which  inequality  developes  itself,  more  and  more 
as  such,  the  higher  the  latitude  of  the  surveys.  In  view  of  these 
circumstances,  the  law  provides  that  the  sections  of  a  mile.square 
shall  contain  the  quantity  of  640  acres,  as  nearly  as  may  be  ;  and, 
moreover,  provides  that  ^  In  all  cases .  where  the  exterior  lines  of 
the  townships,  thus  to  be  subdivided  into  sections  or  half-sections^ 
•hall  exceed,  or  shall  not  extend,  six  miles,  the  excess  or  deficiency 


•^Tlie  marks  O,  +  and  A  ,  merely  r«fer  to  the  dates  of  the  surveys.    Tbey  ara 
mcs  used  to  poiot  out  laods  offered  for  sale,  or  reserved,  &c. 
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shall  be  speciallj  noted,  and  added  to  or  deducted  from  the  western 
or  northern  ranges  of  sections  or  half-«ections  in  such  township, 
according  as  the  error  may  be  in  running  the  lines  from  east  to 
west,  or  from  south  to  north/  " 

^'  In  order  to  throw  the  excesses  or  deficiencies,  as  the  caso  may 
be,  on  the  north  and  on  the  west  mdes  of  a  township,  according  to 
law,  it  is  necessary  to  survey  the  section  lines  from  south  to  north 
on  a  true  meridian,  leaving  the  result  in  the  northern  line  of  the 
township  to  be  governed  by  the  convexity  of  the  earth  and  the 
convergency  of  meridians." 

Thus,  suppose  the  land  to  be  surveyed  lies  between  46^  and  47^ 
of  North  Latitude.  The  length  of  a  degree  of  Longitude  in  Lat. 
46^  N.  is  taken  as  48.0705  statute  miles,  and  in  Lat.  47^  N.  aa 
47.1944.  The  difference,  or  convergency  per  square  degree  =: 
0.8761  =  70.08  chains.  The  ccmvergency  per  Range  (8  per 
degree  of  Lon^tude)  equals  one-eighth  of  this,  or  8.76  chains ; 
and  per  Township  (11^  per  degree  of  Latitude)  equals  the  above 
divided  by  11^,  i.  e.  0.76  chain.  We  therefore  know  that  tho 
width  of  the  Townships  along  their  Northern  line  is  76  links  less 
than  on  their  Southern  line.  The  townships  North  of  the  base  line 
therefore  become  Narrower  and  narrower  than  the  six  mile  width 
with  which  they  start,  by  that  amount ;  and  those  South  of  it  as 

much  wider  than  six  miles. 

« 

*^  Staxdard  Parallels  (usually  called  correction  lines) ^  are 
established  at  stated  intervals  (24  or  80  miles)  to  provide  for  or 
counteract  the  error  that  otherwise  would  result  from  the  conver- 
gency of  meridians ;  and^  because  the  public  surveys  have  to  be 
governed  by  the  true  meridian,  such  lines  serve  also  to  arresc  error 
arising  from  inaccuracies  in  measurements.  Such  lines,  when  lying 
north  of  the  principal  base,  themselves  constitute  a  base  to  the  sur- 
veys on  the  north  of  them ;  and  where  lying  south  of  the  prin- 
cipal base,  they  constitute  the  base  for  the  surveys  south  of  them." 

The  convergency  or  divergency  above  noticed  is  taken  up  on 
these  Correction  lines,  from  which  the  townships  start  again  with 
their  proper  widths.  On  these  therefore  there  are  found  Double 
Comers^  both  for  Townships  and  Sections,  one  set  being  the 
Closing  Comers  of  the  surveys  ending  there,  and  the  other  set 
being  the  Standard  Comers  for  the  surveys  starting  there. 
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CStt)  Rnnliig:  Township  lines*  ^^  The  principal  meridian,  th« 
base  line,  and  the  standard  parallels  having  been  first  astronomic 
ctilj  run,  measured,  and  marked,  according  to  instracdons,  on  trae 
meridians,  and  true  parallels  of  latitude,  the  process  of  running, 
measuring,  and  marking  the  exterior  lines  of  townships  will  be  as 
follows. 

Totvnships  ntuMed  north  of  the  hade  Une^  €md  WS8T  qf  the 
principal  meridian*  Commence  at  No.  1,  being  the  southwest 
comer  of  T.  1  N. — E..1  W.,  as  established  on  the  base  line; 
thence  run  northj  on  a  true  meridian  line,  four  hundred  and  eighty 
chains,  establishing  the  mile  and  half-mile  comers  thereon,  as  per 
instractions,  to  No.  2,  (the  northwest  comer  of  the  same  townslup), 
whereat  establish  the  comer  of  Tps.  1  and  2  N. — Rs.  1  and  2 
W. ;  thence  eaat^  on  a  random  or  tnal  line,  setting  temporary  mile 
and  half-mile  stakes  to  No.  3,  (the  northeast  comer  of  the  same 
township),  where  measure  and  note  the  distance  at  which  the 
line  intersects  the  eastem  boundary,  north  or  south  of  the  true 
or  established  comer.  Run  and  measure  westward^  on  the  true 
line,  (taking  care  to  note  all  the  land  and  water  crossings,  &;c.,  as 
per  instmctions),  to  No.  4,  which  is  identical  with  No.  2,  establishr 
mg  the  mile  and  half-mile  permanent  corners  on  said  hue,  the 
last  half-mile  of  which  will  fall  short  of  bemg  forty  chains,  by  about 
the  amount  of  the  calculated  convergency  per  township,  76  links 
in  the  case  above  supposed.  Should  it  ever  happen,  however,  that 
such  random  line  materially  falls  short,  6t  overruns  in  length,  or 
mtersects  the  eastem  boundary  of  the  township  at  any  considerable 
distance  from  the  true  corner  thereon,  (either  of  which  would  indi- 
cate andmportant  error  in  the  surveying),  the  lines  must  be  retraced^ 
even  if  found  necessary  to  remeasure  the  meridional  boundaries  of 
the  township  (especially  the  western  boundary),  so  as  to  discover 
and  correct  the  error ;  in  doing  which,  the  true  eomere  must  be 
established  and  marked,  and  the  false  ones  destroyed  and  oblite- 
rated, to  prevent  confusion  in  future ;  and  all  the  facte  must  be 
distinctly  set  forth  in  the  notes.  Thence  proceed  in  a  similar 
manner  ciorth,  from  No.  4  to  No.  5,  (the  N.  W.  comer  of  T.  2  N. 
— R.  1  W.),  cast  from  No.  6  to  No.  6,  (the  N.  E,  comer  of  the 
same  township),  west  from  No.  6  to  No.  7,  (the  same  as  No.  i>), 
north  from  No.  7  to  No.  8,  (tiie  N.  W.  comer  of  T.  3  N.,  R.  1 W.), 
east  from  No.  8  to  N<k.  9,  (the  N.  E.  corner  of  same  township),  and 
thence  west  to  No.  10,  (the  same  as  No.  8),  or  the  southwest  comer 
T.  4  N. — R.  1  W.  Thence  north,  still  on  a  tme  meridian  line, 
establishing  the  mile  and  half-mile  comers,  until  reaching  the 
STANDARD  PARALLEL  Or  Correction  line,  (which  b  here  four  town> 

*  The  Sanreyor  shoald  prepare  a  diagram  of  the  towtishipt,  with  the  trambert 
kere  referred  to.  in  their  proper  places,  aa  here  indicated 
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ships  north  of  the  base  line);  throwing  the  exce%9  over,  or  deficiency 
under,  fovr  hundred  and  eighty  chains^  on  the  la%t  half-mile,' 
according  to  law,  and  at  the  intersection  establishing  the  ^^  closing 
CORNER,"  the  distance  of  which  from  the  standard  comer  must  be 
measured  and  noted  as  required,  bj  the  instructions.  But  should 
it  ever  so  happen  that  some  impassable  barrier  will  have  prevented 
or  delayed  the  extension  of  the  standard  parallel  along  and  above 
the  field  of  present  survey,  then  the  surveyor  will  plant,  in  place, 
the  comer  for  the  township,  subject  to  correction  thereafter,  should 
such  parallel  be  extended. 

Town%hip9  ntuboted  north  of  the  lose  line^  and  ea^t  of  the 
principal  meridian.  Commence  at  No.  1,  being  the  southeast 
comer  of  T.  1  N. — R.  1  E.,  and  proceed  as  with  townships  situar 
ted  '^  north  and  west,"  except  that  the  random  or  trial  lines  will  be 
run  and  measured  westj  and  the  tms  lines,  east,  throwing  the 
excess  over  or  deficiency  under  four  hundred  and  eighty  chains  on 
the  west  end  of  the  line,  as  required  by  law ;  wherefore,  the  sur- 
veyor will  commence  his  measurement  with  the  length  of  the  defi- 
cient or  excessive  half-section  boundary  on  the  west  of  the  town- 
ship, and  thus  the  remaining  measurements  will  all  be  even  miles 
and  half-miles. 

Totvnshipe  situated  south  of  the  base  linCj  and  west  of  the 
principal  meridian.  Commence  at  No.  1,  the  northwest  comer 
of  township  1  S.,  range  1  W-,  and  proceed  due  south  in  running 
and  measuring  line,  establishing  and  marking  the  mile,  half-mile, 
and  township  comers  thereon,  precisely  in  the  method  prescribed 
for  running  north  and  west,  with  the  exception  that,  in  order 
to  throw  the  excess  or  deficiency  (over  or  under  four  hundred  and 
eighty  chains)  of  the  western  boundaries  of  such  of  those  townships 
as  close  on  the  standard  parallel  on  the  south,  upon  the  most 
northern  ha^f-mile  of  the  townships,  according  to  law,  the  proceed- 
ing will  be  as  follows. 

The  western  (meridional)  boundary  line  of  every  township, 
closing  on  the  standard  parallel^  (being  every  fifth  one  in  this 
case),  will  be  carefully  mn  souths  on  a  tme  meridian,  until  it  inter- 
sects the  standard,  planting  stakes  and  makmg  distinctive  marks 
on  line  trees,  in  siifficient  number  to  serve  as  guides  in  afterwards 
retracing  the  line  north  with  ease  and  certainty.  At  the  point  of 
the  line's  intersection  of  the  standard,  the  surveyor  will  establish 
the  "  closing*^  (southwest)  comer  of  the  township,  noting  in  his 
field-book  its  distance  and  direction  from  the  ^*  standard  comer." 
Tlion  starting  from  such  "  closing  comer,"  he  will  proceed  north 
on  the  line  identified  by  the  guide  stakes  and  marks,  measuring 
such  line,  and  establishing  thereon  the  mile  and  half-mile  stations, 
and  noting,  as  he  goes,  all  the  land  and  water  crossings,  &c. 
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Townships  situated  south  of  the  Juue  line^  and  east  of  the 
principal  meridian.  Commence  at  No.  1,  at  the  northeast  corner 
of  township  1  S.,  range  1  £.,  and  proceed,  precisely  as  with  the 
townships  situated  ^^  south  and  west,"  except  that  the  random 
lines  will  be  run  and  measured  tpest^  and  the  tme  lines  east;  the 
deficiency  or  excess  of  the  measurements  being,  as  in  all  other 
cases,  thrown  upon  the  most  western  half-mile  of  line." 

(568)  Ruming  Sectira  lines*  The  interior  or  sectional  lines 
of  all  townships,  however  situated  in  reference  to  the  Bass  and 
Meridian  lines,  are  laid  off  and  surveyed  as  below. 
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In  the  above  Diagram,  the  squares  and  large  figures  repre* 
sent  sections,  and  the  sniaU  figures  at  their  comers  are  those 
referred  to  in  the  following  directions. 

"  Commence  at  No.  1,  (see  tmall  figures  on  diagram),  tLe  cor- 
ner established  on  the  township  boundary  for  sections  1, 2,  85,  and 
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86 ;  thence  run  north  on  a  true  meridian ;  at  40  chains  setting 
the  half-mile  or  quarteivsection  post,  and  at  80  chains  (No.  2) 
establishing  and  marking  the  comer  of  sections  25, 26, 85,  and  86. 
Thence  east,  on  a  random  line,  to  No.  3,  setting  the  temporar; 
quarter-section  post  at  40  chains,  noting  the  measurement  to  No.  3, 
and  the  measured  distance  of  the  random's  intersection  north  or 
$otith  of  the  true  or  established  comer  of  sections  25,  36,  30,  and 
81,  on  the  township  boundary.  Thence  correct ,  westj  on  the  true 
line  to  No.  4,  setting  the  quarter-section  post  on  this  line  exactly 
at  the  emUdietant  pointy  now  known,  between  tlie  section  comers 
indicated  bj  the  small  figures  Nos.  3  and  4.  Proceed,  in  like 
manner,  from  No.  4  to  No.  5,  5  to  6,  6  to  7,  and  so  on  to  No.  16, 
the  comer  to  sections  1,  2,  11,  and  12.  Thence  north,  on  a  ran- 
dom line,  to  No.  17,  setting  a  temporary  quarter^ection  post  at  40 
chains,  noting  the  length  of  the  whole  line,  and  the  measured  dis- 
tance of  the  random's  intersection  east  or  west  of  the  true  comer 
of  sections  1,  2, 35,  and  36,  established  on  the  township  boundary , 
thence  southwardly  from  the  latter,  on  a  tme  line,  noting  the 
course  and  distance  to  No.  18,  the  established  comer  to  sections 
1,  2,  11,  and  12,  taking  care  to  establish  the  quarter^ection 
comer  on  the  true  line,  at  the  distance  of  40  chains  from  said  sec- 
tion comer,  so  as  to  throw  the  excess  or  deficiency  on  the  northern 
half-mile,  accordmg  to  law.  Proceed  in  like  manner  through  all 
the  interyening  tiers  of  sections  to  No.  73,  the  comer  to  sections 
81,  82,  5,  and  6 ;  thence  north,  on  a  true  meridian  Ime,  to  No. 
74,  establishing  the  quarter-section  comer  at  40  chains,  and  at  80 
chains  the  comer  to  sections  29,  SO,  31,  and  32 ;  thence  east,  on 
a  random  line  to  No.  75,  setting  a  temporary  quarter-section  post 
at  40  chains,  noting  the  measurement  to  No.  75,  and  the  distance 
of  the  random's  intersection  rwrth  or  south  of  the  established  comer 
of  sections  28,  29,  32,  and  88 ;  thence  west  from  said  comer,  on 
the  tme  line,  setting  the  quarter-section  post  at  the  equidistant 
point,  to  No.  76,  which  is  identical  with  74 ;  thence  west,  on  a 
random  line,  to  No.  77,  setting  a  temporary  quarter-section  post 
at  40  chains,  noting  the  measurement  to  No.  77,  and  the  distance 
of  the  random's  intersection  with  the  westem  boundary,  north  or 
south  of  the  established  comer  of  sections  25, 36, 30,  and  31 ;  and 
from  No.  77,  correct,  eastward,  on  the  tme  line,  giving  its  course, 
but  establishing  the  quarter-section  post,  on  this  line,  so  as  to 
retain  the  distance  of  40  chains  from  the  comer  of  sections  29, 
80,  31,  and  82 ;  thereby  throwing  the  excess  or  deficiency  of  meft> 
surcment  on  the  most  westem  half-mile.  Proceed  north,  in  a  simi- 
lar manner,  from  No.  78  to  79,  79  to  80,  80  to  81,  and  so  on  to 
96,  the  soutii-east  comer  of  section  6,  where  having  established  the 
comer  for  sections,  5,  6,  7,  and  8,  run  thence,  successively,  on 

24 
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random  line  east  to  95,  north  to  97,  and  we$t  to  99 ;  and  by 
reverBO  courses  correct  an  true  lines  back  to  said  southreast  comer 
of  section  6,  establishing  the  quarter-section  comers,  and  noting 
the  courses,  distances,  &c.,  as  before  described. 

In  townships  contiguous  to  standard  parallels,  the  above  method 
will  be  varied  as  follows.    In  every  township  south  of  the  princi- 

Eal  base  line,  which  closes  on  a  standard  parallel,  the  surveyor  will 
egin  at  the  sotUft-ecut  comer  of  the  township,  and  measure  west  on 
the  standard,  establishing  thereon  the  mile  and  half-mile  comers, 
and  noting  their  distances  from  the  pre-established  comers.  He 
then  will  proceed  to  subdivide,  as  directed  under  the  above  head. 
In  the  townships  NORm  of  the  principal  base  line,  which  close 
on  the  standard  parallel,  the  sectional  lines  must  be  closed  on  the 
standard  by  true  meridians,  instead  of  by  course  lines,  as  directed 
under  the  above  head  for  townships  otherwise  situated ;  and  the 
connexions  of  the  closing  comers  with  the  pre-established  standard 
comers  are  to  be  ascertuned  and  noted.  Such  procedure  does 
away  with  any  necessity  for  running  the  randoms.  But  in  case 
he  is  unable  to  close  the  lines  on  account  of  the  standard  not;  hav- 
mg  been  run,  from  some  inevitable  necessity,  as  heretofore  men- 
tiond,  he  will  plant  a  temporary  stake,  or  mound,  at  the  end  of  the 
sixth  mile,  thus  leaving  the  lines  and  their  connexions  to  be  finished, 
and  the  permanent  corners  to  be  planted,  at  such  time  as  the 
standard  shall  be  extended." 

(M4)  Exeeptlonal  nethodSt  Departures  from  the  general  sys> 
tem  of  subdividing  public  lands  have  been  authorized  by  law  in 
cortsun  cases,  particularly  on  water-fronts. 

Thus,  an  act  of  Congress,  March  8, 1811,  authorised  the  sur- 
veyors of  Lousiana,  ^'  in  surveying  and  dividing  such  of  the  pub- 
lic lands  in  the  said  territory,  which  are  or  may  be  authorized 
to  be  surveyed  and  divided,  as  are  adjacent  to  any  river,  lake, 
creek,  bayou,  or  water  course,  to  lay  out  the  same  into  tracts,  as 
&r  as  practicable,  of  fifty-eight  poles  in  front,  and  four  hundred 
and  sixty-five  poles  in  depth,  of  such  shape,  and  bounded  by  such 
lines,  as  the  nature  of  the  country  will  render  practicable  and  most 
convenient."  Another  act,  of  May  24,  1824,  authorizes  lands 
similarly  situated  '^  to  be  surveyed  in  tracts  of  two  acres  in  width, 
fronting  on  any  river,  bayou,  lake,  or  water  course,  and  running 
back  the  depth  of  forty  acres ;  which  tracts  of  land,  so  surveyed, 
shall  be  offered  for  sale  entire,  instead  of  in  half-quartersections." 

Tke  ^*  Instmctions"  from  which  we  have  quoted  say,  ^^  In  those 
localities  where  it  would  best  subserve  the  interests  of  the  people 
to  have  fronts  on  the  navigable  streams,  and  to  run  back  into  the 
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uplands  for  quantity  and  timber,  the  principles  of  the  act  of  May 
fMtOiy  1824,  may  be  adopted,  and  you  are  authorized  to  enlarge  the 
quantity,  so  as  to  embrace  four  acres  front  by  forty  in  depth,  form 
ing  tracts  of  one  hundred  and  sixty  acres.  But  in  so  doing  it  is 
designed  only  to  survey  the  lines  between  every  four  lots^  (or  640 
acres),  but  to  establish  the  boundary  posts,  or  mounds,  in  fronl 
and  in  rear^  at  the  distances  requisite  to  secure  the  quantity  of  160 
acres  to  each  lot,  either  rectangularly,  when  practicable,  or  at 
oblique  angles,  when  otherwise.  The  angle  is  not  important,  so 
that  the  principle  be  maintained,  as  far  as  practicable,  of  making 
the  work  to  square  in  the  rear  with  the  regular  sectioning. 

The  numbering  of  all  anomalous  lots  will  commence  with  No.  87, 
to  avoid  the  possibility  of  conflict  with  the  numbering  of  the  regular 
sections.'' 

The  act  of  Sept.  27, 1850,  authorized  the  Department,  should 

it  deem  expedient,  to  cause  the  Oregon  surveys  to  be  executed 

accordmg  to  the  principles  of  what  is  called  the  ^'Geodetic  Method." 

The  complete  adoption  of  this  has  not  been  thought  to  be 
expedient ; '  but  ^'  it  was  deemed  useful  to  institute  on  the  principal 
base  and  meridian  lines  of  the  public  surveys  in  Oregon,  ordered 
to  be  established  by  the  act  referred  to,  a  system  of  triangulations 
from  the  recognized  legal  stations,  to  all  prominent  objects  within 
the  range  of  the  theodolite ;  by  means  of  which  the  relative  dis- 
tances of  such  objects,  in  respect  to  those  main  lines,  and  also  to 
each  other,  might  be  observed,  calculated,  and  protracted,  with 
the  view  of  contributing  to  the  knowledge  of  the  topography  of  the 
country  in  advance  of  the  progressing  Imear  surveys,  and  to  obtain 
the  elements  for  estimating  areas  of  valleys  intervening  between 
the  spurs  of  the  mountiuns." 

"Meandering"  is  a  nieune  given  to  the  usual  mode  of  surveying 

with  the  compass,  particularly  as  applied  to  navigable  streams. 

The  "  Instructions"  for  this  are,  in  part,  as  follows. 

"  Both  banks  of  navigable  rivers  are  to  be  meandered  by  taking 
the  courses  and  distances  of  their  sinuosities,  and  the  same  are  to 
be  entered  in  the  ^Meander  field-book.'  At  those  points  where 
either  the  township  or  section  lines  intersect  the  banks  of  a  navi- 
gable stream,  posts,  or,  where  necessary,  hounds  of  earth  or  «t<me, 
(as  noted  in  Art.  (546,))  are  to  be  established  at  the  time  of 
running  these  lines.  These  are  called  "  meander  comers ;"  and 
in  meandering  you  are  to  commence  at  one  of  those  comers  on  the 
jownship  line,  coursing  the  banks,  and  measuring  tiie  distance  of 
9ach  course  from  your  commencing  comer  to  the  next  '  meandci 
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comer,'  upon  the  same  or  another  boundary  of  the  same  township ; 
carefully  noting  your  intersection  vrith  all  intermediate  meander 
comers.  By  the  same  method  you  aro  to  meander  the  opponta 
bank  of  the  same  river. 

The  crossing  distance  between  the  meander  corners,  on  same 
line,  is  to  be  ascertained  by  triangulation,  in  order  that  the  rirer 
may  be  protracted  with  entire  accuracy.  The  particulars  to  be 
given  in  the  field-notes. 

The  courses  and  distances  on  meandered  navigable  streams, 
govern  the  calculations  wherefrom  are  ascertidned.  the  trae  areas 
of  the  tracts  of  land  (sections,  quarter  sections,  &c.)  known  to  the 
law  hsfractionaly  and  bounding  on  such  streams." 

Tou  are  also  to  meander,  in  manner  aforesiud,  all  lakes  and 
deep  ponds  of  the  area  of  twenty-five  acres  and  upwards ;  also 
navigable  bayous. 

The  precise  relative  position  of  islands,  in  a  township  made 
fractional  by  the  river  in  which  the  same  are  situated,  is  to  be 
determined  trigonometrically.  Sighting  to  a  flag  or  other  fixed 
object  on  the  island,  from  a  special  and  carefully  measured  base 
line,  connected  with  the  surveyed  lines,  on  or  near  the  river  bank, 
you  are  to  form  connexion  between  the  meander  comers  on  the 
river  to  points  corresponding  thereto,  in  direct  line,  on  the  bank 
of  the  island,  and  there  establish  the  proper  meander  comers,  and 
calculate  the  distance  across." 

(565)  Marking  LineSt  ^'AU  lines  on  which  are  to  be  estab- 
lished the  legal  comer  boundaries,  are  to  be  marked  after  this 
method,  viz:  Those  trees  which  may  intercept  your  line,  must 
have  two  chons  or  notches  cut  on  each  side  of  them  without  any 
other  marks  whatever.  These  are  called  ^  eight  treee,  or '  line  treee.^ 

A  sufficient  number  of  other  trees  standing  nearest  to  your  line, 
on  either  side  of  it,  are  to  be  blazed  on  two  sides,  diagonally  or 
quartering  towards  the  line,  in  order  to  render  the  line  conspicu- 
ous, and  readily  to  be  traced,  the  blazes  to  be  opposite  each  other, 
comciding  in  oirection  with  the  line  where  the  trees  stand  very 
near  it,  and  to  approach  nearer  each  other,  the  further  the  line 

Esses  from  the  blazed  trees.     Dae  care  must  ever  be  taken  to 
ve  the  Imes  so  well  marked  as  to  be  readily  followed." 

(566)  Marking  ComerSi  ^'  After  a  tme  coursing,  and  moet 
exact  measurements,  the  corner  boundary  is  the  consummation  of 
the  work,  for  which  all  the  previous  pains  and  expenditure  have 
been  incurred.  A  boundary  comer,  in  a  timbered  country,  is  to 
be  a  treej  if  one  be  found  at  the  precise  spot ;  and  if  not.,  a  poet  is 
to  be  planted  thereat :  and  the  position  of  the  comer  post  i^  to  be 
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indicated  by  trees  adjacent,  (called  Sealing  trees)  the  angular 
bearings  and  distances  of  which  from  the  comer  are  facts  to  be 
ascertained  and  registered  in  your  field  book. 

In  a  region  where  stone  abounds,  the  comer  boundary  will  be  a 
small  monument  of  stones  along  side  of  a  single  marked  stone,  for 
a  township  comer — and  a  single  stone  for  all  other  comers. 

In  a  region  where  timber  is  not  near,  nor  stone,  the  comer  will 
bo  a  m4>und  of  earthy  of  prescribed  size,  varying  to  suit  the  case. 

Comers  are  to  be  fixed,  for  township  boundaries  at  intervals  of 
every  six  miles ;  for  section  boundaries  at  intervals  of  every  nule, 
or  80  chains ;  and,  for  quarter  section  boundaries  at  intervals  of 
every  half  mile,  or  40  chains. 

Mbander  Corner  Posts  are  to  be  planted  at  all  those  points 
where  the  township  or  section  lines  intersect  the  banks  of  such 
rivers,  lakes,  or  islands,  as  are  by  law  directed  to  be  meandered," 
as  explained  in  Art.  (564)  • 

When  posts  are  used,  their  lengtn  and  size  must  be  propor- 
tioned to  the  importance  of  the  comer,  whether  township,  section, 
or  quarter-section,  the  first  being  at  least  24  inches  above  ground, 
and  3  inches  square. 

Where  a  township  post  is  a  comer  common  to  four  townships, 

N 

it  is  to  be  set  in  the  earth  diagonally^  thus :  w^^s,  and  the  cardi- 

6 

nal  points  of  the  compass  are  to  be  indicated  thereon  by  a  cross 
line,  or  wedge,  (one-eighth  of  an  inch  deep  at  least),  cut  or  sawed 
out  of  its  top,  as  in  the  figure.  On  each  surface  of  the  post  is  to 
be  marked  the  number  of  the  particular  township,  and  its  range, 
which  \t faces.  G^ius,  if  the  post  be  a  common  boundary  to  four 
townships,  say  one  and  two^  south  of  the  base  Ime,  of  range  one^ 
west  of  the  meridian ;  also  to  townships  om  and  twoy  south  of  the 
base  line,  of  range  two^  west  of  the  meridian,  it  is  to  be  marked  thus ; 

The  position  of  the  post  which 
is  here  taken  as  an  example,  16 
shown  in  the  following  diagram. 


From  N.  to  E. 


from  N.  to  W. 


from  E.  to  S. 


froii  W.  to  S. 


K.  2  W. 
T.  1  S. 


R.  IW. 
T.  IS. 


R.  2  W. 
T.  2S. 


R.  IW. 
T.  2  8. 
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These  marks  are  to  be  distinctly  and  neatly  chiselled  into  the 
wood,  at  least  the  eighth  of  an  inch  deep  ;  and  to  be  also  marked 
iinth  red  ehalh  The  number  of  the  sectians  which  they  respec- 
tively/a««,  will  also  be  marked  on  the  township  post 

Section  or  mile  posts,  being  comers  of  sections,  when  they  are 
common  to  four  sections,  are  to  be  set  diagonaUy  in  the  earth, 
(in  the  manner  provided  for  township  comer  posts),  and  with  a 
similar  cross  cut  m  the  top,  to  indicate  the  cardinal  points  of  the 
compass ;  and  on  each  side  of  the  squared  surfaces  is  to  be  marked 
the  appropriate  number  of  the  particular  one  of  the /our  ^eetioMy 
respectively,  which  such  side/ac^s/  also  on  one  side  thereof  are  to 
be  marked  the  numbers  of  its  tovmship  and  range;  and  to  make 
such  marks  yet  more  conspicuous,  (in  manner  aforesaid),  a  streak 
of  red  chalk  is  to  be  applied. 

In  the  case  of  an  isolated  township,  subdivided  into  thirty-six 
sections,  there  are  twenty-five  interior  sections,  the  south-west  cor- 
ner boundary  of  each  of  which  will  be  common  to  four  sections. 
On  all  the  extreme  sides  of  an  isolated  township,  the  outer  tiers  of 
sections  have  comers  common  only  to  two  sections  then  surveyed. 
The  posts,  however,  must  be  planted  precisely  like  the  former,  but 
presenting  two  vacant  surfaces  to  receive  tiie  appropriate  marks 
when  the  adjacent  survey  may  be  made. 

A  quarter-section  or  half-mile  post  is  to  have  no  other  mark  on 
it  than  ^  S.,  to  indicate  what  it  stands  for. 

Township  comer  posts  are  to  be  notched  with  9ix  notches  on 
each  of  the  four  angles  of  the  squared  part  set  to  the  cardinal 
points. 

.  All  mile  posts  on  totpnsJnp  lines  must  have  as  many  notches  on 
them,  on  two  opposite  angles  thereof,  as  they  are  miles  distant 
from  the  township  comers,  respectively.  Each  of  the  posts  at  the 
comers  of  sections  in  the  interior  of  a  township  must  indicate,  by 
a  number  of  notches  on  each  of  its  four  comers  directed  to  the 
cardinal  points,  the  corresponding  number  of  miles  that  it  stands 
from  the  OfuJOines  of  the  township.  The  four  sides  of  the  post  will 
indicate  the  number  of  the  section  they  respectively /a<?«.  Should 
a  tree  be  found  at  the  place  of  any  comer,  it  will  be  marked  and 
notched,  as  aforesaid,  and  answer  for  the  comer  in  lieu  of  a  post; 
the  kind  of  tree  and  its  diameter  being  given  in  the  field-notes. 

The  position  of  all  comer  posts,  or  comer  trees  of  whatever 
description,  which  may  be  established,  is  to  be  perpetuated  in  the 
Xollowing  manner,  viz :  From  such  post  or  tree  the  courses  shall  be 
taken,  and  the  distances  measured,  to  two  or  more  adjacent  trees, 
m  opposite  directions,  as  nearly  as  may  be,  which  are  called 
^Bearing  trees^  and  are  to  bo  blazed  near  the  ground,  with  a  large 
blaze  facing  the  post,  and  having  one  notch  in  it,  neatiy  and  plainly 
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made  with  an  axe,  square  acroBS,  and  a  little  below  the  middle  ol 
the  blaze.  The  kind  of  tree  and  the  diameter  of  each  are  facts  to 
be  diajtinctl J  set  forth  in  the  field-book. 

On  each  bearing  tree  the  letters  B.  T.,  must  be  distinctly  cut 
into  the  wood,  in  the  blaze,  a  little  above  the  notch,  or  on  the  bark, 
with  the  number  of  the  range,  township,  and  section. 

At  all  township  comers,  and  at  all  section  comers,  on  mnge  or 
township  lines^four  bearing  trees  are  to  be  marked  in  this  manner, 
one  in  each  of  the  aidjoining  sections. 

At  interior  section  comers  four  trees,  one  to  stand  within  each 
of  the  four  sections  to  which  such  comer  is  common,  are  to  be 
marked  in  manner  aforesaid,  if  such  be  found. 

From  quarter  section  and  meander  comers  two  bearing  trees 
are  to  be  marked,  one  within  each  of  the  adjoining  sections. 

Stones  at  township  comers  (a  small  monument  of  scones  being 
alongside  thereof)  must  have  six  notches  cut  with  a  pick  or  chisel 
on  each  edge  or  side  towards  the  cardinal  points ;  and  where  used 
as  section  comers  on  the  range  and  township  lines,  or  as  section 
comers  in  the  interior  of  a  township,  they  will  also  be  notched  by 
a  pick  or  chisel,  to  correspond  with  the  directions  given  for  notch- 
ing posts  similarly  situated. 

Stones,  when  used  as  quarter-soction  comers,  will  have  \  cut 
on  them ;  on  the  west  side  on  north  and  south  lines,  and  on  the 
north  side  on  east  and  west  lines. 

Whenever  bearing  trees  are  not  found,  mounds  of  earth,  or 
stone,  are  to  be  raised  around  posts  on  which  the  comers  are  to 
be  marked  in  the  manner  aforesaid.  Wherever  a  mound  of  earth 
is  adopted,  the  same  will  present  a  conical  shape ;  but  at  its  base, 
on  the  earth's  surface,  a  quadrangular  trench  will  be  dug;  a  ^ade 
deep  of  earth  being  thrown  up  from  the  four  sides  of  the  line,  out- 
side  the  trench,  so  as  to  form  a  continuous  elevation  along  its  outer 
edge.  In  mounds  of  earth,  common  ix>four  townships  or  to  four 
sections,  they  will  present  the  angles  of  the  quadrangular  trench 
(diagonally^  towards  the  cardinal  points.  In  mounds  common 
only  to  two  townships  or  two  sections,  the  sides  of  the  quadrangular 
trench  vfVlface  the  cardinal  points. 

Prior  to  piling  up  the  earth  io  constract  a  mound,  in  a  cavity 
formed  at  the  comer  boundary  point  is  to  be  deposited  a  stoncy  or 
a  portion  of  ehareoalj  or  a  charred  stake  is  to  be  driven  twelve 
mches  down  into  such  centre  point,  to  be  a  witness  for  the  future. 

The  surveyor  is  farther  specially  enjoined  to  plant  miiwag 
between  each  pit  and  the  trench,  seeds  ot  some  tree,  those  of  fruit 
trees  adapted  to  the  climate  being  always  to  be  preferred. 

Double  corners  are  to  be  found  nowhere  except  on  the  Stao'lai*d 
Parallels  or  Correction  lines,  whereon  are  to  appear  both  the  ocr 
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ners  which  mark  the  infcersections  of  the  lines  which  close  thereon, 
and  those  from  which  the  surveys  start  in  the  opposite  direction. 

The  comers  which  are  established  oa  the  standard  parallel,  at 
the  time  of  running  it,  are  to  be  known  as  ^  Standard  Comers^ 
and,  in  addition  to  all  the  ordinary  marks,  (as  herein  prescribed), 
they  will  be  marked  with  the  letters  S.  G.  The  ^  clowng  corMri 
wUl  be  marked  C.  C." 

(567)  Field  Books*  There  should  be  several  distinct  and  sepa- 
rate field-books ;  viz. : 

^'  1.  Field-notes  of  the  meridian  and  babe  lines,  showing  the 
establishment  of  the  townshipy  section  or  mile,  and  quarter-seetian 
or  half-mile,  boundary  corners  thereon;  with  the  crossings  of 
streams,  ravines,  hills,  and  mountains ;  character  of  soil,  timber, 
minerals,  &c.  These  notes  will  be  arranged,  in  series,  by  nUle 
stations^  from  number  one  to  number . 

2.  Field-notes  of  the  ^standard  parallels,  or  correction 
lines,'  showing  the  establishment  of  the  township,  section,  and 
quarter-section  comers,  besides  exhibiting  the  topography  of  the 
country  on  line,  as  required  on  the  base  and  meridian  lines. 

3.  Field-notes  of  the  exterior  lines  of  townships,  showing  the 
establishment  of  the  comers  on  line,  and  the  topography,  as  aforesaid. 

4.  Field  notes  of  the  subdivisions  of  townships  into  sections 
and  quarter-sections ;  at  the  close  whereof  will  follow  the  notes  of 
the  MEANDERS  of  navigable  streams.  These  notes  will  also  show, 
by  ocular  observation,  the  estimated  rise  and  fall  of  the  land  on 
the  line.  A  description  of  the  timber,  undergrowth,  surface,  soil, 
and  minerals,  upon  each  section  line,  is  to  follow  the  notes  thereof, 
and  not  to  be  mixed  up  with  them.^' 

5.  The  '^  Geodetic  field-book,"  comprising  all  triangulations, 
angles  of  elevation  and  depression,  leveUing,  &c. 

• 
The  examples  on  the  next  two  pages,  taken  from  the  ^^  Instmr- 

tions"   which  we  have  followed  throughout,  will  shew  what  is 
required. 
The  ascents  and  descents  are  recorded  in  the  right-hand  columns. 
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FIELD  NOTES  OF 


THE   EXTERIOR   LINES 


OF  AN  ISOLATED  TOWNSHIP. 


fusW  nofet  of  the  Survey  of  township  25  north,  of  range  2  west,  of  the  WillamefU 
meridian,  in  the  Territory  o/Oreoow,  by  Robert  Acres,  deputy  surveyor,  under  his 
rontrnet  So.  1,  bearing  date  the  Zd  day  of  January,  1851.  


t-ICba.  Iks.! 
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East. 


West 
40.00 


62.50 
80.00 


West, 
40.00 


O.'j.OO 
80  00 


West, 
40.00 


80.00 


Township  lines  commenced  January  20,  1851. 

Southern  boundaiy  variation  18^  41'  £.  ^ 

Ou  a  random  line  on  the  south  boundaries  of  sections  il,  32, 
33,  34,  35,  and  36.  Set  temporary  mile  and  half-mile  post«, 
Hiid  intersected  the  eastern  bonndaiy  2  chains  20  links  north 
of  the  true  comer  5  miles  74  chains  53  links. 

Therefore  the  correction  will  be  5  chains  47  links  W.  37.1 
links  S.  per  mile.  _____-,^_ 


Tuuc  SOUTHERN  BOUNDABT  Variation  18°  41'  E. 
On  the  southern  boundary  of  sec.  36,  Jan.  24,  1851. 
Set  qr.  sec.  post  from  which 

a  beech  24  in.  dia.  bears  N.  11  E.  38  Iks.  dist. 

a    do       9      do         do    S.    9  £.  17      do 

a  brook  8  1.  wide,  coarse  NW 

Set  post  cor.  of  sees.  35  &  36,  1  &  2,  from  which 

a  beech      9  in.  dia.  bears  S.  46  E.      8  1.  dist. 

a     do        8    do      ^  do    S.  62  W.    7     do 

a  W.  oak  10    do         do    N.  19  W.  14     do 

a  B.  oak  14    do         do    N.  29  E.    16     do 
Land  level,  part  wet  and  swampy ;   timber  beech,  oak,  ash, 

hickory,  &c.  


On  the  S.  boundary  of  sec.  35 — 

Set  qr.  sec.  post,  with  trench,  frona  which 

a  beech  6  in.  dia.  bears  N.  80  Ei  8  I.  dist. 

planted  SW.  a  yellow  locust  seed. 

To  be|;inningof  hiil , 

Set  post,  with  trench,  cor.  of  sees.  34  &  35,  2  &  3,  from  whici 

a  beech  10  iu.  dia.  bears  8.  51  E.  13  1.  dist. 
do       10    do         do    N.  56  W.  9    do 

planted  SW.  a  white  oak  acorn, 
NE.  a  beech  nut. 
Land  level,  rich,  and  pood  for  farminp;  timher  same. 


On  the  S.  boundary  of  sec.  34— 

Set  qr.  sec.  post,  with  trench,  from  which 

a  B.  oak  10  in.  dia.  bears  N.  2  E.  635  1.  dist. 

Planted  SW.  a  beech  nut. 
To  corner  of  sections  33,  34,  3  and  4,  drove  charred  staket 

raised  monnd  with  trench  as  per  instructions,  and 

Planted  NE.  a  W.  oak  ac*n ;  NW.  a  yel.  locust  seed. 
6E.  a  butternut ;  SW.  a  beech  nut 
Land  level,  rich  and  good  for  farming,  some  scattering  oal 

and  walnut. 


Fwt. 


a  10 

d\0 

a    o 


a  10 


«    5 
a  20 


«   5 

a  10 


&C.V  &C., 


&c 
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nELD  NOTSS  OF  !EHE 


SUBDIVISIONAL  OR  SECTIONAL  LINES, 


AND  MEANDEBS. 


TinotuUp  25  N.,  Range  2  W,,  WUlameOe  Mer. 


c 
& 


Cbs.  Iks 

North. 
9.19 
29.97 
40.00 


51.90 
76.73 
80.00 


Efift 
9.00 
15.00 
40.00 
55.00 
72.00 
80.00 


SuBDiTisions.    Commeiioed  February  1, 1851. 
Between  sees.  35  aud  36— 

A  beech  30  in.  dia 

A  beech  30  in.  dia. • 

Set  qr.  sec.  post,  from  which 

a  beech  15  in.  dia.  bears  S.  48  E.  12  I.  dist. 

a    do       8     do        do    N.  23  W.  45    do 

A  beech  18  in.  dia. , 

A  sugar  30  in.  dia 

Set  a  post  cor.  of  sees.  25,  26,  35,  36,  from  which 

a  beech  24  in.  dia.  bears  N.  62  W.  17  1.  dist 

a  poplar  36    do         do     8.  66  E.   34    do. 

a     do     20    do         do     8. 70  W.  50    do. 

a  beech  28    do         do    N.  60  E.   45    do. 
Land  level,  second  rate;   timbnr  beech,  poplar,  sugar,  and 
\    nnd'gr.  spice,  Sui, 


On  random  line  between  sees.  25  a.id  36— 

A  brook  30  1.  wide,  coarse  N 

To  foot  of  hill 

Set  temporary  qr.  sec.  post 

To  opposite  foot  of  hill 

A  bnwk  15  1.  wide,  coarse  N 

Intersect  E.  boundary  at  post 

Lnnd  level,  second  rate;  timber,  beech,  onk,  imh,  &<• 


&c. 


&r.,         &r. 


FeeL 
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d   5 
d   5 


d    5 

d   8 
d   2 


dlO 
dlO 
a6U 
diO 
d20 
a  10 


Meanders  of  Chickeeles  River* 

De^iuning  at  a  meander  post  in  the  northern  township  boundary,  and  tfaonce  os 
the  left  bank  down  stream.     Commented  February  11,  1851. 


Courses. 


8.76  W 
S.  61  W. 
S.  61  W. 

8.  54  W. 
8.  40  W. 
8.  50  W. 
S.  37  W. 
8.  44  W. 
8.  36  W. 


UlSL 

Chs.  Iks. 


RIMARKS. 


In  section  4  bearing  to  corner  sec.  4  on  right  bank  N.  70*  VV 
Bearing  to  cor.  sec.  4  and  5,  right  bank  N.  52®  W. 
To  post  in  line  between  sections  4  and  5,  breadth  of  river  by 
triangulation  9  chains  51  links. 


fn  section  5* 


18.46 

10.00 

8.18 

10.69 

5.59 

8.46 

16.50    ITo  upper  corner  of  John  Sm'th's  claim,  course  E. 
21.96 

27  53    iTo  post  in  line  between  sections  5  and  8,  breadth  of  river  yj 
trian^ilation  8  chains  78  links. 


&c.,        &c 


&c. 
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APPENDIX    A. 


8TH0PSIS  OF  PLAHB  TBIOOVOMETRT.* 


(1)  DeflniUon*  Plane  Trigonometry  is  that  branch  of  Mathematlea] 
Science  which  treats  of  the  relations  between  the  sides  and  angles  of  plane  trian- 
gles. It  teaches  how  to  find  any  three  of  these  six  parts,  when  the  other  three 
are  given  and  one  of  them,  at  least,  is  a  side. 

» 

(9)  Anirl^^  and  Arcs*  The  an^Ua  .of  a  triangle  are  measured  by  the 
area  described,  with  any  radios,  from  the  angular  points  as  centres^  and  intercepted 
between  the  legs  of  the  angles.  These  arcs  are  measured  by  comparing  them  with 
an  entire  circumference,  described  with  the  same  radiusi  Erery  circumference  is 
regarded  as  being  divided  into  860  equal  parts,  called  destreu.  Each  degree  is  di- 
Tided  into  60  equal  parts,  called  minuU*,  and  each  minute  into  60  teeontU.  These 
divisions  are  indicated  by  the  marks  ®  '  ".  Thus  28  degrees,  17  minutes^  and  49 
seconds,  are  written  88^  17'  49''.  Fractions  of  a  second  are  best  expressed  deci- 
mally. An  arc^  indudiog  a  quarter  of  a  circumference  and  measuring  a  right 
angle,  is  therefore  90°.  A  semieircumference  comprises  ISO**.  It  is  often  repre- 
sented by  V,  which  equals  8.14159,  ^,  or  8^  approximately,  the  radius  being  unity. 

The  length  of  1^  in  p»its  of  radius  =  0.01746329 ;  that  of  1'=  0.00029089;  and 
that  of  l"s0.000004^6. 

The  length  of  the  radius  of  a  circle  in  degrees,  or  860ths  of  the  circumference 
ss  67''.29578  s=  67**  17'  24".8  =  3487'.747  =  206264".8.t 

An  arc  may  be  regarded  as  generated  by  a  point,  M, 
moving  from  an  origin,  A,  around  a  circle,  in  the  direction 
of  the  arrow.  The  point  may  thuf  describe  ares  of  any 
Lengths;  such  as  AM ;  AB  ss  90°  =:  i  « ;  ABC  =:  1  SO"*  s  r ; 
ABCD  =  270*  =  i  » ;  ABCDA  ==  860**  =  2  ». 

The  point  may  still  continue  its  motion,  and  generate 
arcs  greater  than  a  circumference,  or  than  two  circum- 
ferences, or  than  three ;  or  even  infinite  in  length. 

While  the  point,  M,  describes  these  arcs,  the  radius, 
OM,  indefinitely  produced,  generates  corresponding  anglea 


•  For  ncraljr  solvliigtrianglas,  only  Artiol«0  (IX  (2X  (8).  (6X  (6),  (10).  (11),  tod  O^X  are  ne«l«d. 

r  Tb«  namber  of  seoondi  in  nay  arc  which  to  gfvoo  In  parte  of  rMlin^  radius  being  onltj,  eqaali 
fte  Ungth  of  the  aro  so  giren  divided  by  the  length  of  the  are  of  one  second;  or  multiplied  by  the 
aamber  of  seconds  In  radlofli 
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If  the  point,  M,  thculd  move  from  the  origio,  A,  io  the  contrary  direction  cu  itt 
former  moyement,  the  arcs  generated  by  it  are  regarded  as  neffoiive,  or  mima , 
and  so  too,  of  necessity,  the  angles  measured  by  the  area 

Arcs  and  angles  may  therefore  rary  in  length  from  0  to  ^^  *  in  one  direction, 
and  from  0  to  ~  ao  in  the  contrary  direction. 

The  Complement  of  an  arc  is  the  arc  whidi  would  remaiu  after  subtracting  the 
arc  from  a  quarter  of  the  circumfereaoe,  or  from  90^  If  th«  arc  be  more  than  90^, 
its  complement  is  necMsarily  negatiFe. 

The  SupplemetU  of  an  arc  is  what  would  remain  after  subtracting  it  from  hali 
the  circumference,  or  from  180^  If  the  arc  be  more  than  180^,  its  supplement 
is  necessarily  negatire. 

(8)  Triironomctrical  Uncs*  The  relations  of  the  sides  of  a  triangte 
to  its  angles  are  what  is  required ;  but  it  is  more  convenient  to  replace  the  angles 
by  arcs ;  and,  once  more,  to  replace  the  arcs  by  certain  straight  lines  depending 
npon  them,  and  increasing  and  decreasing  with  them,  or  conversely,  in  such  a  way 
that  the  length  of  the  lines  can  be  found  from  that  of  the  arcs^  and  vice  yersA.  It 
is  with  these  lines  that  the  sides  of  a  triangle  are  compared.*  These  lines  ar6 
called  THgoiiametrictd  Linee  ;  or  Circular  FumciiofUt  because  their  length  is  a  fun» 
tion  of  that  of  the  circular  arcs.  The  principal  Trigonometrical  lines  are  8inM^ 
TangentM,  and  SecanU,    Chords  and  versed  sines  are  also  used. 

The  SINE  of  an  arc;  AM,  is  the  perpendicular, 
HP,  let  fall,  from  one  extremity  of  the  arc;  upon  FI&  MS* 

the  diameter  which  passes  through  the  other  ex- 
tremity. 

llie  TANGENT  of  an  are,  AM,  is  the  distance, 
AT,  intercepted,  on  the  tangent  drawn  at  one 
extremity  of  the  arc,  between  that  extremity 
and  the  prolongation  of  the  radius  which  passes 
through  the  other  extremity. 

The  SECANT  of  an  arc,  AM,  is  the  part,  OT, 
of  the  prolonged  radius,  comprised  between  the 
centre  and  the  tangent 

The  sine,  tangent,  and  secant  of  the  complement  of  an  arc  are  called  the  Co- 
anr^  Co-TAifGK.Tr,  and  Co-bxcaxt  of  that  arc  Thus;  MQ  is  the  cosine  of  AM,  R? 
its  cotangent,  and  OS  its  cosecant  The  cosine  MQ  is  equal  to  OP,  the  part  of  tb« 
radius  comprised  between  the  centre  and  the  foot  of  the  sine. 

The  chord  of  an  arc  is  equal  to  twice  the  sine  of  half  that  arc 

The  fKreed-Hme  of  an  arc;  AM,  is  the  distance,  AP,  comprised  between  tho  origin 
of  the  arc  and  the  foot  of  the  sina  It  is  consequently  equal  to  the  difference  be- 
tween the  radios  and  the  sine. 

The  Trigonometrical  lines  are  usually  written  in  an  abbreviated  form.  Calling 
the  arc  AM  ss  «,  we  write, 

MPs8in.n.  ATssUn.a.  Olesse&n. 

MQscos.a.  BSaacot  a.  OSacoseco. 

The  period  after  sia,  tan.,  ^,  indicating  abbreviation,  is  frequently  omitted. 
The  ares  whose  sines,  tangents;  Ac,  are  equal  to  a  line  s:a,  are  written, 

sin.    'a;  or  arc  (sia  as «) ; 

tan.    '  1^  or  arc  (taa^  a) ;  Ax, 

•  For  tbs  greet  Tslne  of  this  :ndtreet  mode  of  eompsnng  tlie  ddot  tad  sngifls  of  trlsngls^  ■« 
OootAli  *  Pbilosophf  0  MfttLomstloi,**  (Uarpera*,  1951,)  page  S8S. 


i^PP.   A.] 


TRIGOROMETRT. 


.161 


(4)  The  lines  us  ratios.  The  ratios 
bviweeo  the  trigonomeiiical  lines  and  the  radius 
are  the  same  for  the  same  angles,  or  namber  of 
degrees  in  an  are,  whatever  the  length  of  the  ra- 
dius or  arcL  Conseqnentlj,  radius  being  unity, 
these  lines  maj  be  expressed  as  simple  ratioa 
Thus,  in  the  right-angled  triangle  ABC,  we' 
would  hare 


11&809. 


.     .       BC       opposite  side 

am.  A  =  rs^-iP^u » 

AB       hjpothenuse 

^^BC  ^_^  opposite  side 
"~"  AC  *"  adjacent  side* 

AB       hypothennse 
^^  j^  ^ -s  — ''  '      .         ,    . 

AG       adjacent  side 


co..A  =  _  = 


,    .      AC 

cot.  Ass  — 

BO 

,      AB 

coscaA  =  g^  = 


AC  ^  adjacent  side 
hypothenuse  ' 

adjacent  side 


opposite  side  * 

hypothenuse 
opposite  side  * 


When  the  radius  of  the  arcs  which  measure  the  angles  is  unity,  these  ratios  may 
be  used  for  the  lines.  If  the  radius  be  any  other  length,  the  results  which  hare 
been  obtained  by  the  above  supposition,  must  be  modified  by  dividing  each  of  the 
trigonometrical  lines  in  the  result  by  radius,  and  thus  rendering  tlie  equations  ol 
the  results  *'  homogeneous."  The  same  effect  would  be  produced  by  multiply ing 
each  term  in  the  expression  by  such  a  power  of  radius  as  would  make  it  contain  a 
number  of  linear  factors  equal  to  the  greatest  number  in  any  term.  The  radius 
is  usually  represented  by  f ,  or  R. 

(5)  Tiiclr  variations  In  lenirtll*  As  the  point  M  moves  around 
the  circle,  and  the  arc  thus  increases,  the  sines,  tangents,  and  secants,  starting 
from  zero,  also  increase ;  till,  when  the 

point  M  has  arrived  at  B,  and  the  arc  has  ^*«*  *^ 

become  90^,  the  sine  has  become  equal  to    5^  B  S 

radius,  or  unity,  and  the  tangent  and  se- 
cant have  become  infinite;  The  comple- 
mentary lines  have  decreased;  the  co- 
sine being  equal  to  radius  or  unity  at 
starting  and  becoming  zero^  and  the  co- 
tangent and  cosecant  passing  from  infin- 
ity to  zeroL  When  the  point  M  has 
passed  the  first  quadrant  at  B  and  is 
proceeding  towards  C,  the  sines,  tan- . 
gents,  and  secants  begin  to  decrease,  till, 
when  the  point  has  reached  C,  they  have 
the  same  values  as  at  A.  They  then  begin  to  increase  again,  and  so  on.  Tb« 
Table  on  page  882  indicates  these  variations. 

The  sines  and  tangents  of  very  small  arcs  may  be  regarded  as  sensibly  propor- 
tional to  the  arcs  themselves ;  so  that  for  sin.  a",  we  may  write  a.  sin.  V  ;  and 
similarly,  though  lese  accurately,  for  sin.  a\  we  may  write  a.  sin.  1'. 

The  sines  and  tangents  of  very  small  ares  nnay  similarly  be  regarded  as  sensibly 
of  the  same  length  as  the  arcs  themselves.* 

*  Consequently,  tbs  note  on  psge  370  may  read  thus :  The  T.umber  of  soeonds  In  amy  very  email 
are  given  in  parts  of  radios,  radios  being  anSty,  to  eqoal  to  the  length  of  tbo  arvso  gives  dlvlda^ 
by  atn.  1 
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«  being  the  length  of  any  arc  expressed  in  parts  of  radios;  the  lengths  of  ita  aot 
and  ooeina  may  be  obtained  by  the  following  series: 


sin.  a=:«~ 


2.8  ^2.8.4.6       2.8. ...7 


+,  etc 


«*'='- T + nn  -  57:7:6 +•  •** 

Lei  it  be  required  to  find  oo&  80^,  by  the  aboTC  series. 

80°  = -^  »  =  i  X  8. 1416  =  .528«. 


Substituting  this  nnmber  for  a,  the  series  becomes;  taking  only  three  terma  of  it» 
1 


(.6286)  ^  (^286)*_^  etc.  =  1  -  0.187078  +  0.008180  i=  .866062 ; 
A  24 


which  is  the  correct  ralue  of  cos.  80^  for  the  first  four  places  of  decimals. 

The  lengths  of  the  other  lines  can  be  obtained  from  the  mutual  relations  gireo 
in  Art  (7.)    Some  particular  values  are  given  below. 

sin.  80*  =  i.  sin.  46'*  =  J^2.  sia  60*  =  ^^8 

tan.  80*  =  \y/Z.  ton.  46*  =  1.  tan.  60"  =  >/S. 

sec  80*  =  |>/8.  sec  45*  =  >/2.  sec  60*  =  2. 

(6)  Their  chanircs  of  8ii:ii.  Lines  measured  in  contrary  directuiis 
from  a  common  origin,  usually  receive  contrary  algebraic  signs.  If  tiien  all  the 
lines  in  the  first  quadrant  are  called  positive,  their  signs  will  change  in  some  ol 
the  other  quadrants.  Thus  the  tines  in  the  first  quadrant  being  all  measured  up- 
ward, when  they  are  measured  downward,  as  they  are  in  the  third  and  fourth 
^uadrants^  they  will  be  negative.  The  eoiinet  in  the  first  quadrant  are  meas> 
ored  from  left  to  right,  and  when  they  are  measured  from  right  to  left,  as  in  the 
second  and  third  quadrants,  they  will  be  negative  The  tangentt  and  teeanU  fol- 
luw  similar  rulea 

The  variations  in  length  and  the  changes  of  sign  are  all  mdicated  in  the  follow* 
ing  table,  radius  being  unity.  The  terms  **  increasing^  and  *'  decreasing^  apply  to 
the  lengths  of  the  lines  without  any  reference  to  their  signs. 

Lengths  and  Signs  of  the  Trigcnometrical  Lines  for  Arcs  from  0^  to  360® 


Arcs. 

60 

Between  OC  and  90O. 

90© 

Between  MO  sDdl80o. 

180O 

Sioe     .    .    . 
Tangent  .    . 
Secant     .    . 
Cosine      .    . 
Cotongcnt    . 
Cosecant  .    . 

0 
0 

+1 
+1 

±00 

±00 

-{-,  and  increasing, 
+,  and  increasing, 
+>  and  increasing; 
-f  1  and  decreasing, 
-f,  and  decreasing, 
+,  and  decreasing. 

+1 
±«> 

±«> 
0 
0 

+1 

+,  and  decreasing, 
— ,  and  decreasing, 
— ,  and  decreasing, 
— ,  and  increasing, 
— ,  and  increasing, 
4-,  and  increasing. 

0 

0 

-1 

-1 

±00 

Aral. 

180O 

Between  180O  sad  STOO. 

2T0O 

Between  troo  sad  80OO. 

M0» 

Sine    .    .    . 
Tangent  .    . 
Secant     .    . 
Cosine.    .    . 
Cotangent    . 
Cosecant .    . 

0 
0 

-I 

-1 

±00 

*,  and  increasing, 
•^,  and  increasing, 
— ,  and  increasing, 
— ,  and  decreasing, 
-f ,  and  decreasing, 
— Y  and  decreasing, 

-I 

±00 

Too 

0 

.     0 

-I 

— ,  and  decreasing, 
— ,  and  decreasing, 
+,  and  decreaaing, 
+« and  increasing, 
«— ,  and  increasing; 
— ,  and  increasing, 

0 
6 

+i 
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From  tliia  table,  and  Fig.  400,  we  see  that  an  are  and  iU  mtppletieni  have  the 
same  sine ;  and  that  their  tangents,  secante,  cosines,  and  cotangents  are  of  equal 
length  bat  of  contrary  signs ;  while  the  cosecants  are  the  same  in  both  length 
and  sign. 

We  also  deduce  from  the  figure  the  following  consequences : 

un.  (a'+  180*)  ss-sin.  «^  cosi  (a^H-  180')  as-cos.  a", 

tan.  (a*+ 1 80**)  =  tan.  a'.  cot  (a*'+  180**)  sb  cot  a*. 

sec.  (a*+ 180^  s=-sec a'.        cosec  (a**+ 180'*)  =s-cosec.  o*. 

sin.  (—a^)  ss— sin.  a^  coe.  (~a^)  ^  coa  a^ 

tan.  {—a)  =— taa  a®.  cot  (—a®)  =— cot  a*, 

sec  (— a*)  ^  sec,  a**.  cosec.  (—a®)  =:— cosec;  a®. 

An  infinite  number  of  arcs  have  the  same  trigonometrical  lines ;  for,  an  arc  a, 
the  same  arc  plus  a  circumference,  the  same  arc  plus  two  circumferences,  and  so 
on,  would  have  the  same  sine,  <&c. 

"  To  bring  back  to  the  first  quadrant'*  the  trigonometrical  lines  of  any  large  arc^ 
|.roceed  thus :  Let  1029^  be  an  arc  the  sine  of  which  is  desired.  Take  from  it  as 
many  times  860°  as  possible.    The  remainder  will  be  809^    Then  we  shall  hare 

tia809°=8in.(180''-809**)=ain.-129°=-sial29'*=:-sin.(180''-^99°)a:-sinJH* 
(T)  Their  mutual  relations*    Radius  being  unity, 


cot,  a    S5S-; =. 

sin.  a° 
o            1 

COS.  a 
1 

COS.  a 

sm.  a 

tan.  a**  Xcot  a*  =  1.  (sia  «*)•  +  (coa  «**)•  =s  !.♦ 

1  +  (tan.  a**)*  =  (sec  a**)«.         1  +  (cot  a*)"  as  (cosec  a*)« 

Hence,  any  one  of  the  trigonometrical  lines  being  given,  the  rest  can  be  found 
from  some  of  these  equations. 

(8)  Two  arcs*    Let  a  and  h  represent  any  two  arcs,  a  being  ihe  greater 
Then  the  following  formulas  apply : 

sin.  (a -f  6)  =  sin.  a,  coa  h  +  cos.  a .  sin.  5. 
sin.  (a  —  6)  ^  Ein.  a .  cos.  h  —  cos.  a .  sin.  6. 
co6.(a+  6)  =  COS.  a.  coa  6  —  sin.  a .  sin.  & 
COS.  (a  —  6)  =  coa  a .  coa.  6  ^  ^  « •  un*  &•  .^0^^^"' 

*.    t      t    i\         <»*•  <•  •  cot-  ft  —  1  \w 

cot  (a  +  ft)  = r-T-: w  ^v        ^* 

cot  6  -f  cot  a  ^^^^^  CtW^>tri^ 

.   ,       ■  .       cot  a,  cot  ft  +  l 

cot  (a  -  ft)  ss —-- -2—. 

.    cot  b  —  cot  a 

•  nesqiuae,  Ao,  of  the  rine,  dec,  of  an  are,  is  often  axpresMd  bj  pladnf  the  exponent  betwwa 
Ihe  abbreviation  of  tbe  name  of  the  trigonometrical  line  and  the  nnmber  of  the  dogroes  In  the  are 
%aa,  iln.*  oo,  taa.'  ao,  &&    But  the  notation  giren  above,  places  the  index  as  naed  b7  Oania 
letambre,  Aibogaat,  Jbc,  thoagh  the  flrat  two  omit  the  parenthi 
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ain.  a .  sia  6  =  i .  cob.  (a  —  i)  —  i  cos.  (a  +  &)• 

coft.a .  COS. 6  ^ -^ .  coa  (a  +  6) 4~  i  oo*^  (a  ~*  &)• 

BID.  a .  C0&  6  ^  ^ .  sin.  (a  +  6)  -f  i  md.  (a  ^  6). 

008.  a .  sin.  6  =  ^ .  sin.  (a  -|-  6)  —  i  aio.  (a  —  6). 

sio.  a  -l-sin.  6  =  2  sia  •}  (a  +  6)  cos.  |(a  —  6^ 

COS.  a  +  COS.  6  =  2  cos.  |  (a  +  6)  oos.  ^(a  —  b), 

sin.  a  —  sia  6  =  2  sia  ^  (a  —  6)  cos.  4  (a  -^  6)i 

COS.  b  —  cos.  a  =s  2  sia  \  (a  —  6)  sia  ^  (a  4-  ^X 

A  I  *      I       sia  (a  +  6) 

ta]i.«  +  taD.  0  = ^^ — - — r. 

cos.  a .  coflb  6 

,       sia  (a  •—  b) 

tan.  a  —  tan.  6  =s ^ i. 

cos.  a .  cos.  o 

...       .  sia  (a  +  6) 

cot  6  +  cot  a  =-: — ^—4 — r« 

SIO.  a .  sia  b 

.  ,  sia  (a  —  6) 

cot  6  —  cot  a  Si-. : — 7. 

sia  a .  sin.  0 

(9)  Double  and  half  arcs.    Letting  a  represent  aoj  arc^  as  bsftia 
we  hays  the  following  formulas : 

sia  2  a  ^  2  sin.  a .  cos.  a. 

cos.  2  a  =  (cos.  a)"  —  (sin.  o)"  =  2  (cos.  a)"  —  1  =  1  —  2  (sia  «)P. 

2  taa  a  2  cot  a  2 


taa2  a=: 


1  —  (taa  af      (cot  o)* — 1      cot  a  —  taa  a 


(cot  a)*  -  1       ,  ,    ^ 

cot  2  o  =  — =  I  (cot  a  —  laa  a\ 

2  COL  a  "  ^  '^ 

sia  ia  =  ^/[i(l-cos  a)]. 

COS.  ias=v^[i(l+  cos.  a)  ]. 

sin.  a         1  —  cos.  a        .  /I  —  cosi  «\ 

taa^ass:--} =s — : =  ^  (-— j J. 

1  4-  COS.  a         sia  a  \1  +  cos.  a/ 

1  +  COS.  a         sia  a  ,  /I  +  cos.  fl\ 

cot  4  ass— ^: =- s=^  f-J 1. 

sin.  a  1  —  cos.  a  \I  —  cos.  a/ 

(10)  TrliTOno metrical  Tables.  In  the  usual  tables  of  the  natnrsl 
Trigonometrical  lines,  the  degrees  from  0°  to  45^  are  found  at  the  top  of  the  table, 
and  those  from  46**  to  90^  at  the  bottom ;  the  latter  being  complements  of  the 
former.  Consequently,  the  columns  which  have  Sine  and  Tangent  at  top  hare 
Cosine  and  Cotangent  at  bottom,  since  the  cosine  or  cotangent  of  iiJiy  aio  \s  tbe 
same  thing  as  the  sine  or  tangent  of  its  complement  The  minutes  to  l>e  adde<l 
to  the  degrees  are  found  in  the  left-hand  column,  when  the  number  of  d^rees  at 
the  top  of  Uie  page  are.  used,  and  in  the  right-liand  column  for  the  degrees  when 
at  the  bottom  of  the  page.  The  lines  for  arcs  intermediate  between  those  in  the 
tables  are  found  by  proportion.  The  lines  are  calculated  for  a  radius  equal  unity. 
Hence,  the  Talues  of  the  sines  and  cosines  are  decimal  fractions,  though  the  point 
is  usually  omitted.  So  too  are  the  tangents  from  0°  to  45*',  and  the  cotangenti 
from  00^  to  46^.    Beyond  those  points  they  are*  integers  and  decimals. 

The  calculations,  like  all  otiiers  inyolving  large  numbers^  are  shortened  by  tbe 
nse  of  logarithms,  which  substitute  addition  and  subtraction  for  multiplication  and 
division;  but  the  young  student  should  sToid  the  frequent  error  of  regarding  logs 
rithms  as  a  necessary  part  of  trigonometry. 
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SOUjnON  OF  TRIANGLES. 


(11)  Blfflit^aMvled   TriaMffles.    Let 

ABO  be  any  right-angled  triangle.  Denote  the 
aides  opposite  the  angles  bj  the  corresponding  small 
lettera  Then  anj  one  side  and  one  acute  angle,  or 
anj  two  sides  being  given,  the  other  parts  can  be  ob- 
tained by  one  of  the  following  equations :  ^ 


Vi§.40L 


^6 

c,  A 


Bsqoirad. 


e,  A,  B 

*.  A,B 

6,  e,    B 

a,  c,    B 


FonniiUMb 


e^ 


<•(«•  +  *•);  tan.  A=:?;  cotB=xi. 

0  0 

6=:^(««— a«);  sin.  A  =  -;  cos.B  =  -. 

C  0 

6  =  a.oot  A;  c=:--l-;  B  =  90*  — A. 

SUL  A 

asft.taaA;  c  = -;  B=:90*  — A- 

C0S.A 

asstf.sia  A;  6  =  ccos.A;  Ba90^_A 


(Id)  Obliqve-uivled  Trian- 
yles*  Let  ABC  be  any  oblique-angled 
triangle,  the  angles  and  sides  being  noted 
as  in  the  figure.  Then  any  three  of  its  six 
parts  being  given,  and  one  of  them  being  a 
side,  the  other  parts  can  be  obtained  by  one 
of  the  following  methods,  which  are  found- 
ed on  these  three  theorems. 

Tbsobsx  L— /n  every  plane  triangle,  the  rinee  of  the  angUe  are  to  each  other  as 
th€  opposite  eidee, 

Theorkm  a— /n  every  plane  triangle,  the  turn  of  iwo  Hdee  U  to  their  difference 
OS  the  tangent  of  half  the  turn  of  the  angUe  oppoeiie  thoee  eidee  u  to  the  tangent  of 
k4af  their  difftrenee.  ^^       ^ 

TmAXM  III— /n  every  plane  triangle,  the  cotine  of  any  angU  u  equal  to  afraie^ 
iw^^ifkoeemoneratorietheeimo/theequareeoftheeideeatSaeent  to  the  angle,  v^ 
DOS  the  equare  of  the  tide  oppoeUe  to  the  angle,  and  vhoee  denmninaior  U  twice  the 
product  of  the  eidee  adjacent  to  the  angle. 

All  the  cases  for  solution  which  can  occur,  may  be  reduced  to  four. 

Case  l.-^Given  a  eide  and  two  angles.  The  third  angle  is  obtained  by  subtract 
log  the  sum  of  the  two  given  angles  from  ISO'^i  Then  either  unknown  side  can  be 
•btained  by  Theorem  L 

Oaffing  the  given  side  1^  we  have6  =  «. !!?1^;  andcs«55lO. 

sukA'  8m«A 

25 


£86  TRIfiONOHETRT.  [app.  a. 

Cass  Ir^Oivem  two  9ide$  mnd  an  amgU  oppimU  emu  tf  them.  The  angle  oppo- 
■He  the  other  giren  aide  is  foond  bj  Theorem  L  Hie  third  angle  is  obtained  by 
sabtracting  the  sum  of  the  other  two  finom  180^  The  remaining  aide  is  then  ob- 
tained by  Theorem  L 

Calling  the  giren  aides  a  and  6,  and  the  giren  angle  A,  we  hare  un.  Basain.  A.- 

Since  an  angle  and  ita  supplement  hare  the  aame  aine,  the  result  ia  ambignooa ; 
lor  the  angle  B  maj  hare  either  of  the  two  aupplementary  raluea  indicated  bj 
the  ame»  if  6  >  «»  and  A  ia  an  acate  angle. 

C=:180»— (A  +  Bi  «=:tin.C-7^. 

^  ^  am.A 

Cabk  8.— (Tiven  two  9idt9  and  their  included  angle.  Applying  Theorem  IL  (ob- 
taining the  aum  of  the  anglea  oppoaite  the  giren  aides  by  sabtracting  the  giyen 
indaded  angle  from  180"),  we  obtain  the  difference  of  the  unknown  angles.  Add- 
ing this  to  their  sum  we  obtain  the  greater  angle,  and  subtracting  it  from  their 
sum  we  get  the  lesai    Then  Theorem  L  will  give  the  remaining  side. 

Calling  the  given  sides  a  and  6,  and  the  indnded  angle  Q  we  hava 
A-f  Bs=180"  — C.    Then 

tan.  i  (A-B)  =  tan.  1  (A  + B).  J=^. 

4(A  +  B)i.i(A-B)=:A.       i(A+B)-l(A-B)  =  R       ^'^^fe^- 

In  the  first  equation  cot  \  C  may  be  used  in  the  place  of  tan.  f  ( A  ^  B)b 

Cask  4.— (Ttvm  the  three  tidee.  Let  $  represent  half  the  sum  of  the  three  sides 
a^Ha  +  b  +  e),  Then  any  angle,  as  A,  may  be  obtained  from  either  of  the  fol- 
lowing formula^  founded  on  Theorem  IIL : 

*  JA  V[!l=fifi=i)]. 

.in.  A=  g^  [*(*-«)  (*-*)(«-«)] 

be 

"'^^ 267—- 

The  first  formula  should  be  used  when  A  <  90^  and  the  second  when  A  >  90^. 
The  third  should  not  be  used  when  A  is  nearly  180* ;  nor  the  fourth  whoi  A  is 
nearly  90*;  northefifth  when  AlsrerysmaU.  The  third  is  the  moat  eouTenieal 
when  all  the  angles  are  required. 
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SEHOVSTBATIOVS  OF  PBOBLEHB,  SIC. 

IfiiiT  of  the  proUenu,  Ac,  containAd  in  the  preeeding  pages,  require  Demonstra 
liona.  Tliefle  will  be  giren  here,  and  will  be  designated  by  the  same  nnmbers  ai 
those  of  the  Articles  to  which  the  j  refer. 

As  many  of  these  Demonstratioiis  inrolTO  the  beautiful  Theory  of  IVaDSTersal^ 
ite^  which  has  not  yet  found  its  way  into  our  Geometries^  a  eondensed  summary 
of  its  principal  Theorems  will  first  be  giren. 

TRANSVERSALS. 

Thboexx  I — If  a  ttraigkt  line  he  drawn  eoaetocui  any  two  eidee  of  a  triangle^ 
and  the  third  tide  prohnged,  thu$  dividing  them  into  $ix  parte  (the  prolonged  tide 
emd  He  prohngation  being  two  of  the  parte),  then  wiH  the  product  of  any  three  of 
thote  parte,  whoee  extremitiee  are  not  eontiguouefeqtial  the  product  of  the  other  three 
parte. 

That  ifl^  in  Fig.  408,  ABO  being  the  triangle^  and 
DF  the  Transrerial,  BEXADxCF=^EAXDOxBF. 

To  proye  this,  from  B  draw  BG,  parallel  to  C A 
From  the  similar  triangles  BEG  and  AED,  we  hare 
BG : BE ::  AD :  AB.  From  the  similar  triangles 
BFG  and  OFD,  we  hare  CD  :  OF  : :  BG  :  BF. 
Multiplying  these  proportions  together,  we  have 
BGXOD :  BEXOF : :  ADXBG :  AEXBF.  Multi- 
plying extremes  and  meani^  and  suppressing  the  common  (actor  BG,  we  have 
BExADXOFssEAXDOxBF. 

These  six  parts  are  sometimes  said  to  be  in  involution, 

IS  the  IVansrersal  passes  entirely  out- 
aide  of  the  triangle,  and  cuts  the  jnrolonga- 
tions  of  all  three  sides^  as  in  Fig;  404,  the 
theorem  stiU  holds  good.  The  same  dem- 
onstration applies  without  any  change.* 

Traoanc  H— Oonrersely :  If  three  pointe 
be  taken  on  two  eldee  of  a  triangle,  andon 
the  third  eide  prolonged,  or  on  the  prohn- 
fotione  of  the  three  eidee,  dividing  them 
ieUo  ei»  parte,  euch  that  the  product  of 
three  ncn-coneeentive  parte  equate  the  prod- 
met  of  the  other  three  parte;  then  will  theee  three  poinU  lie  in  the  eame  ttraight  /iik% 

ThisTliecrem  is  proTed  by  a  Heduetio  ad  abeurdum, 

•  This  ThMnm  msf  be  estendsd  to  polrfoos. 
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TEm(mxiinL^Iffnmtke$mmnU9ofairtansfU,line»  rif.40t. 

b$  drtnm,  to  a  p4nni  Hhiatsd  tUktr  itiikin  or  withomi  the 
trumglt,  amd  jproUmgtd  to  moot  the  ndn  oftkeirumgU^ 
or  thnr  jnvlongaiiomi,  ikui  diMtdimg  thtm  into  nx  parU; 
thon  will  tho  pfoAnBi  ofomyikroo  non-eonaeeutivo  portf  b$ 
ffgiM/  to  th0  protbiet  of  the  othtr  throe  parti. 

That  ia»  in  Fig.  406,  or  Fig.40e, 

AE  X  BF  X  CDssEB  X  FC  X  DA. 

For,  tho  triangU  ABF  beiiig  cot  bj 
tho  tnnorerttd  EQ  giTOt  iba  roktion 
(ThooromlX 

AE  X  BC  X  FPssEB  X  FC  X  PA. 

The  truugle  ACF,  bemg  eat  bj  the 
tramreml  DB,  giTea 

DGXFBxPAssADxCBXFP.        / 

Mnltipl jing  tbeio  eqoatiooa  together,     ^ 
and   auppreeting  the   oommon   hdUfn 
PA,  GB,  and  FP,  we  bare  AE  X  BF  X  CDsEB  X  FO  X  DA. 

THiORiif  ly.^Oonvenel J :  Jf  throo  pointi  art  Htuatod  on  the  three  aidee  ofatn- 
ongUy  or  on  their  prohnffotione  {either  one,  or  three,  of  theaepointa  being  on  the  aidea), 
ao  that  theg  dioide  theae  linea  in  aueh  a  wag  that  theprodnei  o/ang  throe  non^-eon 
aeeutive  porta  eguala  the  product  of  the  other  three  parte,  then  will  linea  draamfrom 
theaepointa  to  the  oppoaite  anglea  meet  in  the  aame point, 

Tbia  Tbeorem  can  be  demonttrated  b  j  a  JUdnetio  ad  abamrdmn. 
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Ooa.  V^The  MEDIANS  of  a  triangle  (L  e^  the  linea  drawn  from  ito  aammita  te 
the  middles  of  the  oppoaite  aides)  meet  in  the  aame point 

For,  snpposii^  in  Fig.  400,  the  points  D,  E,  and  F  to  be  the  middles  of  the  aides, 
the  prodncta  of  the  non-oonaeontive  parts  will  be  eqnal,  le^AExBFXCDss 
DAXEBXFO;  abceAEssEB^  BF=FO,  GDsDA.    Then  Theorem  IV.appUea 

Coa.  2.— 7%«  BISSECTRIOES  of  a  triangle  (I  e.,  the  linea  bisecUog  ito  angles) 
meet  in  the  aamepoinL 

For,  in  Fig.  405,  anpposiDg  the  lines  AF,  BD,  CE  to  be  Biaseetrioe^  we  have 
(Legendre  IT.  17) : 


BF :  FO : :  AB :  AO, 
CD: DA::  BO:  BA, 
AE:EB::CA:OB^ 


rBFXACi 

whence^  CD XBA; 

(AEXCB 


FOX  AB, 
DAXBO, 
:EBXCA. 


Xnltipljing  these  equations  together,  and  omitting  the  common  lactone  w«  ha^ 
BFXCDX  AEsrFOXDAxEB    Then  Theorem  lY.  applieiL 
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Gob.  8.— 7%«  ALTITUDES  of  a  irUmgU  (L  •.,  the  linjs  arawn  from  its  snmmiti 
perpeDdicalar  to  the  oppoaite  aidee)  msei  in  the  9wm$  p&inL 

For,  in  Fig.  405,  auppoaiog  the  lines  AF,  BD,  and  OE,  to  be  Altitudes,  we  haye 
three  pairs  of  similar  triangles,  BOD  «nd  FC A,  GAB  and  DAB,  ABF  and  EBQ  by 
eomparing  which  we  obtain  relations  from  whidi  it  is  easy  to  dednoe  BFXGDx  AE 
sEBxFOxDA ;  and  then  Theorem  lY.  again  applies. 

Gob.  4.— ijT,  in  Fig.  406,  or  Fig,  406,  the  point  F  b$  taken  in  the  middle  o/BC, 
then  will  the  line  ED  beparalM  to  BO, 

For,  since  BF  ssFO,  the  equation  of  Theorem  UL  reduces  to  AEXGDasEBXDA ; 
ffbenee  AE :  EB  ::  AD :  DO*  eonseqnentlj  ED  is  parallel  to  BO. 

Gob.  S^-GonTorMlj :  ^ET  he  parallel  to  BO,  then  is  BF=sFa 

For,since  AE :  EB ::  AD :  DO,  we  have  AB  xDO=sEB  X  AD;  whence, in  the 
jquation  of  Theorem  IIL,  we  must  hare  BF  =  FO. 

Gob.  6»^From  the  preceding  Oorollarj,  we  derive  the  following : 

Jf  tieo  eides  of  a  triangle  are  divided  proporticnaUy^ 
tiarting  from  the  aame  eummii,  a»  A,  and  linee  are  drawn 
from  the  extremitiee  of  the  third  eide  to  thepoinU  o/divi' 
eion,  the  intereeetume  of  the  oorreeponding  linee  will  all  lie 
in  the  eame  ttraighi  line  Joining  the  ewnmit  A,  and  the 
middle  of  the  haee. 

Gob.  V.^A  particular  case  of  the  preceding  eorollarj 
is  this: 

In  ang  trapeeoid,  the  elraight  line  which  Joine  the  inter- 
•Ktton  of  the  diagonale  and  the  point  of  meeting  of  the  nonparaUel  eidee  produced, 
paeeee  through  the  middle  of  the  two  parallel  baeee. 

Gob.  8. — j[t  the  three  linee  drawn  through  the  eorreepontUng  emnmite  of  two  trian- 
glee  cut  eaeh  other  in  the  eame  point,  then  the  three  poimte  in  which  the  corretpon£ng 
eidee,  produced  if  neceeearg,  wiU  meet,  are  eituated  in  the  aame  etraight  line, 

Thb  eorollarj  maj  be  otherwise  enunciated,  thus : 

y  two  trianglee  haee  their  emnmite  eituated,  two  and  two,  on  three  Ztnet  which 
meet  in  the  eame  point,  then,  <£«. 

Hus  is  proved  by  obtaining  by  Theorem  L  three  equationi^  whid^  being  multi* 
plied  together,  and  the  six  common  factors  cancelled,  give  an  equation  to  which 
Theorem  IL  applies. 

TVianglea  thus  situated  are  called  homologie  ;  the  common  point  of  meeting  d 
the  lines  passing  through  their  summits  is  called  the  centre  ofhamoUgg;  and  the 
hne  on  whicfa  the  udes  meet^  the  axie  of  homology. 
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HARMONIC  DIVISION. 

Dsrarixiom. — A  itnight  lin^^  AB^  U  taid  to  Pl^Ma 

be  karmomcallp  dmtkd  at  the  points  0  and  D,  I  ■  | h 

when  theie  points  determine  two  additire  seg-  ^  OB 

ments^  AO,  BO,  and  two  snbtnustiTe  segment^  AD,  BD,  proportional  to  one  an- 
otlier ;  so  that  AO :  BO  : .  AD :  BD.  It  will  be  seen  that  AO  most  be  more  than 
BGL  sinoe  AD  is  more  than  BD.* 

This  relation  may  be  otherwise  expressed,  thus:  the  product  of  the  whole  line 
bj  the  middle  part  equals  the  prodnot  of  the  extreme  partai 

ReoiprocftUy,  the  line  DO  is  hannoniosUj  diTided  at  the  pdnts  B  and  A ;  sinoe 
the  preoeding  proportion  maj  be  written  DB :  OB : :  DA :  0  A 

The  four  pointi^  A,  B;  Q  D,  are  called  Aarmoniea  The  points  0  and  D  are  csHed 
harmonic  eonjugoJUc.    So  are  the  points  A  and  B. 

When  a  straight  line,  as  AB^  b  dirided  harmonicsllj,  its  half  is  a  mean  propor- 
tional between  the  distance  from  the  middle  of  the  line  to  the  two  points^  0  and  D, 
which  divide  it  harmonically. 

H  from  any  pointy  O,  lines  be  drawn  so  as  to  ^*  ^M. 

diride  a  line  harmonically,  these  lines  are  called 
an  hatmmne  pmnL  The  foor  lines  which  com- 
pose it,  OA,  00,  OB,  OD,  hi  the  fkgot%  are 
called  its  radU,  and  the  pairs  which  pass  throqgfa 

the  conjugate  points  are  called  cot^vffote  rmUu 

▲  OB 

Tbbouem  Y. — In  any  karm&nie  pencil,  a  lint  draum  paralM  to  any  one  qf  tk§ 
radii,  w  divided  by  the  three  other  radii  into  two  equal  parte* 

Let  £F  be  the  line,  drawn  parallel  to  Fig.  410. 

OA  Through  B  draw  OH,  alio  parallel 
to  OA    We  hare^ 

OB:  OA::BD:  AD;  and 
BH:OA::B0:  Aa 

But,  by  hypothesis,  AO :  BO : :  AD  :  BD. 
Hence^  the  first  two  proportions  reduce  to 
GB  s  BH ;  and  consequently,  £K  =s  KF. 

The  Reeiproeal  is  also  true ;  L  e., 

Iffomr  linee  radiating  fi-om  a  point  are  eueh  that  a  line  drawn  parallel  to  erne  ef 
them  ie  divided  into  two  eqttal  parte  hy  the  other  three,  the  four  linee  form  an  he^ 
momepeneiL 

*  Him  rnunben,  m,  i^  j)|  smaged  ia  deoreMing  ord«r  of  sisai  fbnn  tn  harmemie  ptepertlte^ 
wh«n  the  differanee  of  the  flnt  sad  the  leoond  If  to  the  dlflbrenoe  of  the  Moood  and  Om  tMid>  M 
Iho  lint  If  to  tfao  ttdid.  BadhsMtho  nnmb«n«»4,sndS;  ore,8,a]idl;  orlfi,ll;«id20;te 
Bo,  In  Fig.  408,  an  tho  Unot  AD,  AB,  and  AO,  which  thus  giro  BD:OB:: AD: AC;« 
AO :  OB : :  AD :  BD.  Tho  Mriot  of  Ihwtloiia.  |,  i,  j ,  },  |,  '^  <s  <»0«d  la  karmeaie  pregrw- 
Hon,  bocsnso  any  eoDMontlTd  thiM  of  its  tarms  Ibnn  aa  harmowte  proporHon, 
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Tbxoism  Yl.— 'If  any  iranmter$al  to  an  harmoniepencil  be  drawn,  it  Mil  be  i 
^ammniialfy. 

Lei  LM  be  the  tnmfyemL  llmmgh  K,  where  LM  inteneeto  OB,  draw  EF 
partllel  to  OA.  It  if  biMeted  at  K  bj  the  preceding  theoreiii  \  and  the  similar 
triaiyle^  YMK  and  LMO,  EEN  and  LNO,  giro  the  proportaons 

LM :  KM : :  OL :  FK,  and  LN :  NE : :  OL :  £K ;  whence, 
since  FK  siEE,  we  hare  LN :  NK : :  LM :  EM. 

CoaoLLABT.— 2r^  hoo  iidno/any  angle,  together  with  the  biuectrieee  of  the  angk 
andofiti  9tippUm«iU,form  an  harmonic  pencil, 

TmBoanf  YlL-^If,  from  ike  twnmite  of  any 
triangle,  ABC^  through  any  point,  P,  there  be 
drawn  the  tranwereale  AD,  BE^  OF,  and  the  trane- 
vereal  ED  be  drawn  to  meet  AB  prolonged,  in  T, 
the  pointe  V  and  T  will  divide  the-  bate  AB  har- 
momeally. 

This  may  be  otherwise  expressed,  thus : 

The  line,  OP,  which  joine  the  intereection  of  the  diagonaU  ofan^  quadrilateral, 
ABD^  with  the  point  of  meeting,  0,  of  two  oppoeite  eidee  prolonged,  cute  the  ride 
AB  in  a  point  F,  which  ie  the  harmonic  conjugate  of  the  point  of  meeting,  F,  of 
the  other  two  eidee,  ED  and  AB,  prolonged. 

For,  by  Theorem  L,  AF  X  BD  X  CE  =  FB  X  DO  XEA;  and 
by  Theorem  m,  AF  X  BD  X  OE  =  FB  X  DO  X  EA; 
whence  AF :  FB : :  AF' :  FB. 


THE  COMPLETE  QUADRILATERAL. 

A  Omnplete  Quadrilateral  is  formed  by  Fig.  411 

drawing  any  foor  straight  lines,  so  that  each 
of  them  shall  cut  each  of  the  other  three,  so 
as  to  giTe  six  different  points  of  intersection. 
It  is  BO  called  because  in  the  figure  thus 
formed  are  found  three  quadrilaterals ;  vii., 
m  Fig.  412,  ABCD,  a  common  convex  quadri- 
lateral ;  EAFO,  a  uni-concave  quadriUteral ; 
and  EBAFD,  a  bi-concave  quadrilateral,  com- 
posed of  two  opposite  triangles. 

Ihe  complete  quadrilateral,  AEBODF,  has 
ihree  diagonals;  via.,  two  interior,  AO,  BD; 
and  one  exterior,  EF. 

Tflionnc  YIlL-^In  every  oomflrb  QUAnaiLATxaAZ.  the  middle  pointe  of  it$  thrte 
'Sagonah  lie  in  the  eame  etraight  line, 

AEBODF  is  the  quadrilateral,  and  LBIN  the  middle  pointo  of  ito  three  diago. 
■aU    F^om  A  and  D  draw  parallels  to  BO,  and  from  B  and  0  draw  parallels  t» 
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AD.  Hu  ttiuigla  EDO  beit^  out  bj  the'  tnuuTerwl  BF,  «■  haya  Cnteorwi  1% 
DF  X  CB  X  KA  =  CF  X  EB  X  DA.  From  the  eqiuUty  of  pcnlleb  betuMa 
ptf*lfel%  we  b>T«  OB=E'B',  BA  =  CA',  £B  =  DB',  DA.  =  WA:  H«m«,  tU 
aOOTS  aqution  b«oomM  DF  X  E'B'  X  CA'  =  CF  X  DB'  X  E'A' ;  tlMretbr^  by 
llMareiD  II,  the  pointy  F,  B',  A',  lie  in  tha  ume  rtraight  Una.  Nor,  uom  Um 
diegooali  of  the  panJUhigrani  ECA'A  biMct  eaeholh«r  at  IT,  and  tboeeof  thepv- 
■Helognm  EB&D  stH  *•  )»*"  ^^  '■  ^^' : :  ^U :  >IB'.  Then  MK  i*  panllel  lo 
FA';  uidwehkM  BN :  NA' : :  EL :  LF,  or  EL sc LF,  w  that  L  ii  Uie  middU  oT 
EF,  ukd  the  MUM  itnigfat  line  puM*  through  L,  M,  umI  IT. 

TnouH  IX, — In  fry  eampUtt  ^ntirilattral  vmA  of  On  Arm  dimgommU  i» 
SwUU  lumumitaUg  &y  1A«  twe  oAtrt. 

0SBAD7  i«  tb«  complete  qoadrilatertl.  n^ca. 

His  diagonal  EF  i*  diTlded  harmoniaaUj  at 
O  and  H  bj  DB  and  AO  prodooed ;  linoe 
AB,  D^  and  FB  are  three  tranareTMli 
drawn  from  the  •ammita  of  the  triangle 
AEF  Ibrongh  tha  aame  pobt  C ;  and  there- 
Ibra,  hy  Theorem  TIL,  DBQ  and  AOH  di- 
Ttde  EF  harmonieallj. 

So  tos  in  the  triangle  ABD,  OB,  CA,  CD, " 
are  (be  three  tnuHrerMUe  peMing  throogh  0 ;  and  O  and  K  tberi(<H!«  difide  the 
di^onal  BD  barmoiueaUj. 

So  toot  in  tha  triangle,  ABO;  DA,  DB,  DO  are  the  tranararuli,  and  HandK 
the  poiDte  whidt  divble  the  diagonal  AO  harmonioallj. 

Taxnu  JL~I/fi-<m  a  f^int.  A,  ang  lum-  "«■  "*■ 

t*r  cf  liim  b*  draim,  mti»g  A*  mib*  of  m 
rnugU  FOQ,  tki  inUrteetion*  of  the  (Sagmoit 
afUu  qtnadriiattraU  Iha*  formed  itilt  oB  lit 
i»  1A«  MBU  ilnuglU  lint  pa*lt»f  tkrtnigh  Iht 
mmmiti>/tk9»^ 

By  the  preceding  TliaaTem,  tha  diagonal 
BO'  otths  complete  qnadrilateTal,BAB'0'CO, 

ia  dirided  hannonicallj  at  D  and  K  Hence,  OA,  OP,  OD,  and  OQ,  form  an  bai> 
■nonio  pencil  So  do  OA,  OP,  CD',  and  OQ.  nierefarg,  the  lioaa  OD,  Oiy  eofai- 
<ide.    So  for  the  other  bterMCtiuM. 

If  the  point  A  more*  on  OA,  the  line  OD  ■•  not  diiplaced.  Jl,  on  the  coatmry, 
OA  ia  diaplaoed,  OD  tnriM  aronnd  the  point  O.  Henee^  the  point  A  ia  aaid  to  be  a 
pet*  with  respect  to  the  line  01^  which  ii  itaelf  called  tha  polar  of  the  point  A. 
Similarly,  D  ia  a  pc^  of  OA,  whidi  k  tha  polar  of  D.  OD  it  likewiee  the  polar  at 
aoj  other  punt  on  the  line  OA;  and  Ihia  property  ii  naoeaaaiilj  redprocal  for  the 
two  eoDjngate  radii  OA,  OD,  with  reapeat  to  the  tinec  OP,  (Xi  which  «n  alao 
eajngate  radii  Heooa ;  In  erery  harmonio  panail,  eaeh  of  Hia  ndil  ie  a  ptUr 
irith  reepeet  to  eadi  point  e^lta  ocojngate;  and  eaab  point  of  thia  latter  Ii«e  ia  a 
feb  with  raapact  t«  tbi  bnsei. 
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PART  n. ;  CHAPTER  V. 

(140)|  (141)  Hie  equalifty  of  the  triangles  formed  in  iheae  metliode  praret 
correctneML 


(148)f  (144)  Theee  methode  depend  on  the  principle  of  the  square  of  the 
hypothennse. 

(149)  OAD  is  an  angle  Ikiscribed  in  a  semioircle. 

(14^  Let  fall  a  perpendicQlar  trom  B  to  AC,  meeting  it  at  a  point  E,  not 
marked  in  Fig.  91.    Then  (Legendre,  lY.  12), 

AB*  =  A0»  +  B0»^2A0.0E;  whence  CK  =  ^^  "^^^"^  ^^. 

When  AC  sAB;  this  becomes  ^^^rTrf  The  similar  trianglesi  BCE  and  DOA, 
gireSO    GB::  AO:  CD;  whence 

^^ OB ^^^^^~2A0 BO- 

(14T)  Mark  a  pointy  G,  in  the  middle  of  DF,  and  join  GA  The  triangle  AQD 
wiU  then  be  i6osceles»  since  it  is  eqnal  to  the  isosceles  triangle  ABO,  having  two  sides 
and  the  melnded  angle  equal  Then  AO  s  GD  =:  AB  s  OF.  The  triai^le  AGF  is 
ihoialsoisoscelea  Kow  the  angle  FAG  s  i  AGD ;  aodGADs^FGA  Therefore 

FAG  +  GADs=sFAD  =  i(AGD  +  FGA)  si(180^)s=90^ 

(149)  See  Fart  Vn.,  Art  (408). 

(150)  The  proof  follows  from  the- eqnal  triangles  formed. 

(Ml)  The  proof  is  found  in  the  first  half  of  the  proof  of  Art  (146). 
(IM)  AOP  is  an  angle  inscribed  in  a  lemidarde. 

(154)  Draw  from  0  a  perpendioolar  to  the  given  line,  meeting  it  at  a  point  R 

AO" 
As  in  the  proof  of  Art  (146^  changing  the  letters  suitablj,  we  have  AEa:         . 

rhe  simihur  triangles  AEO  and  ADP  give 

.«     *«      A«    *«      AP       ^„      AP_AO«      APXAO 
A0:AE::AP:AD  =  -XAE=.-Xj^=:^^jg-. 

(IM)  Similar  triangles  prove  this. 

(156)  The  equal  triangles  which  are  formed  give  BPsGF.  Hence  FP  k 
wallel  to  BQ  and  consequently  perpendicular  to  the  given  line  DG. 

(15T)  The  proof  of  this  is  found  in  the  <'  Theory  of  Transversali^''  eorellary  a. 

(158)  The  proof  of  this  is  the  lame  as  the  last 

(161)  The  lines  are  parallel  because  of  the  equal  angles  formed. 

»  AddMoBsl  Maes  to  the  IJgniss  In  the  tSKt  will  swnsMmss  be  tinphycd.  The  ttodtat  ■hoold 
iwir  them  OB  Um  flgufM^  M  dlreottdi 
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(169)  The  equal  tnangles  giTe  equal  angles  and  therefore  paraUda. 

(163)  ABU  parallel  to  PF.ainee  it  eato  the  odea  of  the  triangle  proportieoall/. 

(164)  The  proof  b  found  in  corollaiy  4  of  <*  TVanarenala.* 

(166)  From  the  limikr  trianglee,  CAD  and  CEP,  we  hare  CE :  CD : :  CP :  GA. 
From  the  aimilar  trianglei,  GEF  and  CBD,  we  hare  CE :  CD : :  CF :  CBw  ThflM 
two  proportiona  gire  the  following;  CP :  CA : :  CF :  CB.  Therefore  PF  is  par- 
allel to  AB. 


(166)DrawPK  Theiimnar triangleePCBandACDgirePEtCE:: AD:CD. 
The  aEmOar  triaoglea  CEF  and  CDB  giro  EF :  CE : :  DB :  CD.  These  proportiooa 
prodnoe  PE :  EF : :  AD :  DB.  Hence  PEF  it  aimilar  to  ADB»  and  PF  is  parallel 
toABL 

(1T3)  The  equality  of  the  symmetrical  triangles  which  are  fonned,  proves  this 
method.  * 

(1T4)  ABP  is  a  transrersal  to  the  triangle  CDE.  Then,  bj  Theorem  I  of 
*<  TransTenalSk"  CA  X  EB  X  DP=:  AE  X  BD  X  CP;  whence  we  hare 

CP :  DP : :  CA  X  EB  :  AE  X  BD. 

By  "diyisioo,"  CP  — DP:  DP ::  CA  X  EB  — AE  X  BD :  AE  X  BD. 

DC  X  AE  X  BD 


Hence,  since  CP  — DP  =  CD,  we  obtain  DP=s 


CAXEB  — AEXBD 


The  other  formnlas  are  simplified  by  the  common  factors  obtained  bj  making 
AEsbAQ  or  BEsBD. 

(1T6)  By  Theorem  YIL  "  Harmonic  Divuton,''  in  the  quadrilateral  ABED,  the 
line  CF  outs  DE  in  a  point,  I^  which  is  the  harmonic  conjugate  of  the  point  at 
which  AB  and  DI^  prodaced,  would  meet  So  too^  in  the  quadrilateral  DEHI^ 
this  same  lina^  CO,  produced,  cuts  DE  in  a  point,  L^  which  is  the  harmonio  conju- 
gate of  the  point  at  which  DE  and  KH,  produced,  would  meet  Consequently, 
AB;  DE^  and  KH  must  meet  in  the  same  point  Otherwim;  this  problem  may  be 
regarded  as  the  converse  of  Theorem  X  of  **  TransversalB^"  BCA  being  the  angle, 
and  P  the  point  from  which  the  radiating  lines  are  drawn. 

(1T6)  EGCFDH  is  the  '*  Complete  QnadrilateraL"  Ito  three  diagonals  ara  F^ 
DC,  and  HO;  and  their  middle  pointa  A,  B,  and  P  lie  in  the  same  straight  line,  by 
our  Theorem  YIIL 

(18d)  This  instrument  depends  on  the  optical  principle  of  the  equality  of  tha 
angles  of  incidence  and  reflection. 

(184)  The  first  method  giTcn,  Fig.  180,  is  another  application  of  the  Theory  of 
Transrersals.  The  second  method  in  the  article  is  proved  by  supposing  the  figure 
to  be  constructed,  in  which  esse  we  should  have  a  triangle  QZR^  whose  base,  QR» 
and  a  parallel  to  it,  BD,  wou^d  be  out  proportionally  by  the  required  line  PSZ ; 

so  that  OR :  BD : :  QP :  BS  «  55^~. 

V|*t 

(186)  By  <*TVansversali^*  Tlieorem  I«  we  obtain,  regarding  CD  as  the  trans- 
versal  of  the  triangle  ABE;  CBXAFXEDsACXFEXDB;  and  since  EDasDBw 
this  becomes  CB  X  AFssAC  X  FE;  whence  the  proportion  CB :  AC  ::  F£  :  AF. 
By  •*divitton,"  we  have  C3— AC  :  AC  ::  FE— AF  :  AF.     Obeerviaii^   thai 

OB- AC ssAB,  we  obtain  ABax^.(FE  — AT> 


APP.  B.] 


For  Fart  IL,  Chapter  ¥• 


395 


(190)  Take  CH  s  CB ;  and  from  B  let  fall  a  perpen- 
dicular,  BK,  to  AO.  Then,  in  the  triangle  CBH,  we  hare 
CLegendre  lY.  12), 


^^^Cg+Bg— BC»_  BH« 
^^""  2CH  ■"2BC' 

•ince  CHssBC. 

In  the  triangle  ABH,  ire  have  (Leg.  lY.  18) 

AB"s=:AH*+ BH*  +  a  AH.HE. 

BuhetitutiDg  for  HK,  its  ralne  from  [1],  we  get 

AB-  =  AH»  +  BH«(l  +  ^). 

Bat  AHsAG-CHssAO— BO 

...AB-  =  AH«  +  BH«(l  +  ^5ri22) 


Pi»lM,Ua 
I B 


[1] 


AH.  +  BH».^. 


[2] 


In  the  above  expression  for  AB,  BH  is  unknown.    To  find  it^  proceed  thoSi 
Take  OFsCD.    Then  DF  is  parallel  to  BH;  and  we  hare  CD :  OB ::  DF :  BH; 


whence 


BffssDF^. 


0D«' 


m 


In  this  equation  DF*  is  unknown ;  bat  bj  proceeding  as  at  the  beginning  of  this 

InTestigatioo,  we  get  an  equation  analogous  to  [2],  giving  ED*  asEF"  +  DP .  =r ; 

CD 
whence  DF*  a PE^^EF*) .  ^. 

Sttbstitnting  this  raloe  of  DF*  in  [8],  we  hare 

BH-=(DE.-EF.)g^ 

Substitnting  this  raloe  of  BH*  in  [2],  we  have 

AB^.AH'+pB'-EP) .  ^^=(AO-BO)«+[DE?-  (CE-OD/lX^^ 

(191)  Since  BCD  is  a  right  angle,  AO  is  a  mean  proportional  between  AB 
and  AD. 

(199)  Ihe  proof  foDows  from  the  similar  triangles  coostmoted. 

(193)  The  similar  triangles  give  DE :  AC  : :  DB :  AB;  whence,  by  "diTision,** 
DE— AC  :  AC  ::  DB^AB  :  AB;  whence,  since  DB  — ABsAD,  we  have 
ACXAD 


AB! 


DE-AC* 


(194)  From  the  similar  triangles,  we  have  DE  :  CA::  EB  :  AB;  whence 
BE— CA  :  CA  ::  EB— AB  :  AB;   whence,   since    EB— ABsA^  we    get 
ACXAS 


AB 


DE-Aa 


(195)  The  triangles  DEF  and  BAF,  similar  became  of  the  parallelogram  which 

^ ,  ,     .     --„    «,^      A«     A«      EDXAF      AOXAF 

^a  oonstmcted,  give  FE :  ED : :  AF  :  AB  s 


FE 


FE 


The 


ies  DEF  and  BCD  give  similarly  FE :  ED ::  DC  :  CBa:     Jl    ■. 
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(IM)  The  eqaality  of  ih»  triADgles  formed  proves  thU  problent 

(19T)  The  proof  of  thie  proUem  alio  dependi  oo  the  eqnaliij  of  Che  triao^ee 
comtructed.    The  detaile  of  the  proof  require  attenUon. 

(198)  EB  ia  (he  tranaveml  of  the  triangle  AGD.    Oonaequentlj,  CBx  AFxDE 
SABXFDXGE;  or,iiooeOBs=AB+ACb(AB+AC)XAFxDE=%ABxFDxC^* 

AOXAFXDB 


whenee  AB  ^ 


FDXOE— AFXDET 


Taking  E;  in  the  middU  of  CD,  CE  ss  DE^  and  thoee  linea  are  canoeUed.    Tk\'ing 
P  in  the  middle  of  AD,  AF=sFD,  and  thote  lines  are  caneelled. 


(190)  The  line  BE  ia  harmonically  divided  at  the  pointa  Hand  A,  from  Hie  irem 
IX,  EGFBODbeinga**  Complete  QoadrilateraL"  Conaeqoendy.AErSH::  AB:HBL 
Henoop  by  " diviiion,"  AE  — EH:AS  ::  AB— HB:  ABl    We  therefore  have^ 

•inoe  AB-HB  =  AH,  AB«g^^ 

(900)  For  the  aame  reaaonaaa  in  the  laat  artiele^  GF  ia  harmonieallj  divided  at  H 
and  D ;  and  we  have  OH:HF::  CD  :DF;  whence  CH—HF:GH::OD—DF:CD 

Henc^  ainee  CD— DFsCF,  CDas^^^. 

The  other  two  expreiaiona  come  from  writing  CF  as  CH  +  HP,  and  HF  as 
CF  — CH. 

(901)  The  equality  of  the  triangles  formed  proves  the  equality  of  the  cone- 
qponding  aides  KD  and  DB^  Ac 

(909)  The  similar  triangles  (made  so  by  the  measurement  of  CE)  give 
CD :  DE::  CA  :  AB « ^^^^"> 

(908)  The  similar  triangles  (made  so  by  the  parallel)  give  CE:EA::  CD  :AB 
_  CDXEA  _  CDX(AC— OE) 
■"      CE  Cl  ' 

(904)  The  similar  triangles  DFH  and  BCD  give  HF :  FD ::  DC :  BC  s  ^^^  ^^ 


FH 

The  similar  triangles FGH  and  ABC  give  FQ :  OH ::  BC :  ABsrBC^. 

DF  yc  CD  ^  OH 
Substituting  for  BC,  its  above  value,  we  have  AB  b  —  ^  — . 

When  CDs  C^  DF  SB  CD,  whence  the  seeood  formula. 

(908)  The  equality  of  the  symmetrical  triangUa  which  are  formed,  prorea  1h« 
equally  of  AB'  to  AB. 

(900)  The  proof  of  this  is  similar  to  the  preceding. 

(90T)  Because  the  two  triangles  ABC  and  ADE  have  a  oommca  angle  at  A, 
we  have  ADE :  ABC ::  AD  X  A£ :  AB  X  AC;  whence  the  ezpressioo  for  ABa 

(908)  From  B  let  foil  a  perpendicular  to  AC,  meeting  it  at  a  point  B'.  OaH 
this  perpendicular  BB'  ss^  Fhim  D  let  foil  a  perpendicular  to  AQ  meeting  it 
■I  a  point  D'.    Call  this  perpendicular  DD'ss^. 


[app.  b.]  For  Fart  ¥•  BM 

Ihe  qnadrilaienl  ABCD  »  AG  X  i  (/>  +  9). 
llietriuigleBCEasCEx  ip;  whenee psz-l— -J, 

The   similar  tjiaoglet  EDiy  and  BEB'  gire  p  :  q  :  :  BE  :  DE;  whenca 
M  -  a.BCExDE 
'^'^BB^     CEXBE    ' 

Theiii(p  +  ?)— C1-+  CEXBE  -^^^ClxBE-^^  ^  CEX^ 
I-.tlj,ABCD=ACxBCEX^^=BCEx^J^ 


DEMONSTRATIONS  FOR  PART  V. 

(889)  Let  B  s=  the  measczed  inclined  length,  6  ae  this  length  reduced  to  a 
horisontid  plaoe,  and  A  as  the  angle  which  the  measured  base  makes  with 
the  horiaott.  Then  6  ss  B  .  00&  A  and  the  excess  of  B  oyer  h,  l  e^ 
B«5sB  (1— eosL  A)b  Since  1  —  col  A  as  2  (sin.  }  Af  [Trigonometiy, 
Art  (9)].  we  hsYC  B  — 6sS  B  (sia  i  Af.  Substituting  for  sin.  i.A,  its 
approximate  equivalent^  i  A  X  sin.  1'  [IVigonometry,  Art  (5)],  we  obtain 
B--6sa  B  (i  A  Xsin.  I7  =  i  (sin.  I'y.A'.B,  as 0.00000004281  A"  R 
By  logarithms,  log.  (B^  6)  s=  2.620422  4-  2  log.  A  +  log.  E  The  greater  precision 
of  this  calculation  than  that  of  6  =s  B .  coa  A,  arises  from  the  slowness  with  which 
the  cosines  of  Tciy  small  angles  increase  or  decrease  in  length. 

(888)  The  exterior  angle  LER ss LCR 4.  CLD.    Also,  LERsLDR+  CRD. 
.•.LCB+CLDssLDR+OBD,     and  LCRssLDR-fCRD-CLD. 

CD 
Thxn  the  triangle  CRD  we  get  sin.  CRD  ssin.  CDR  X  ;^. 

CH 

From  the  triangle  CLD  we  get  sin.  CLD  ss  sin.  LDC  X  ;^. 

As  the  angles  CRD  and  CLD  are  rerj  small,  these  ralues  of  the  sines  may  be 

cslled  the  ralues  of  the  arcs  which  measure  the  angles^  and  we  shall  hare 

CD  CD 

LCRsLDR  +  na  ODR  X  ^— nn.  LDC  X  ^. 

The  last  two  terms  are  ezpreesed  in  parts  of  radius^  and  to  hare  them  in  secondly 
they  must  be  divided  by  sin.  1"  [Tngvoimietry,  Art  (6),  Note],  which  gives  the 
formula  in  tl\e  text  Otherwise^  the  correction  being  in  parts  of  radius^  may  ba 
brought  into  seconds  by  multiplying  it  by  the  length  of  the  radius  in  seconds;  L  e, 

^^^  ,  ^  ,^  ^  ^  as  206264^\80625  [Trigonometry,  Art  (2)]. 
0.14109,  oC- 

(891)  The  triangles  AOB,  BOC»  COD,  Ac,  give  the  following  proportions 
[Trigonometry,  Art  (12),  Theorem  L] ;  AO  :  OB  : :  sia  (2)  ;,  sin.  (1) ; 
OB :  OC : :  sin.  (4) :  ua  (8) ;  OC :  OD : :  sin.  (6) :  sin.  (ft) ;  and  so  on  armmd  the 
polygon.  Multiplying  together  the  corresponding  terms  of  all  the  proportion^ 
the  sides  will  all  be  cancelled,  and  there  will  result 

1 : 1 : :  rin.  (2)  X  sia  (4)  X  sin.  (6)  X  sin.  (8)  X  sia  (10)  X  sia  (12)  X  sia  (14) : 

sia  (1)  X  sia  (8)  X  sia  (6)  X  sia  (7)  X  sia  (9)  X  sia  (11)  X  sia  (18> 
Hence  the  equality  of  the  last  two  terms  of  the  proportion. 


IM  DEHOMSTRATIOnS  ^app.  u. 

DEMONSTRATION  FOR  PART  VL 
(9M)  In  lfc«  triangU  ABS;  we  haye 

nn.  ASB:iiiLBAS  ::  AB:SBas — : —  g — r-5— .  fl] 

Bia  ASB  BiaS  -' 

In  the  triangle  GBS»  we  have 

■in.  BSC :  am.  BCS  : :  BO :  SBs .    ^^^ — as — : — — -.  [2] 

■m.  BSO  110.8  *-  -^ 

„         e.tiiLlS      a.iin.y      ,  .«#.»▼  .    r«     .    «-r    ^  r  <. 

Henoa^  — : — —  «s — : — ^\  whence;  e. aia  8  .  un.!!— a.  ■an.8 . em.  VaaO.  [8] 

In  the  qnadrilateral  ABOS^  we  hare 
BCSaSeO^'^ASB^BSG  — ABC— BAS;  or  Vs=860**— 8— 8— B— IT. 

Let  T8B860'— 8— 8'  — B,  and  we  haye  V  =  T  — U.  [41 

Babetitntiqg  this  valne  of  V,  in  eqnation  [8]»  we  get  [Trig^  Art  (8)], 

tf.ainS'on.U  —  a.Bin.8  (ain.  T.  coa  U  —  eoa  T .  lini  IT)  sssO 

Diyiding  bj  ain.  U,  we  get 

e.tin.S'— a.ain.8  (ain.  T.?^  — eoaT)  ssO 

\  sin.  U  / 

Whence  we  have 

COS.  IT         ^  _      e.  Bin.  8'  +  « •  ^"^  S .  coa  T 
Bin.  U  a .  sin.  8 .  ain.  T 

Separating  this  expression  into  two  parta^  and  cancelling,  we  get 

.  _  c .  sin.  8'       ,  eoa  T 

cot  17:=—-: — ; — s;4--: — » 

a.suw8.sin.T^BUi.T 
BeparaUng  the  eeeond  member  into  Actors,  we  get 

sin.T  \a.su.8.cos.T^    /' 

*  TT         X  m  /      « •  "n.  8'        ,   ,  \ 

cot  U  =  cotT  ( r-^ =;+  1). 

Va.sin.  8.C0S.  T        / 

HaTxng  fomid  IT,  equation  [4]  gives  Y;  and  either  [1]  or  [8]  giyes  8D;  an4 
HA  and  8G  are  then  giyen  by  the  fiunillar  *'  8ine  proportion*  \Tng^  Art  (18)1 


ur.  B.]  F«r  Part  ?II.  8M 


DEMONSTRA.TIONS  FOR  PAET  VIL 

CP 
(408)  If  APC  be  a  right  aogle,  r^sxetm.  CAB  [Trigonometry,  Art  (4)]. 

(4M)  AG  as  PO .  taa  APC ;  and  GB  rs  PC .  taa  BPC  [TVigooometry,  Art.  (4)} 
Henoe  AG  :  CB ::  taa  APG :  tan.  BPC;  and 

AC  :  AG  -I-  GB  ::  tan.  APC  :  tan.  APC+  ton.  BPC. 

^^f^   APC 

CooMqaenUy.  dae.  AO  +  CB  =  AB,      AC  =  AB  •  —j— -^___. 

(414)  The  eqnal  and  supplementarj  angles  formed  prore  the  operation. 

(4dl)  In  Fig.  280,  CA:£G::AB:GK     Bj  '•diviaion,"  CA— EGzEG:: 
AB  — GB  :  GK     Hence,   obeerring   that   AB  — GBssAG,  we   shall  have 
.^      GB(CA  — EG) 

EG 

(4d3)     Art.   (12),   Theorem  m.,    [Trigonometry,    Appendix  A,]   gires 

OMLCaaB       \    . ;  or  «*=sa*+ ft*  — 2  aft.oot.  a     This  becomes  [Trig.,  Art 

2  00 

(6)],  K  being  the  supplement  ofC,  c'=:a*+ft*+2aft.oos.K.   The  series  [Trig. 

Art  (5)]  for  the  length  of  a  cosine,  gires,  taking  only  its  first  two  terma^  smce  E  is 

very  small,  cos.  K^s  1  —  }  K*.    Henoe, 

c>ssa"+ft«+2aft  — aftK«  =  (a+ft)"-aftK"  =  (a  +  6)«(l—  i^^); 
whence,  c=(a  +  ft)|/(l-^-j;^qpjji). 

Dereloping  the  quantity  under  the  radical  sign  by  the  binomial  theorem,  and  neg* 
lecting  the  terms  after  the  second,  it  beoomes 

oftE* 

Substituting  for  K  minutes,  E .  sin.  1'  [Trig.,  Art  (6)],  and  performing  the  molti* 
plication  by  a  4"  ^  ^^  obtoin 

c^a+b-'^f/^'^J^.    Kow<^!li2l=0.00000004M(rt9; 
■  2(a-fft)  * 

oftE* 
whence  the  formula  in  the  text,  0  ss  a  -f-  ft  —  0.000000042808  X  — r~7* 

(4130)  In  tie  triangle  ABC,  designate  the  angles  as  A,  B,  G ;  and  the  sides  op> 
posite  to  themasa,  ft,  c.    Let CDssd    The  triangle  BCD  gires  [Trig,  Art  (12), 

«.  —  .sin.  BDC     --^.      ,A«Tv.^i      .       1      J    sin.  ADO 

Theorem  I],  a  aed  - — g=.    The  triangle  ACD  smiilarly  giTes  ftssrf  •  -: — — g. 

In  the  triangle  ABQ  we  haye  [Trig.,  Art  (12^  Theorem  IL], 
tan.  i  (A  — B) :  cot  i  C  ::  a  — ft  :  a  +  ft; 

whenee  taai(A— B)«i=4.cot  iC  [1] 

«-^  0 

Let  K  be  an  auxiliary  (|ngle,  such  that  ft ^a. taa  E;  whence  tan.  Kib- 


J 
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DiTidiiig  the  aecond  member  of  equation  [1],  abore  tnd  below,  bj  a,  and  eabBtitii* 

b  ^       1 — Un.K 

tinff  Un.  K  for  -,  we  get  tea  i  (A  — B)=s-— p- — =.  •  cot  i  C 
a  1  "t"  tan.  jil 

Sinee  tan.  46^  ^1,  we  maj  mbetitate  it  for  1  in  the  preceding  e^jation,  and 

f/A      ux      tea45'  — tan.K      ^.^ 
wegetten.i(A-B)  =  ^^^o^^j^.ootia 

From  the  ezpreasion  for  the  tangent  of  the  differenee  ot  two  arcs  [Trig:,  Art 
(8)],  the  preceding  fraction  redaeet  to  tan.  (46^  —  K) ;  and  the  eqoation  becomes 

taai(A  — B)=:tan.(46''  — K).eotia  [2] 

In  the  equation  taa  K  =  -,  subttitate  the  raluet  of  6  and  a  from  the  formohM 
it  the  beginning  of  thie  inrestigatioa    Thia  gives 

t*B.ir  — J  MP.  ADO _^  -  ein.  EDO      tin.  ADO . sin.  CBD 
sin.  CAD   •       sin.  CBD  "^  sin.  CAD .  sin.  BDC 

(A  —  B)  ii  then  obtained  hy  eqoation  [2] ;  (A  ^  B)  is  the  supplement  of  0 
therefore  the  angle  A  is  known. 

a.sin.  C      rf.sin.  BDO.«n.  ACB 

Then  c&sAB^ — : — r~*^ — .  *  /,t>'k     •    /i  a  t>  * 

sin.  A  Bin.  CBD .  sin.  CAB 

The  use  of  the  auziliaiy  angle  E,  ayoids  the  calculation  of  the  aides  a  and  b. 

(434)  In  the  figure  on  page  292,  produce  AD  to  some  point  F.    The  exterior 

angles,  EBCsA+P;   £CDsA  +  Q;    £DFasA-|-It     The  triangle  ABE 

BE      sin.  A     _,     ^  .      ,     .  __    .         CE        sin.  A      _..  . ..  ., 

gives  —  :=  -; — ;r.    The  tnangle  ACE  gires  — ; —  =  -: — x-     Dividing  member 
"  a       sia  P  «  +  «      sin.  Q 

,  ,  ^  BE  a .  sin.  Q 

by  member,  we  get  gl  ==(«  +  ;,)  ,ia  P^ 

In  the  same  way  the  triaoglee  BED  and  CED  give  r--=— ag^""  ,p       J,i 

o^ X      sin.  [la '^ if} 

«K,^  =  «LJ^.    Whence  «bfare.?|=(i+i^^^<«^ 
b       sin.(R  —  Q)  CE  i.sm.(R— 'P) 

Equating  these  two  values  of  the  same  ratio^  we  get 

_^Q     ^(H^«MR-^   „ath«e, 

(a-fx)Bin.P  6.sm.(R  — P) 

tt5.sin.Q.sin.  (R— .P)  ,     x /.  ,     x        ../     .  .x      -^ 

-^—^—-—^=.{a  +  x)(b  +  x)::.ab+(a  +  b)x  +  e. 

To  solve  this  equation  of  the  2d  degree,  with  reference  to  ae,  mal^ 

^     ,^         4ab       Mn.Q(siaR  — P) 

tan.  K  ss ■  •  ■-.        ■      ', 

^■*  "^      (a — b)*    sin.  P  (sin.  R — Q) 

Then  the  first  member  of  the  preceding  equation  ^^  •  (a —  ()'  X  tan.*  K*  and 
we  get  ^  +  (a  +  b)x=s\{a-^)*^iML*K^ch, 

and  ««— i(a  +  i)i:V[i(a^6)".taa.*E  — a6  +  i(«+&)1 

=-i  («  +  *)  ±  i  («-*)>/ (tan.«  K  + 1). 
Or,  sinee  ^ (tan.*  K  +  1) ssecant  K  = =, wo  have  x a— ^"T    :t  ^*^*  j. 


AFF.  B.1 
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(49«{)  The  oontent  being  given,  and  the  length  to  be  n  times  the  breadth 
Breadth  X  n  times  breadth  ^ content ;  whence,  Breadth  =si/  f 1, 

Given  the  content  =  e,  and  the  difference  of  the  length  and  breadth  sad;  to 
find  tlie  length  /,  and  the  breadth  5.  We  have  /  X  6  =  c ;  and  /  —  6  =  d  From 
these  two  equations  we  get  /  =  i<?  +  i>/(d'+4c). 

Given  the  content =c,  and  the  sum  of  the  length  and  breadth  =  « ;  to  find  /  and  Ik 
We  have  /  X  6  =  c ;  and  l-^  b=s8;  whence  we  get  ?  =  -J  »  4'  '^^  ^  (s*  —  4  c). 

(494)  The  first  rule  is  a  consequence  of  the  area  of  a  triangle  being  the  product 
of  its  height  by  half  its  base. 

To  get  the  second  rule,  call  tbe  height  A ;  then  the  base  =:  mh ;  and  the  area 
s=  I A  X  mA ;  whence  A  =/i/  (- )• 

For  the  equilateral  triangle,  calling  its  side  «,  the  formula  for  the  area  of  a  triangle 

/  yareav 
V  [ (i  * )  (i  *  —  «)  (i «  —  ^)  (i  «  —  ^)]  reduces  to  4  «^  ^3.  Hence  e  =  2a/  I -7^ ) 

(495)  By  Art  (65),  Note,  i .  AB  X  BC  X  sin.  B  =  content  of  ABC ;  whence, 
j^^^SXABO 


AB .  sin.  B* 
(496)  The  area  of  a  circle  =  radius  *  X  -=- ;  whence  radius  =s  j/ 1 


Y  X  area\ 


22 


(497)  The  blocks^  including  half  of  the  streets  and  avenues  around  them,  are 
900  X  260  =  284000  square  feet  This  area  gives  64  lots ;  then  an  acre,  or  48560 
feet^  would  give  not  quite  12  lots. 

(502)  Tlie  parallelogram  ABDO  being  double  the  triangle  ABC,  the  proof  for 
Art  (495),  slightly  modified,  applies  here. 

(504)  Produce  BG  and  AD  to  meet  in  £.  Fig.  M^  l>ta. 

By  similar  triangles,  Ij 

ABE  :  DCE  : :  AB» :  DC*. 
ABE  —  DCE  :  ABE : :  AB»  —  DC' :  AB''      F 

Now  ABE  — DCE  =  ABCD;    also,   by 
Art  (65),  Note,  ^ 

ABE  =  AB«.'^"-^'"°'^. 
2.8in.(A+B) 

Hie  above  proportion  therefore  becomes 

ABCD  ;  AB« .  f"^,  ^'f")  ^  - ;  AB« -  CD» ;  AB« 
2 .  sm.  ( A  -f  B) 

Multiplying  extremes  and  means,  cancelling,  transposing,  and  extracting  the  equ(»M 

*rrr.         /Tat^i      2 .  ABCD .  sin.  (A  +  B)! 

root,  we  get  CD  =  i/  I  AB» -. — - — .  \,        '  1. 

r     L  Bin.  A .  sin.  B         J 

26 
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When  A  <|-  B  >  180^  sia  (A  +  B)  is  D«gatiTe,  and  therefore  the  fnction  m 
irhich  it  occun  becomes  positive. 
CF  being  drawn  parallel  to  DA,  we  hare 


r    /,  .i\      iiaBCP  un.  080»— A— B)     ^  '•iii.(A  +  B) 

,:..  ,...,     '^c=(^-«»sr(A+B)- 

(505)  SioM  HmiUr  trianglet  ara  m  the  tquares  of  their  homologoot  Mm, 
DDK :  BFG : :  BD> :  BE< ;  vhenee  BF  =:  BDx/(~  ). 

(506)  BFOaii.BFXFasi.BFxBF.taii.B; 
whence.  BF-|/(il2^). 

(ftlO)  By  Art  (66).  KoU.  BFG  =  BF-.  ^^^ ; 

wh«M».  BF  =  ^(''^:<«  +  .^°^<^). 

r    \        bulB.bulF        / 

(611)  The  final  formula  results  from  the  proportion 

FAE :  CDE ::  AE* :  ED*. 

(519)  Since  triangles  which  hare  an  angle  in  each  eqaal,  are  as  tbe  prodnetid 
the  sides  about  the  equal  angles  we  hare 

ABE  :  CDE : :  AE  X  BE :  CE  X  DE. 

ABE  =  i.AB^"!^t;i°'^.     AE  =  AB.!!54 

sjn.  (A  +  B)  sin.  ET 

BE  =  AB.!!=4  CE  =  DE.?=lCDE 

Sin.  £  sin.  DCET 

Substituting  these  ralues  in  the  preceding  proportion,  eancelling  the  common  fac 
tors^  observing  that  sin.  ( A  -f  B)  =  sin.  E,  multiplying  extremes  and  means,  sod 
.....  ^  _-_    //g.CDE.sin.  DCE\ 

dividing,  we  get  DE  ==  /(  ,i^.  E.sia  ODE  A 

(516)  Hie  first  formula  is  a  consequence  of  the  expression  for  the  area  oC  s 
triangle,  given  in  the  first  paragraph  of  the  Kote  to  Art  (66). 

(517)  The  reasons  for  the  operations  in  this  article  (which  are  of  very  frequent 
occurreneeX  are  self-evident 

(519)  The  expression  for  DZ  follows  from  Art  (65),  Note.  The  proportion  is 
the  next  paragraph  exists  because  triangles  having  the  same  altitude  are  as  their 
base& 

(519)  By  construction,  GPC  ss  the  required  content  Now,  QFC  ss  ODCt  tUM 
they  have  the  same  base  and  equal  altitudea  We  have  now  to  prove  that 
LMC  as  GDC.  These  two  triangles  have  a  common  angle  at  C  Hence,  they  si* 
to  each  other  as  the  rectangles  of  the  adjacent  sides;  l  e, 

GDC :  LMG ::  GG  X  CD::  LO  X  CM. 

Here  CM  is  unknown,  and  must  be  eliminated.  We  obtain  an  espnsska  6r  1^ 
by  means  of  the  similar  triangles  LCM  and  LEP,  which  give 

LE:LC::EPs=CD:CM. 
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Renee,  CM^ — =r= — .    Sabatituting  this  yalue  of  CM  in  the  first  propurtioc, 
•od  caneelliiig  CD  in  the  last  two  ternu^  we  get 

GDC :  LMC : :  QC :  ^ ;  op  GDC :  LMC : :  QC  X  LE  :  LC". 

LC*  =  (LH  +  HC)'  =  LH«  +  2  LH  X  HO  +  HC«. 

Bnt^  by  eoDstmetion, 

Lff  «  HK" = HE»- EK«  =  HP  -  EC*  =  (HE+EC)  (HE -EC) = HC  (HE-ECX 

Also^  GC=:2HC;  aQdLE=:LH  +  HR 

Snbstitating  these  values  in  the  last  proportion,  it  becomes 

GDC :  LMC : :  2.HC(LH  +  HE) :  HC  (HE— EC)  +  2  LH  X  HC  +  HC. 
: :  2  LH+  2  HE   :  HE  — EC  +  2  LH  +  HC 

:  HE  — EC  +  2  LH+  HE  4-  EC. 
:  2  HE  +  2  LH. 

The  last  two  terms  of  this  proportion  are  thus  proved  to  be  equal    Therefore,  the 
first  two  terms  are  also  equal ;  I  e.,  LMC  =:  GDC  ss  the  required  oontent. 

Since  HK  ss  ^  (HE*— EK*),  it  will  have  a  negative  as  well  as  a  positive  value. 
It  may  therefore  be  set  off  in  the  contrary  direction  from  I^  L  e.,  to  L'.  The  line 
drawn  from  L'  through  P,  and  meeting  CB  produced  beyond  B»  will  part  off  an- 
9ther  triangle  of  the  required  content. 

(590)  Suppose  the  Hue  LM  drawn.    Then,  by  Art.  (65),  Note,  the  required 

content, «  =s  ^  •  CL  X  CM .  sia  LCM.    This  content  will  also  equal  the  sum  of  the 

two  triangles  LCP  and  MCP ;  i.  e.,  ess  ^  •  CL  X  />  +  i  •  CM  X  9.    The  first  of 

2  c 
theee  equations  gites  CM  =  j^ — : — tTTD*    Substituting  this  in  the  second  eqna- 

CL .  sin.  JLOM 

Whence,  i  p .  CL* .  siu.  LCM  +  cq^e.CL,  sia  LCH 

Transposing  and  dividing  by  the  coefficient  of  CL*,  we  get 

CL»-— .CL=:-         ^^ 


p  p  .  sin.  CLM* 

.     ^"jJ*y   \j>"";,.8iaLCM/' 

If  the  given  point  is  outaide  of  the  lines  CL  and  CM,  conceive  the  desired  line 
to  be  drawn  from  it^  and  another  line  to  join  the  given  point  to  the  corner  of  the 
field.  Then,  as  above,  get  expressions  for  the  two  triangles  thus  formed,  and  put 
their  sum  equal  to  the  expression  for  the  triangle  which  comprehends  them  both, 
and  thence  deduce  the  desired  distance^  nearly  as  above. 

(699)  The  difference  d,  between  the  areas  parted  off  by  the  guess  line  AB,  and 
the  required  line  CD,  is  equal  to  the  difference  between  the  triangles  APC  and  BPD 

By  Art  (65),  Note,  the  triangle  APCas^.AP'.T  f'T'S 

sin.  \<uL  ^^  X  ) 

ttmiiarly  the  triangle  BPD  «  4 .  BP«  ".°'  ? '  T'J. 

sm.  (IS  ^  r) 

.J      1     .  T-  sin.  A .  sia  P      .  __.    sin.  B .  sia  P 

sia  (A  +  P)       '  sia  (B  +  P) 
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By  the  ezpreuion  for  sin.  (a  +  &)  [Trigonometry,  Art  (8)],  we  hare 
rf=iAP.   ■     .     ""•/.""•!. r-lBI-  "»-B..in.l> 


sio.  A .  COS.  P  +  sin.  P .  cos.  A  aio.  B .  cos.  P  -^  sin.  P .  co&  B 

Dividing  each  fraction  bj  its  numerator,  and  remembering  that  -: —  as  cot  a,  we 

have  jAP* iBF 

""  cot  P  +  COL  A      cot  P  +  cot  B* 

For  convenience,  let  p  :s  cot  P ;  a  =s  cot.  A ;  and  h  =:  cot  R   The  above  eqnatioi 
will  then  read,  multiplying  both  sides  by  2, 

^  ^       AP*  BP" 

p+a      p+6 

Clearing  of  fractions,  we  have 

2  rfp*+ 2  dap  +  2  rfAp  +  2  £fa6=;).  AP"  +  6.  AP*— /)  .BP«  — a.BP" 
Transposing,  dividing  through  by  2  d^  and  separating  into  Actors,  we  get 


AP«  — BP*V         ft.AP«--a.BP« 


.    /     .   .      AF»  — BF*V 


—  .lA. 


,/     .X      AP^BP'V.      /r&.AP«— a.BP»        ^,     /     ._      AP»  — BF»\x  i 

If  A  =  90^,  cot  A  =  a  =  0 ;  and  the  expression  reduces  to  the  simpler  form 
given  in  the  article. 

(ftd3)  Conceive  a  perpendicular,  BF,  to  be  let  fall  from  B  to  the  required  line 
DE.  Let  B  represent  the  angle  DBE,  and  ^  the  unknown  angle  DBF.  The  ang^e 
BDF  =  90^  — ^;  andtheangleBEF=90*'  — (B--^)  =  90^  — B  +  i5.     By  Art 

/n.\    i^T  ^      .1  ^   ,,      .  .       ,     ^»>^       ,    wv«-     WO-  BDE .  sin.  BED 

(65),  Note,  the  area  of   the  triangle  DBE  =  \  DE*  •      .     ,-,„.^  .   „,.-^,   =5 

sio.  \Dur4  ^  iiM:»u) 

1  .  DE*  .  Mn.(90^  —  ff)Mn.  (90^~B  +  ff) 

sin.  B 

H  pp^,^  2XDBEX8in.  B 2  X  DBE  X  sin.  B 

ence,  —  ^.^  ^^^^  ^  ^jT^a  (90°  —  B  +  i?)  ""  cos.  /S .  cos.  (B— /J)  * 

Kow  in  order  that  DE  may  be  the  least  possible,  the  denominator  of  the  krt 
fraction  must  be  the  greatest  possible.  It  may  be  transformed,  by  the  formula, 
COS.  a .  COS.  6  ss  i  cos.  (a  +  6)  +  i  •  cos.  (a  —  h)  [Trigonometry,  Art  (8)  ],  inta 
\  cos.  B  4"  i  •  cos*  (B  —  2  0).  Since  B  is  constant,  the  value  of  this  expression  de- 
pends on  its  second  term,  and  that  will  be  the  greatest  possible  when  B  —  3  ^  =  0. 
in  which  case  ^  =:  J  R 

It  henoe  appears  that  the  required  line  DE  is  perpendicular  to  the  line,  BF, 
which  bisects  the  given  angle  B.    This  gives  the  direction  ki  which  DE  is  to  be  rua 

Its  starting  pointy  D  or  £,  is  found  thus.  The  area  of  the  triangJe 
DBE  s:  I  BD .  BE .  sin.  B.    Since  the  triangle  is  isosceles^  this  becomes 

DBE  =  1  BD* .  sin.  B ;  whence  BD  =  i/  (^^^)- 

DE  is  obtained  from  the  expression  for  D£*,  which  becomes,  making  $^\Vk 

_  _,      2  X  DBE  X  sin.  3       .  _  __       ^{2 .  DBE .  sin.  B) 

DE*  = -r- — — ;  whence,  DE  =  ^^ r-=j- •' 

COS.  4  B .  cos.  ^  B  cos.  t  B 
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(594)  Let  a  ^  Talue  per  acre  of  one  portioa  of  the  land,  and  S  that  of  the 
•ther  portion.    Let   ar^the  width  required,  BC  or  AD.      Then  the  value  ol 

BCFE  =:a  X  ^^^,  and  the  value  of  ADFE  =  6  X  ^^— •  * 

Putting  the  sum  of  these  equal  to  the  value  required  to  be  parted  off,  we  obtain 
^^  value  required  X  10 
'^  aXBE  +  6x  AE  * 

{MS)  All  the  constructions  of  this  article  depend  on  the  equivalency  of  trian* 
gles  which  have  equal  bases,  i^d  lie  between  parallels.  The  length  of  AD  is  do- 
rived  from  the  area  of  a  triangle  being  equal  to  its  base  by  half  its  altitude. 

(5d7)  Since  similar  triangles  are  to  each  other  as  the  squares  of  their  homolo> 
gous  sides, 

ABC  :  DBE  ::  AB« :  BD»;  whence  BD  =  AB 4/ ?||  =  AB  j/— ^. 

*  y   ABC  Y  m  +  n 

The  construction  of  Fig.  863  is  founded  on  the  proportion 

BF:  BQ  ::  BG  :  BA;  when  BD=BG  =  v'CBA  X  BF)  =  BA4/-^— . 

(59§)  By  hypothesis,  AEF  :  EFBC  ::m:n\  whence  AEF  :  ABC  : :  m  :  m  +  n 

•   .  ■--■        M-r^^     "*  AC  X  DB        fw  , ,         ,  ___         ,        .  __        ___, 

and  AEFssABC — ; —  = ^ • — i — -      Also,  AEF  =  i  •  AE  X  EF. 

m-f-fi  2  m-x-n 

The  similar  triangles  AEF  and  ABD  give  AD  :  DB  : :  AE  :  EF  =  t^^-f—^.    The 

ryn  v^  ^g 

second  expression  for  AEF  then  becomes  AEF  =  )  AE  • --^r — »    Equating 

this  with  the  other  value  of  AEF,  we  have 


ACXDB       m     _AE'XDB 
2  *  m  +  n^    2 .  AD 


;  whence  AE  = .«/( AC  X  AD  X  jj-x^j)' 


(530)  In  Fig.  866,  the  triangles  ABD,  DBC,  having  the  same  altitude,  arc  to 
each  other  as  their  bases. 

In  the  next  paragraph,  wo  have  ABD  :  DBC  : .  AD  :  DC  ::m:n;  whence 
AD  :  AC  ::m:m  +  n;  and  AC  :  DC  iim  +  n  :  n\  whence  the  expressions  for 
AD  and  DC. 

In  Fig.  367,  the  expression  for  AD  is  given  by  the  proportion  AD :  AC  ::m:m  -{-n, 
Snnilarly  for  DE,  and  EC. 

(531)  In  Fig.  868,  conceive  the  line  £B  to  be  drawn.  The  triangle 
AEB  =  i  ABC,  having  the  same  altitude  and  half  the  base ;  and  AFD  =  AEB, 
because  of  the  equivalency  of  the  triangles  EFD  and  £FB»  which,  with  AEF,  make 
up  AFD  and  AEB. 

The  point  F  is  fixed  by  the  similar  triangles  ADB  and  AEF 

The  expression  for  AF,  in  the  last  paragraph,  is  given  by  the  proportion, 

ABC  :  ADF : :  AB  X  AC  :  AD  X  AF; 

,  „      AB  X  AC    ADF      AB  X  AC        m 
whence,  AF  := 


AD         ABC  AD         m  +  n 

(532)  The  areas  of  triangles  being  equal  to  the  product  of  their  altitudes  by 
Half  their  bases,  the  constructions  in  Fig.  869  and  Fig.  870  follow  therefrom. 
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(633)  In  Fig.  871,  oooeeiTe  the  line  BL  to  be  drawn.  The  triangle  ABL  will 
be  a  third  of  ABO,  baring  the  aame  altitude  and  one-third  the  base ;  and  AED  b 
equiyalent  to  ABI^  because  ELB  =-  £IJ>,  and  A£L  is  common  to  both.  A  similar 
proof  applies  to  DOG. 

(634)  In  Fig.  St2,  the  four  smaller  triangles  are  mntnally  equiyalent,  because 
of  their  equal  bases  and  altitudei^  two  pairs  of  them  lying  between  parallels. 

(636)  In  Fig.  878,  oonceire  A£  to  be  drawn.  The  triangle  A£Cas|.  ABC, 
baring  the  same  altitude  and  half  the  base ;  and  EDFG  ss  A£0,  because  of  the 
eommoo  part  FEO  and  the  equiralency  of  FED  an4  FEA. 

(636)  In  Fig.  874,  in  addition  to  the  lines  used  in  the  problem,  draw  BF  and 
DO.  The  triangle  BFG  s  i  ABO,  baring  the  same  altitude  and  half  the  base. 
Alao,  the  triangle  DFG  s  DFB^  because  of  the  parallels  DF  and  BG.  Adding  DFG 
to  each  of  these  triangles,  we  hare  DCG  sBFO  as^  ABa  We  hare  then  to 
prore  LMO  s:  DOG.  This  is  done  preoisely  as  in  the  demonstration  of  Art  (619), 
page  402. 

(637)  LetAE  =  «,ED3:y,  AHsa;',HFssy',  AKsa,KB8B6. 

The  quadrilateral  AFDE^  equiralent  to  }  ABO,  but  which  we  will  represent 
generally,  by  m*,  is  made  up  of  the  triangle  AFH  and  the  trapeioid  FHED. 

AFH=4.afy.        FHED=4(«— «o(y+y'> 

.%  AFDE  =  m»a=i.afy  +  i(x-.»')(y  +  y')=i«(y  +  y')  — *«>• 
The  simikr  triangles,  AHF  and  AEB,  gire 

a  :  6 : :  «  :  y  =  — . 

a 

Substituting  this  ralue  of  y'  in  the  expression  for  m*  we  hare 


«"•  =  4  «  (y  +  — )  — 4  «'y; 


«K.n-^                      V  -  «(8m«-ay)_AK(|ABC— AEXED) 
wnenee,  ar j^— ^^  KB  X  AE— AK1<H3* 

The  formula  is  general*  whaterer  may  be  the  ratio  of  the  area  m*  to  tLat  el 
the  triangle  ABO. 

(638)  In  Fig.  876,  FD  is  a  line  of  dirision,  because  BFsthe  triangle  BDF 
dirided  by  half  its  altitude,  which  gires  its  base.    So  for  the  other  triangles^ 

(639)  In  Fig.  877,  DG  is  a  second  line  of  dirision,  because,  drawing  BI^  ths 
triangle  BLO  xs  }  ABO ;  and  BDGO  is  equiralent  to  BLO,  because  of  the  commoa 
part  BOLD,  and  the  equiralency  of  the  triangles  DLG  and  DLR 

To  prore  that  DF  is  a  third  line  of  dirision,  Join  MD  and  HA.  Then 
BMA  ss  i  BGA.    From  BMA  take  MFA  and  add  iU  equiralent  MFD,  and  we  hare 

HDFBaiBGA=:i(ABDG  — BDG)  =  i(|ABO  — BDG)s}ABO— iBDG. 

To  MDFB  add  MDB,  and  add  its  equiralent,  i  BDG,  to  the  other  side  of  the  equa- 
tion, and  we  hare 

MDFB  +  MDB  =  iABO  — iBDG-hiBDG;  or,BDF«}ABa 

(640)  In  Fig.  878,  the  triangle  AFO  =  i  ABO,  baring  the  same  base  and  one- 
third  the  altitude.  The  triaagles  AFB  and  BFC  are  equiralent  to  each  othen 
each  being  composed  of  two  triangles  of  equal  bases  and  altitudes;  and  eedi  k 
therefore  dne-third  of  ABO. 
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In  FSg.  879,  AFC :  ABC  : :  AD :  AB;  since  these  two  triangles  have  the  oommeB 
hose  AC,  and  their  altitudes  are  in  the  above  ratia  So  too,  BFC :  ABO : :  BE :  BA. 
Hence,  the  remaining  triangle  AFB  :  ABO  : :  BE :  AB. 

(541)  By  Art  (65^  Note,  ABO  =  i  AC  X  CB  X  sin.  ACB.  But  the  angle 
ACB=ACD+DCB=i  (l80*~ADC)+i  (180**-CDB)  =  180*-i  (ADO+CDB). 
Hence,  ABO  =  i  AC  X  CB  X  sin.  i  (ADC  +  CDB)  =  i  AC  X  CB  X  sin.  i  ADR 

Let  r  =  DA  =  DB  =  DC  Since  AB  is  the  chord  of  ADB  to  the  radius  r,  and 
therefore  equal  to  tvice  the  sine  of  half  that  angle,  we  have 

.    .     *T^«      AB       .           ^_^      ,  ^/,      /^     AB        ,         ABXBOXCA 
sin.i.ADB=:--;  whence,  ABC  =  J  AO  X  CB  X-r-;  and rs= TTnn 

Also^  since  the  area  of  each  of  the  three  small  triangles  equals  half  the  product  of 

the  two  equal  sides  into  the  sine  of  the  included  angle  at  D,  these  triangles  will 

be  to  each  other  as  the  sines  of  those  angles.    These  angles  are  found  thus : 

AB '  BO  AC 

sin.4ADB=:^;  sia  JBDC  =  ^;  sin.  J  ADC s=  ^. 

(64d)  The  formulas  in  this  article  are  obtained  by  substituting,  in  those  of  Art 
(528),  for  the  triangle  DBE;  its  equivalent  '-^--  X  i  AB  X  BC  X  sin.  B. 

BDthn. become.  =  i/{-4-  .^^^<^^^^)^^(^xABXlio); 

Y   Vm-fn  siaB         /       T    Xm  +  n  / 

^..r.      ^/(sTl?XABxBCXsin..B)       ^^.b         //    m         ,^     ^\ 

andDEsBs — ^^±^: -g ^  = ~- .  i/ (— --xABxBC). 

ooa  i  B  COS.  J  B    T    \m  -f-  n  / 

(643)  The  rule  and  example  prove  themselves. 

(544)  In  Fig.  888,  conceive  the  sides  AB  and  DC,  produced,  to  meet  in  some 
point  P.     Then,  by  reason  of  the  simihur  triangle^  ADP :  BOP : :  AD> :  BO* 
whence^  by  "  division,"  ADP  —  BOP = ABCD :  BOP : :  AD«  —  BO* :  BC«. 

In  like  manner,  comparing  £FP  and  BCP,  we  get  EBCF :  BOP : :  EF>— BC> :  BC^ 
Combiniog  these  two  proportions,  we  have 

ABCD:  EBCF::  AI>  — BC»:  EF»  — BC«; 
or,  m  +  «:m::  AD«— BC«:EF«  — BC*. 

Whence^  (m  +  n)  EF"  — m.BC"  — «BC«  =  m.  AD«  — m.BC* 


.^^     //mXAI>.  +  ,xBC.y 
r    V  m  +  n  / 


Aleo^  from  the  similar  triangles  formed  by  drawing  BL  parallel  to  CD,  we  have 

•        •  •  AL  AD  — BC 

(645)  Let  BEFG  = -^  •  ABCD  =  a ;    let    BCs=(;    BH  s=  A;    and 

AD~BCs=«.  Also letBG=:c;  and EF  =  y.  DrawBLparalleltoCD.   Byiii^ 
Otf  trianglei^  AL:£K  ::  BA:  BE ::  BH  :  BO;  or,  AD-BO : EF-BO  •:  BE :BO; 


r     ^         ^  *(y— ft) 

•  CLy  e :  3f  —  0  : :  A  :  c ;  whence  x  =i—^ \ 


c 
Ako,theareaBEFC=:a=:}.Ba(EF+BC)  =  ic(y+ft);  whenceyas—-.! 


i 
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BttbitttatiDg  this  value  of  y  in  the  ezpreMtoo  for  ar,  and  rcduciDg,  we  obtain 

,  2  6A          2<iA       .                ,                     6A   .       //2  aA   .   6«AiV 
a?  H jr= ;  whence  we  have  ar  = ±4/  I +  ""j"/' 

ex  c 

The  second  propottion  above  gives  y  —  6  =-r-  ;  whence  y  =  6  +  -  •  ar. 

Replaeing  the  symbols  by  their  lines,  we  get  the  formulas  in  the  text 

(546)  ABEF  =  \  ABCD.  But  ABRP  =  ABEF,  because  of  the  common  part 
ABRF,  and  the  triangles  FRP  and  FRE,  which  make  up  the  two  figures^  and 
which  are  equivalent  because  of  the  parallels  FR  and  PR    So  for  the  other  part& 

(547)  The  truth  of  the  foot-note  is  evident,  since  the  first  line  bisects  the  tra* 
pezoid,  and  any  other  line  drawn  through  its  middle,  and  meeting  the  parallel 
sides,  adds  one  triangle  to  each  half,  and  takes  away  an  equal  triangle ;  and  thus 
does  not  disturb  the  equivalency. 

(54§)  In  Fig.  885,  since  £F  is  parallel  to  AD,  we  have  ADO :  EGF : :  GH* :  0K\ 
EOF   is  made  up  of  the  triangle  BCO  =  a',  and  the    quadrilateral  BEFC=* 

ABCD  =  — -r —  •  (a  —  a).    Hence  the  above  proportion  becomea 


wi'{'  n  m-f-  *^ 


o:a'-i ^  (a  — a')::GH«:GK«:  or, 

(m  +  n)  a  :  ma  4-  «a' ::  GH«  :  GK« ;  whence  GK  =  GH  a/C^'^  f  ^\. 

Y  \(»» + •») «/ 

GE  is  given  by  the  proportion  GH  :  GE  : :  GA  :  GE  =  G A  •  y-=^. 


/(^)- 


In  Fig.  886,  the  division  into  p  parts  is  founded  on  the  same  principle.  Ih^ 
triangle  EFG  =  GBC  +  EFCB  =  «'  -f  — .    Now  ADG  :  EFG  ::  AG«  :  EGt; 

Q 

0-,        a'  +  Q:a'+-::  AG«:EG«;  whence  GE  =as  AG 

P 

2Q 
GL  is  obtaiaed  by  taking  the  triangle  LMG  ss  a'  4-  —  ;  and  so  for  the  rest. 

(559)  In  Fig.  890,  join  FO  and  GC.  Because  of  the  parallels  CA  and  BF,  the 
triangle  FCD  will  bo  equivalent  to  the  quadrilateral  ABCD,  of  which  GCD  wiU 
therefore  be  one  half;  and  because  of  the  parallels  GE  and  CH,  EHDC  will  be 
equivalent  to  GCD. 

(553)  In  Fig.  891,  by  drawing  certain  lines,  the  quadrilateral  can  be  divided 
into  three  equivalent  parts,  each  composed  of  an  equivalent  trapezoid  and  an 
equivalent  triangle.  These  three  equivalent  parts  can  then  be  transformed,  by 
means  of  the  parallels,  into  the  three  equivalent  quadrilaterals  shown  in  tlie 
figure.    The  full  development  of  the  proof  is  left  as  an  exercise  for  the  student 

In  Fig.  892,  /Iraw  CG.  Then  CBG  =  k  ABCD.  But  CKQ  =  CGQ.  Therefore 
CEQB  ss  ^  ABCD.    So  for  the  other  division  line. 

(556)  The  division  of  the  base  of  the  equivalent  triangle,  divides  the  polygon 
similarly.  The  point  Q  results  from  the  equivalency  of  the  triangles  ZBP  and  ZBQ 
PQ  being  parallel  to  BZ. 


APPENDIX    O. 


DTTBODITCnOH  10  LEVELLIHa. 

I 

(1)  The  Principles*  LEYELLXNa  is  the  art  of  finding  how  much  one  point 
it  higher  or  lower  than  another;  i.  e^  how  mnch  one  of  the  points  is  above  or  below 
a  leyel  line  or  surface  which  passes  through  the  other  point 

A  level  or  korizoiUal  line  is  one  which  is  perpendicular  to  the  direction  of  grar- 
ity,  as  indicated  by  a  plumb-line  or  cimilar  means.  It  is  therefore  parallel  to  the 
surface  of  standing  water. 

A  level  or  horizontal  turface  is  defined  m  the  same  way.  It  will  be  determined 
by  two  level  lines  which  intersect  each  other.* 

Levelling  may  be  named  Vertical  Survxyino,  or  Ujy^nd-down  Surveying  ;  the 
subject  of  the  preceding  pages  being  Horizon^  Surveying^  or  Right-and-left  and 
Fore-and-aft  Surveying. 

All  the  methods  of  Horizontal  Surveying  may  be  used  in  Vertical  Surveying. 
The  one  which  will  be  briefly  sketched  here  corresponds  precisely  to  the  method 
of  "  Surveying  by  offsets,"  founded  on  the  Second  Method,  Art  (6),  "  Rectangukr 
Coordinates,"  and  fully  explained  in  Arts.  (114),  Ac 

The  operations  of  levelling  by  this  method  consist,  firstly,  in  obtaining  a  level 
line  or  plane ;  and,  secondly,  in  measuring  how  far  below  it  or  above  it  (usually 
the  former)  are  the  two  points  whose  relative  heights  are  required. 


^r 
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(d)  Tlie  Instmments.  A  level 

line  may  be  obtained  by  the  following 
simple  instrument  called  a  "  Plumb-line 
level**  Fasten  together  two  pieces  of 
wood  at  right  angles  to  each  other,  so  as 
to  make  a  Tt  and  draw  a  line  on  the  up- 
right one  so  as  to  be  exactly  perpendicu- 
lar to  the  top  edge  of  the  other.  Suspend 
a  plumb-line  as  in  the  figure.  Fix  the  T 
against  a  staff  stuck  in  the  ground,  by  a 
screw  through  the  middle  of  the  cross- 
oiece.  Turn  the  T  till  the  plumb-line 
exactly  covers  the  line  which  was  drawa 

Then  will  the  upper  edge  of  the  cross-piece  be  a  level  line,  and  the  eye  can  sight 
across  it^  and  note  how  far  above  or  below  any  other  point  this  level  line,  pro- 
longed, would  strike.  It  will  be  easier  to  look  across  sights  fixed  on  each  end  of 
the  oross-piece,  making  them  of  horsehur  stretched  across  a  piece  of  wire,  bent 
vito  three  sides  of  a  square,  and  stuck  into  each  end  of  the  cross-piece ;  taking  ear« 
that  the  hairs  are  at  exactly  equal  heights  above  the  upper  edge  of  the  cross-piece. 


*  Oertaln  small  onrreettona,  to  be  berMfler  eicplalned,  will  be  Ignored  for  ttie  present,  sod  we 
wtn  eonslder  level  lioes  as  straight  lines,  and  level  sarflMes  as  planes. 


uo 
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A  modification  of  this  is  to  fatten  a  common  ^^*  ^^ 

carpenter's  square  in  a  slit  in  the  top  of  a  stafl(    /9*' 
by  means  of  a  screw,  and  then  tie  a  plumb-line 
at  the  angle  so  that  it  may  hang  beside  one  arm. 
When  it  has  been  brought  to  do  so,  by  taming 
the  square^  then  the  other  arm  will  be  level 

Another  simple  instrument  depends  upon  the 
Drindple  that  *  water  always  finds  its  leTel," 
eorresponding  to  the  second  part  of  our  defini- 
tion of  a  leyel  line.  If  a  tube  be  bent  up  at  each 
end,  and  nearly  filled  with  water,  the  surlace  of 
the  water  in  one  end  will  always  be  at  the  same 
height  as  that  in  the  other,  however  the  position 
of  the  tube  may  yary.  On  this  truth  depends  the  *'  Water-leveV  It  may  bo 
easily  constructed  wiUi  a  tube  of  tin,  lead,  copper,  Ac,  by  bending  up^  at  right 
anglei^  an  inch  or  two  of  each  end, 

and  supporting  the   tube^  if  too  Fis-iU. 

flexible,  on  a  wooden  bar.  In  these 
«nds  cement  (with  putty,  twine 
dipped  in  white-lead,  A6.\  thin  phi- 
als»  with  their  bottoms  broken  of(* 
so  as  to  leare  a  free  communication 
between  them.    Fill  the  tube  and 

the  phials,  nearly  to  their  top,  with  colored  water.  Blue  yitriol,  or  cochineal, 
may  be  used  for  coloring  it  Cork  their  mouths,  and  fit  the  instrument,  by  a 
steady  but  fiezible  joint,  to  a  tripod.  Figures  of  joints  are  giren  on  page  184^  and 
of  tripods  on  page  138. 

To  uKe  it,  set  it  in  the  desired  spot,  place  the  tube  by  eye  nearly  leyel,  remove 
the  corks,  and  the  surfaces  of  the  water  in  the  two  phials  will  come  to  the  same 
leveL  Stand  about  a  yard  behind  the  nearest  phial,  and  let  one  eye,  the  other 
being  closed,  glance  alonp  the  right-hand  side  of  one  phial  and  the  left-band  side 
of  the  other.  Raise  or  lower  the  head  till  the  two  surfaces  seem  to  coincide,  and 
this  line  of  sight»  prolonged,  will  give  the  level  line  desired.  Sights  of  equal 
height,  floating  on  the  water,  and  rising  above  the  tops  of  the  phials^  would  give 
a  better-defined  line. 


^ 


^■ 
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The  **SpirU'Uv^  ooosliU  essentially 
of  a  curved  glass  tube  nearly  filled  with 
alcohol,  but  with  a  bubble  of  air  left 
within,  which  always  seeks  the  highest 
spot  in  the  tube,  and  will  therefore  by 
its  movements  indicate  any  change  in 


Fl«.ii& 


u 
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the  position  of  the  tube.  Whenever  the  bubble,  by  raising  or  lowering  one  end, 
has  been  brought  to  stand  between  two  marks  on  the  tube,  or,  in  case  of  expan* 
sion  or  contraction,  to  extend  an  equal  distance  on  either  side  of  them,  the  bottom 
of  the  block  (if  the  tube  be  in  one),  or  sights  at  each  end  of  the  tube,  previously 
properly  adjusted,  will  be  on  the  same  level  line.  It  may  be  placed  on  a  board 
fixed  to  the  top  of  a  staff  or  tripod. 

When,  instead  of  the  sights,  a  telescope  is  made  parallel  to  the  level,  and  vaii 
0US  contrivances  to  increase  its  delicacy  and  accuracy  are  added,  the  instmaieDl 
becomes  the  Engineers  spirit-leveL 
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(8)  Tbe  Practice.  B/  wbiehever  of  these  Tarioiit  means  a  level  lin« 
has  been  obtained,  the  subsequent  operations  in  making  use  of  it  are  identical 
Since  the  **  water-leTel"  is  easily  made  and  tolerably  accurate,  ve  will  suppose  it 
to  be  employed.  Let  A  and  B,  Fig. 
419,  represent  the  two  points^  the 
difference  of  the  heights  of  which  is 
required.  Set  the  instrument  on 
any  spot  from  which  both  the  points 
ean  be  seen,  and  at  such  a  height 
that  the  level  line  will  pass  above 
the  highest  one.  At  A  let  an  assist- 
ant hold  a  rod  graduated  into  feet; 
tenths,  &&  Turn  the  instrument  to- 
wards the  Bta£^  sight  along  the  level 
line,  and  note  what  division  on  the 
staff  it  strikes.  Then  send  the  staff 
to  B^  direct  the  instrument  to  it^  and  note  the  height  observed  at  that  poJ»t  If 
the  level  line,  prolonged  by  the  eye^  passes  2  feet  above  A  and  6  feet  above  R  the 
difference  of  their  heights  is  4  feet  The  abm>liUe  height  of  the  level  line  itMlf  is 
a  matter  of  indifference.  The  rod  may  carry  a  taiget  or  plate  of  iron,  dasp^d  to 
it  so  as  to  slide  up  and  down,  and  be  fixed,  at  will  Tfab  target  may  be  variously 
painted,  most  simply  with  its  npper  half  red  and  its  lower  half  white.  Ihe  hori- 
sontal  line  dividing  the  colors  is  the  line  sighted  to^  the  target  being  moved  up 
or  down  till  the  line  of  sight  strikes  it  A  hole  in  the  middle  of  the  target  shows 
what  division  on  the  rod  coincides  with  the  horizontal  line^  when  it  has  been 
brought  to  the  right  height 

If  the  height  of  another  point,  0,  Fig.  420,  not  visible  from  the  first  station,  be 
required,  set  the  instrument  so  as  to  see  B  and  0,  and  proceed  exactly  as  with  A 


Fi»4aD. 


and  B.  If  0  be  1  foot  below  B,  as  in  the  figure,  it  will  be  6  feet  below  A  It  it 
Were  found  to  be  7  feet  above  B,  it  would  be  S  feet  above  A.  The  comparative 
height  of  a  series  of  any  number  of  points,  ean  thus  be  found  in  reference  to  any 
one  of  them. 

The  beginner  in  the  practice  of  levelling  may  advantageously  make  m  his  note- 
lHX>k  a  sketch  of  the  heights  noted,  and  of  the  distances,  putting  down  tuh  u»  t\ 
is  observed,  and  imitating,  as  nearly  as  his  aceuracy  of  eye  will  permit,  their  pi*- 
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portional  dixn^DBHXM.*  But  9rhen  the  observatioiiB  are  nomeroaa,  they  should  be 
kept  in  a  tabular  fonn,  such  as  that  which  is  giren  below.  The  names  of  the 
pointflp  or  "  Stations,**  whose  heights  are  demanded,  are  placed  m  the  first  column ; 
and  their  heights,  as  finally  ascertained,  in  reference  to  the  first  point,  in  the  last 
column.  The  heights  above  the  starting  point  are  marked  +i  *nd  those  below  it 
are  marked  — ,  The  back-sight  to  any  station  is  placed  on  the  line  below  the 
point  to  which  it  refers.  When  a  back-sight  exceeds  a  foresight*  their  difference 
is  placed  in  the  column  of  ''Rise;"  when  it  is  less,  their  difference  is  a  "Fall* 
The  following  table  represents  the  same  observations  as  the  last  figure,  and  their 
eareful  comparison  will  explain  any  obscurities  in  either. 


SUtioniL 

DlsUnoes. 

Back-fiighta. 

Fore^htt. 

Ria& 

Fall 

Total  Helghtu 

A 

0.00 

B 

100 

2.00 

6.00 

-400 

-4.00 

C 

60 

8.00 

4.00 

-  1.00 

-5.00 

D 

40 

2.00 

1.00 

+  1.0 

-4.00 

E 

70 

6.00 

1.00 

+  5.00 

+  1.00 

F 

50 

2.00 

6.00 

-4.00 

-  8.00 

15.00 

l&OO 

-8.00 

The  above  table  shows  that  B  is  4  feet  below  A ;  that  G  is  5  feet  below  A ;  that 
£  is  1  foot  above  A;  and  so  on.  To  test  the  calculations,  add  up  the  back-eights 
and  foro-sights.    The  difference  of  the  sums  should  equal  the  last  "  total  height" 

Another  form  ti  the  levelling  field-book  is  presented  below.  It  refers  to  the 
tame  stations  and  levels,  noted  in  the  previous  form,  and  shown  in  Fig.  420. 


StattOTS. 

Dlstaoeea. 

Back-alghtB. 

nt  Inst  above  Datnm. 

For»«ightB. 

Total  Heighta 

A 

0.00 

B 

100 

2.00 

+  2.00 

6.00 

-4.00 

0 

60 

8.00 

-  1.00 

4.00 

—  5.00 

D 

40 

2.00 

-8.00 

1.00 

-4.00 

E 

70 

6.00 

+  2.00 

1.00 

+  1.00 

F 

50 

2.00 

+  8.00 

6.00 

-8.00 

15.00 

18.00 

-8.00 

In  the  above  form  it  will  be  seen  that  a  new  column  is  introduced,  containiog 
the  Height  of  the  Instrument  (L  e.,  of  its  line  of  sight),  not  above  the  ground 
where  it  stands,  but  above  the  Datum,  or  starting-point,  of  the  levels.  The  former 
columns  of  "Rise"  and  "Fall**  are  omitted.  The  above  notes  are  taken  thus: 
The  height  of  the  starting-point  or  **  Datum,**  at  A,  is  0.00.  The  instrument  being 
•et  up  and  levelled,  the  rod  is  held  at  A.  The  back-sight  upon  it  is  2.00;  there- 
fore the  height  of  the  instrument  is  also  2.00.  The  rod  is  next  held  at  &  Tlie 
foro-sight  to  it  is  6.00.  That  point  is  therefore  6.00  below  the  mstrument,  or 
2.00  —  6.00  = — 4.00  below  the  datum.  The  mstrument  is  now  moved,  and  again 
let  up,  and  the  back-sight  to  B,  being  8.00,  the  Ht.  Inst  is  —  4.00  +  &00  =s — liM) 

'  *  In  the  flgare,  the  limits  of  the  page  hsve  made  it  neeeaaarj  to  contrast  the  bozbootal  dMansi* 
ts  ons-teath  of  their  proper  pr6\>oitional  alze. 
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and  BO  00 :  the  Ht  Inst  being  always  obtained  by  adding  the  back-aight  to  Iha 
height  of  the  peg  on  vhich  the  rod  is  held,  and  the  height  of  the  next  peg  being 
obtained  by  subtracting  the  fore-sight  to  the  rod  held  on  that  peg,  from  the  Ht  Inst 

The  level  lines  given  by  these  instruments  are  all  lines  of  apparent  level,  and 
Dot  of  trtte  level,  which  should  curve  with  the  sur&ce  of  the  earth,  lliese  level 
lines  strike  too  high;  but  the  difference  is  very  small  in  sights  of  ordinary  length, 
being  only  one-eighth  of  an  inch  for  a  sight  of  one-eighth  of  a  mile,  and  diminisliing 
as  the  square  of  the  distance ;  and  it  may  be  completely  compensated  by  setting 
the  instrument  midway  between  the  points  whose  difference  of  level  is  desired ;  a 
precaution  which  should  always  be  taken,  when  possible. 

It  may  be  required  to  show  on  paper  the  ups  and  downs  of  the  line  which  has 
been  levelled ;  and  to  represent^  to  any  desired  scale,  the  heights  and  distances  ol 
the  various  points  of  a  line,  its  ascents  and  descents,  as  seen  in  a  side-view.  This 
is  called  a  **  Profile.'*  It  is  made  thu&  Any  point  on  the  paper  being  assumed 
for  the  first  station,  a  horizontal  line  is  drawn  through  it ;  the  distance  to  the  next 
station  is  measured  along  it,  to  the  required  scale  ;  at  the  termination  of  this  dis- 
tance  a  vertical  line  is  drawn ;  and  the  given  height  of  the  second  station  above  oi 
below  the  first  is  set  off  on  this  vertical  line.  The  point  thus  fixed  determines 
the  second  station,  and  a  line  joining  it  to  the  first  station  represents  the  slope  of 
the  ground  between  the  two.    The  process  is  repeated  for  the  next  station,  ibc 

But  the  rises  and  falls  of  a  line  are  always  very  small  in  proportion  to  the  dis 
tances  passed  over ;  even  mountains  being  merely  as  the  roughnesses  of  the  rind 
of  an  orange.  If  the  distances  and  the  heights  were  represented  on  a  profile  to  the 
same  scale,  the  latter  would  be  hardly  visible.  To  make  them  more  apparent  it 
is  usual  to  "  exaggerate  the  vertical  scale"  ten-fold,  or  more ;  L  e.,  to  make  the 
representation  of  a  foot  of  height  ten  times  as  great  as  that  of  a  foot  of  length,  aa 
in  Fig.  420,  in  which  one  inch  represents  one  hundred  feet  for  the  distances,  and 
ten  feet  for  the  heights. 

The  preceding  Introduction  to  Levelling  has  been  made  as  brief  as  possible,  but 
by  any  of  the  simple  instruments  described  in  it,  and  either  of  its  tabular  forms,  any 
person  can  determine  with  su£Scient  precision  whether  a  distant  spring  is  higher  or 
lower  than  his  house,  and  how  much ;  as  well  as  how  deep  it  would  be  necessary 
to  cut  into  any  intervening  hill  to  bring  the  water.  He  may  in  like  manner  ascer- 
tain whether  a  swamp  can  be  drained  into  a  neighboring  brook ;  and  can  cut  the 
necessary  ditches  at  any  given  slope  of  so  many  inches  to  the  rod,  dcc^  having  thus 
found  a  level  line ;  or  he  can  obtain  any  other  desired  information  which  dependi* 
on  the  relative  heights  of  two  points. 

To  explain  the  peculiarities  of  the  more  elaborate  levelling  instruments,  the 
precautions  necessary  in  their  use,  the  prevention  and  correction  of  errors,  the 
overcoming  of  difiicultiee^  and  the  various  complicated  details  of  their  applicationi^ 
would  require  a  great  number  of  pages.  This  will  therefore  be  reserved  for  an* 
other  volume,  as  announced  in  the  Preface. 
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iPPEHDIX  D. 


MAGNETIC    VARIATIONS 

IN  THE  UNITED  8TATES. 

[From  a  Report  b j  C  A.  SGHOTT,  Aasistaoi  U.  S  Gout  Surrey].    See  Smiman's 
Journal,  If  aj,  I860,  p.  U5 ;  and  U.  S.  Coast  Surrej  Report  for  1869,  App.  24,  p.  296. 
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•  0599 
.0602 
.o6o5 
.0608 
.0611 

.0933 
.0936 
.0939 
.0942 
.0945 
.0948 
•  0951 
.0954 
.0957 
.0960 

.1108 
•  nil 

.11x4 
.1116 
.1119 

.1X22 
.XI25 
.1X28 
.Il3l 

.1134 

.1282 
.1285 
.1288 
.X291 

•1294 
.1296 
.7299 
.i3o2 
i3o5 
.x3o8 

.x456 
.1459 
.x462 
.x465 
.x468 

.1471 
.1473 
.1476 

.1479 
.1482 

.x63o 
.x633 
.1636 
.1639 
.x642 
.x645 

.1647 
.i65o 
.1653 
.x656 

.1804': 

.X807! 

.1810 

.i8i3 

.1816 

.1818 

.1821 

.i8a4 

.1827 

.x83o 

•  0265 
.0268 
.0271 
.0273 
.0276 
.0279 
.0282 
.0285 
.0288 
.0291 

•  0439 
.0442 
.0445 
.0448 
.045 1 

.0454 
.0457 

•  o46o 
•0462 
.0465 

.0614 
.0617 
.0619 
.0622 
.0625 
.0628 
.o63i 

.0634 
.0637 
.0640 

.0788 
.0791 
•0794 
.0797 
.0800 
.o8o3 
.0806 
.0808 
.0811 
.0814 

•  0817 
.0820 
.0823 
.0826 
.0829 
.o83a 
.o835 
.o838 
.0840 
.0843 

.0962 

.0965 

.0968 

.0971 

.0974 

.0977 
.0980 

.0983 

.0986 

.0989 

.1137 
.ii4o 
.1143 
.xx45 
.ii48 
.xi5i 
.1154 
.1x57 
.1x60 
.1x63 

.i3ii 

.x3i4 
.i3i7 

.l320 

.i3a3 
.i3a5 
.x328 
.x33i 

.x334 
.x337 

.1485 

.1488 

•1491 

.1494 

•1497 
.x5oo 

.x5oa 

.i5o5 

.i5o8 

.x5ix 

.x659 
.i66a 
.1665 
.1668 
.1671 

.X674 
.1676 
•1679 
.X682 
.x685 

.1833  1 
.1836' 
.x839 
.i84a  • 
.x845 

•1847 
.i85o 

.x853 

.1856 

.x859 

3i 

32 
3!) 

36 

37 
38 
39 

40 

•  0119 

•  0122 
.0125 

.0128 

.oi3i 
.oi34 
.0137 

•  oi4o 
.0143 
.0145 

•  0294 
.0297 
.o3oo 
.o3o3 
.o3o5 
.o3o8 
.o3ii 

•o3i4 
.o3i7 
.o32o 

.0468 

.0471 
.0474 

.0477 
.0480 

.o483 

.0486 

.0489 

.0492 

•0494 

.0643 
.0646 
.0649 
.o65i 
.0654 
.0657 
.0660 
.o663 
.0666 
.0669 

.0992 

.0994 
.0997 
.1000 
.ioo3 
•  1006 
.1009 
.1012 
.ioi5 
.1018 

.X166 
.X169 
.1172 
.X175 
.1x77 
.X180 
.xi83 
.1186 
•  X189 
.X192 

.x34o 
.x343 
.x346 

.x349 
.x352 
.x355 

.x357 
.x36o 
.i363 
.1366 

.x5i4 
.i5i7 
.xSao 
.x5a3 
.x5a6 
•  1529 
.i53i 
.x534 
.x537 
.x54o 

.x688 
.X691 

.1694 
.1697 
.1700 
.X703 
.X7o5 
.X708 
.17x1 
•1714 

.i86a 
.1865 
.1868 
.X871 
.1873 
.1876 
.1879 
.i88a 
.1885 
.1888 

41 
42 
43 
44 

46 

47 
4S 

49 
5o 

5i 
5a 
53 
54 
55 
56 

u 

59 

60 

.oi48 

•  oiSi 

•  01 54 

•  oi57 

•  0160 

•  oi63 

•  0166 

•  0169 

•  0172 
.0175 

.o323 
.0326 
.0329 
.o33a 
.o335 
•o337 
•  o34o 
.0343 
o346 
.0349 

•0497 
.o5oo 
.o5o3 
.o5o6 
.o5o9 

•05l2 

•o5i5 
.o5i8 
•  o52i 
.0524 

•0672 
•0675 
.0678 
.0681 
.o683 
.0686 
.0689 
.0692 
.0695 
.0698 

.0846 
.0849 
.0852 
.o855 
.0858 
.0861 
.0864 
.0867 
.0869 
.0872 

.1021 
.1023 
.1026 
.1029 

.io32 
.1035 
.io38 
.io4i 
.1044 
•1047 

.1x95 
.1198 

.X20X 

•  X2o4 
.1206 
.1209 

•  I2I2 

•  xai5 

.X2l8 
.1221 

.x369 
.1372 
.1375 
.1378 
.i38i 
.i384 
.1386 
.1389 
.1392 
.1395 

.1543 
.1546 

.1549 
.x552 

.1555 

.1558 

.x56o 

.1563 

.i566 

.1569 

•1717 
.X7ao 

.X7a3 

.X7a6 

.1729 

•  I73a 

.1734 
.1737 
.1740 
.1743 

.1891 

■X 

.1900 

.X9oa 

•  1905 

.1908 

.19x1 

.1914' 

•1917; 
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TABLE  OF 

CHORDS 

:  [  Radius  •=  1 .0000]. 

\ 

o' 

11° 

.1917 

•  2091 

13° 

•  2264 

14° 

.2437 

15° 

•  261 1 

16° 

17° 

.2956 

1§° 

•  3i29 

19° 

•  33oi 

!^0° 

1^1° 

•  3645 

M. 

0 

•  2783 

•  3473 

1 

•  1920 

.2093 

•  2267 

•  2440 

•  26i3 

.2786 

•  2959 

•  3i32 

.33o4 

.3476 

•  3648 

I 

a 

•  1923 

•  2096 

•  2270 

.2443 

•  2616 

•  2789 

•  2962 

•  3i34 

•  33o7 

•3479 

.365o 

2 

3 

•  1926 

.2099 

.2273 

•  2446 

•  2619 

.2792 

•  2965 

•  3[37 

•  33io 

•  3482 

.3653 

3 

4 

.1928 

•  2102 

.2276 

•2449 

.2622 

.2795 

•  2968 

•  3i4o 

•  33i2 

•  3484 

.3656 

4 

5 

.1931 

.2IOD 

.2279 

•  2452 

.2625 

•  2798 

•  2971 

•  3i43 

.33i5 

•  3487 

•  3659 

5 

6 

.1934 

•2108 

•  2281 

•  2455 

.2628 

•  2801 

•2973 

.3i46 

•  33i8 

•3490 

•  3662 

b 

7 

.1937 

•2III 

.2284 

•  2458 

.263 1 

•  2804 

•  2976 

•  3i49 

•  3321 

•  3493 

.3665 

7 

8 

.1940 

•2Il4 

.2287 

•  2460 

.2634 

•  2807 

•  2979 

.3i52 

•  3324 

.3496 

•  3668 

8 

9 

.1943 

•2II7 

•  2290 

•  2463 

.2636 

•  2809 

.2982 

.3i55 

.3327 

.3499 

•  3670 

9 

lO 
ZI 

•  1946 
.1949 

•2II9 
•  2122 

•  2293 

•  2296 

.2466 
.2469 

.2639 
.2642 

•  2812 

•  2985 
.2988 

.3i57 
•  3 160 

.3330 
•  3333 

•  35o2 
.35o4 

.3673 
•  3676 

10 
II 

.28if: 

12 

•  1952 

•  2125 

•  2299 

.2472 

.2645 

.2818 

2991 

.3i63 

.3335 

.3507 

•  3679 

12 

i3 

.1955 

.2128 

•2302 

.2475 

.2648 

.2821 

.2994 

.3i66 

•  3338 

.35io 

•  3682 

i3 

i4 

.1957 

•2l3l 

•  23o5 

.2478 

.265 1 

•  2824 

.2996 

.3169 

•  3341 

•  35i3 

•  3685 

i4 

i5 

•  i960 

.2r34 

•  23o7 

•  2481 

•  2654 

•2827 

.2999 

•  3c72 

.3344 

•  35i6 

•  3688 

i5 

i6 

.1963 

.2137 

•23lO 

•  2484 

•  2657 

•  283o 

.3oo2 

.3175 

•3347 

.3519 

•3690  1 

16 

17 

.1966 

•  2i4o 

•  23 1 3 

•  2486 

•  2660 

.2832 

.3oo5 

.3[78 

•  3350 

.3522 

•3693  1 

17 

i8 

.1969 

•  2i43 

•  23i6 

•  2489 

.2662 

•  2835 

.3008 

.3180 

•  3353 

•  3525 

.3696  1 

18 

'9 

.1972 

•  2146 

•  2319 

.  2492 

.2665 

•  2838 

•  3oii 

3i83 

.3355 

•  3527 

.3699 

19 

20 

.1975 

•  2i48 

•2322 

•2495 

.2668 

.2841 

•  3oi4 

.3i86 

•  3358 

•  353o 

•  3702 

20 

ai 

.1978 

.2l5l 

•2325 

.2498 

•  2671 

.2844 

.3017 

.3189 

•  336i 

.3533 

.3705 

21 

22 

.1981 

•  2154 

.2328 

.25oi 

•2674 

.2847 

.3019 

.3192 

•  3364 

•  3536 

.3708 

22 

aS 

.1983 

•  2i57 

•  233 1 

•  25o4 

.2677 

•  285o 

.3022 

.3195 

.3367 

•  3539 

.3710 

23 

24 

.1986 

•  2160 

•  2333 

•  2507 

•  2680 

•  2853 

.3025 

.3198 

•  3370 

•  3542 

.3713  : 

24 

25 

.1989 

.ai63 

•  2336 

•25lO 

•  2683 

•  2855 

.3028 

.3200 

.3373 

.3545 

.3716 

25 

26 

.1992 

•  2166 

•  2339 

•25l2 

•  2685 

•  2858 

.3o3i 

•  32o3 

•  3376 

•3547 

.3719 

26 

27 

.1995 

•  2169 

•  2342 

•  25i5 

.2688 

•  28^JI 

•  3o34 

•  32o6 

•  3378 

.3550 

.3722 

27 

28 

.1998 

•  2172 

•  2345 

.25i8 

.2691 

.2864 

.3o37 

.3209 

•  3381 

.3553 

.3725 

28 

29 

•  2001 

.2174 

.2348 

•2521 

•2694 

.2867 

.3o4o 

•3212 

.3384 

•3556 

.3728 

29 

36 

•2O04 

.2177 

.2351 

•2524 

•2697 

•  2870 

•  3o42 

•  3215 

•  3387 

.3559 

.3730 

3o 

3i 

.aoo7 

•  2180 

.2354 

.2527 

•  2700 

.2873 

.3o45 

.3218 

.3390 

.3562 

.3733 

3i 

32 

•  2010 

.2183 

•  2357 

.  253o 

•  2703 

.2876 

.3o48 

.3221 

.3393 

.3565 

.3736 

32 

33 

.2012 

.2186 

.2359 

.2533 

•  2706 

•  2878 

.3o5i 

.3223 

.3396 

.3567 

•  3739 

33 

34 

•  201 5 

•  2189 

•2362 

.2536 

.2709 

.2881 

.3o54 

.3226 

.3398 

.3570 

•3742 

34 

35 

.2018 

•  2192 

•  2365 

•  2538 

.2711 

•  2884 

.3o57 

.3229 

•  34oi 

.3573 

•3745 

35 

36 

•  2021 

•  2195 

.2368 

•  254 1 

•2714 

•  2887 

.3o6o 

.3232 

.3404 

.3576 

.3748 

36 

37 

•  2024 

.2198 

•  2371 

•2544 

.2717 

•  2890 

.3o63 

.3235 

.3407 

•  3579 

•  3750 

37 

38 

.2027 

•  2200 

•  2374 

•2547 

.2720 

•  2893 

.3o65 

.3238 

.3410 

.3582 

.3753 

38 

39 

•  2o3o 

•  2203 

•  2377 

•  255o 

•  2723 

.2896 

.3068 

.3241 

.3413 

.3585 

•  3756 

39 

4c 
4i 

•  2o33 
.2o36 

•2206 

•  238o 

•  2383 

•  2553 

•  2556 

•  2726 

•  2899 

•  2902 

.3071 
.3074 

.3244 
.3246 

.3416 
.3419 

.3587 
.3590 

•  3759 
.3762 

4o 
4i 

•  2209 

.2729 

42 

.2038 

•2212 

.2385 

•  2559 

•  2732 

•  2904 

.3077 

.3249 

.3421 

.3593 

.3765 

42 

43 

•  204 1 

.22l5 

.2388 

•  256 1 

•2734 

.2907 

.3080 

.3252 

•  3424 

.3596 

.3768 

43 

44 

.2044 

.2218 

•  2391 

•  2564 

•  a"'37 

•  2910 

.3o83 

.3255 

.3427 

.3599 

.3770 

44 

45 

•2047 

•  2221 

.2394 

•  2567 

•  2740 

.2913 

.3o86 

.3258 

.3430 

.3602 

•3773 

45 

46 

.ao5o 

.2224 

.2397 

•  2570 

•2743 

•  2916 

.3o88 

.3261 

•  3433 

•  36o5 

.3776 

46 

47 

.2o53 

•  2226 

•  2400 

•  2573 

•  2746 

•  2919 

.3091 

.3264 

•  3436 

•  36o8 

.3779 

47 

48 

.2o56 

•  2229 

•  24o3 

•  2576 

•2749 

•  2922 

.3094 

.3267 

•  3439 

•  36io 

.3782 

48 

49 

•  2059 

•  2232 

•  2406 

•  2579 

.2752 

•  2925 

.3097 

.3269 

•  3441 

•  36i3 

.3785 

49 

5o 
5i 

.2062 
.2o65 

•2235 
•  2238 

•  2409 

•2582 

.2585 

.2755 
.2758 

•  2927 

•  2930 

.3100 
.3io3 

.3272 
.3275 

.3444 
.3447 

•  36i6 

•  36i9 

.3788 
.3790 

5o 
5i 

•  241 1 

52 

.2067 

•  2241 

•2414 

•  2587 

2760 

•  2933 

•  3io6 

•  3278 

.3450 

•  3622 

•3793 

52 

53 

.2070 

•2244 

•  2417 

.2590 

•  2763 

.2936 

•  3109 

.3281 

•  3453 

•  3625 

•  3796 

53 

54 

.2073 

•2247 

•  2420 

•  2593 

•  2766 

•  2939 

•  3iii 

•  3284 

•  3456 

.3628 

.3799 

54 

55 

•  2C76 

•2250 

•  2423 

•  2596 

•  2769 

•  2942 

•  3ii4 

•  3287 

•  3459 

.363o 

.3802 

55 

56 

.2079 

•2253 

•  2426 

•  2599 

•  2772 

.2945 

•  3ii7 

.3289 

.3462 

.3633 

•  38o5 

56 

57 

.2082 

•2255 

•  2429 

•  2602 

.2775 

.2948 

•3l20 

•  3292 

•  3464 

.3636 

•  38o8 

57 

58 

.2o85 

•2258 

.2432 

.2605 

.2778 

.2950 

•  3i23 

•  3295 

•3467 

.3639 

•  38io 

58 

59 

.2088 

•  2261 

•2434 

•  2608 

•  2781 

.2953 

•  3126 

•  3298 

•  3470 

•  3642 

.38i3 

59 

60 

•  2091 

•  2264 

•2437 

•  261 1 

•  2783 

.2956 

•  3129 

•  3301 

•347^ 

3645 

.3816 

6b 
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0' 

I 

a 
3 

4 
5 
6 

7 
8 

9 

lO 

II 
la 

i3 

i4 
x5 
i6 

17 
x8 

'9 
ao 

ai 
aa 
a3 

24 

a5 
a6 

27 

a8 

3o' 

3x 
3a 
33 

34 
35 
36 

37 
38 
39 
4o 

4i 

42 

43 
i4 
1^ 
46 

47 
48 

5o 

5i 

52 

53 

54 
55 
56 

S7 
58 

Z 

.38x6 
.38x9 

.3822 

.3825 
.3828 
.383o 
.3833 
.3836 
.3839 
.3842 
.3845 

.3848 
.385o 
.3853 
.3856 
.3859 
.3862 
.3865 
.3868 
.3870 
.3873 

.3876 

.3879 
.3882 

.3885 

.3888 

.3890 

.  3893 

.3896 

.3899 

.390a 

.3905 
.3908 
.3910 
.3913 
.3916 
.3919 
.3933 
.3925 
.3927 
.3930 

.3933 

3936 

3939 

.3942 

.3945 

.3947 
.3950 

.3953 

3956 

•  3959 

.396a 
.3965 
.3967 
.3970 
.3973 
.3976 
.3979 
.3982 
.3985 
.3987 

.3987 

j99^ 

.3996 
.3999 
.400a 

►4oo4 
.4007 
.4010 
.401 3 
.4016 

.4019 
.402a 
.4oa4 
•4oa7 
.4o3o 
.4033 
.4o36 
.4039 
.4042 
.4044 

.4047 
.4o5o 

.4053 
.4o56 
.4059 
.4061 
.4064 
.4067 
.4070 
•4073 

.4076 
.4079 
.4081 

.4o«4 
.4087 
.4090 
.4093 
•  4096 
.4098 
.410X 

.4xc4 
.4107 
.4no 
.4ii3 
.4116 
.4118 
.4x21 
.4124 
•4127 
.4x3o 

.4i33 
.4135 
.4x38 
•4i4x 

•4:44 
•4i47 
.4i5o 

.4x53 
.4x55 
.4x58 

24° 

.4x56 
.4161 
.4x64 
.4167 
.4x70 
.4172 
^4175 
-4178 
.4181 

•  4x84 
•4187 

.4190 
.4192 

•4195 
.4x98 
.4201 
.4204 
.4207 
.4209 
.4212 
.4215 

.4218 
•4221 
.4224 
.4236 
.4229 
.4232 
.4235 
•4238 
•424x 
•4244 

.4246 

.4249 
.4252 

.4255 

•  4258 
.4261 
.4263 
.4266 
.4269 
.4272 

.4275 
.4278 
.4280 
.4283 
.4286 
.4289 
.4292 
•4295 
.4298 

•  43oo 

.43o3 
.4306 
.4309 
.43x2 
.43i5 

.4317 
.4320 
.4323 
.4326 
•4329 

25° 

•4329 
.433a 

.4334 
.4337 
.4340 
.4343 
.4346 

.4349 
.4352 

•4354 
•4357 

.4360 

.4363 

•4366 

.4369 

•4371 

•4374 

•4377 
.4380 

•  4383 
.4386 

•  4388 
.4391 
•4394 
.4397 
.4400 
.4403 
.44o5 
.4408 
•44x1 
•44x4 

•44x7 
.44ao 
•4422 
•4425 
.4428 
•443 1 
•4434 
•4437 
•4439 
•4442 

.4445 
.4448 
•445 1 

.4454 
.4456 
.4459 
.446a 
.4465 
.4468 

•4471 

.4474 
•4476 

•4479 
.448a 

.4485 

.4488 

•4491 
.4493 

•4496 
•4499 

9e° 

.4499 

.45oa 
.45o5 
.4508 
.45x0 

•  45x3 
.45x6 
•4519 
.45a2 
.45a5 
.45a7 

.4530 
.4533 

•  4536 
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i*o348 
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I. 1094 
I. 1097 
I. 1099 
1.1102 
I • 1 io4 
1.1107 
1. 1 109 
i.iiii 

1.1234 
1.1237 
1. 1 239 
1.1242 

I. 1244 
I. 1246 
1.1249 

I.I25l 

1.1254 
I. 1256 

1.1378 
i.i38i 
1.1383 
1.1386 
I.I388 
1.1390 
I. 1393 
1.1395 
I. 1398 
i.i4oo 

i.i5aa 
1.1524 
1.1526 
I. 1529 
i.i53i 
1.1533 
1.1536 
I.I538 
i.i54i 
1.1543 

I. 1664 
1.1666 
1.1668 
1.1671 
1.1673 
1 .  1676 
1.1678 
1.1680 
1.1683 
1.1685 

i.i8o5 
1. 1807 
1.1810 
1. 1812 
1.1814 
1.1817 
1.1819 
i.i8ai 

i.i8a4 
i.i8a6 

1.1946 
1.1948 
1.1950 
I . 1952 
1 . 1955 

I. 1957 
1.1959 
I. 1962 
1-1964 
1.1966 

1.0822 
1.0824 
1.0827 
1.0829 
1.0832 

I.0834 
1.0837 
1.0839 
1.0841 
1.0844 

1.0968 
I. 0971 
1.0973 
1-0976 
1.0978 
1.0980 
1.0983 
1.0985 
1.0988 
1.0990 

1.1114 
1.1116 
1.1119 
1.1121 

I.II23 

I.II26 

I. 1128 

i.ii3i 
I.1I33 
I.II36 

I. 1258 
1. 1 26 1 
1.1263 
I. 1266 
I. 1268 
1.1271 
1.1273 
1. 1 275 
1.1278 
1 . 1 280 

i.i4o2 
i.i4o5 
I . 1407 
1.1409 

I.l4l2 

i.i4i4 

1.1417 
1.1419 
I. 1421 

1.1424 

1.1545 
1.1548 
i.i55o 
1.1552 
1.1555 
1.1557 
i.i56o 
I.I562 
1.1564 
1.1567 

1.1687 
1.1690 
1.1692 
I . 1694 
1.1697 
1.1699 
1.1702 

1.1704 
I. 1706 
I. 1709 

i.i8a9 
i.i83i 
1.1833 
1.1836 
I.X838 
1.1840 
1.1843 
I . 1845 

1.1847 
i.i85o 

I. 1969 
1.1971 
1 . 1973 
1.1976 

I '.1978 
I. 1980 
1.1983 
1.1985 
1.1987 
I. 1990 

3i 
3a 
33 

34 
35 
36 

37 
38 

39 
40 

1.0846 
1.0849 
i.o85i 

1.0854 
I.0856 
1.0859 
I. 0861 
1.0863 
1.0866 
1.0868 

1.0993 
1.0995 
1.0997 
I. 1000 
I. 1002 
i.ioo5 
1.1007 

I.IOIO 

1.1012 
I. 1014 

I.II38 
I. I 140 
I. 1143 
I. 1145 
[.ii48 
i.ii5o 

I.II52 

I.II55 
1.1157 
1.1160 

1.1283 
I. 1285 
I. 1287 
1.1290 
1.1292 
1. 1 295 
1.1297 
I. 1299 
i.i3o2 
i.i3o4 

1.1426 
1.1429 
i.i43i 
1.1433 
I.I436 
1.1438 

1.1441 
I. 1443 
I. 1445 
1.1448 

1.1569 
I. 1571 
1.1574 
1.1576 

I.I579 
i.i58i 

1.1583 

I.I586 

1.1588 

I. 1590 

1.1711 
1.1713 
1.1716 
r.1718 
1.1720 
1.1723 
I. 1725 
1.1727 
1.1730 
1.1732 

i.i85a 
1.1854 
1.1857 
1.1859 
i.i86[ 
1.1864 
1.1866 
1.1868 

1.1871 
1.1873 

1.1992 
1.1994 

I. 1997 
1.1999 
i.aooi 
1.2004 
1.2006 
z.aoo8 
i.aoii 
i.aot3 

41 
4a 
43 
44 
45 
46 

47 
48 

49 
5o 

I. 0871 
1.0873 
1.0876 
1.0878 
I. 0881 
I.0883 
I.0885 
1.0888 
1.0890 
1.0893 

1.1017 
1.1019 
I. 1022 
I. 1024 
I. 1027 
I. 1029 
i.io3j 
I.I034 
i.io36 
i.io39 

I. 1162 
I.II65 
I. 1167 
1.1169 
1.1172 

1.1174 
1.1177 
I. 1179 
1.1181 
1.1184 

I . I 3o7 
I. I 309 
i.i3ii 

I.i3i4 
i.i3i6 
i.i3i9 

I.l32I 

I.I323 
1.1326 
1.1328 

i.i45o 
I. 1452 
1.1455 

1.1457 
I. 1460 
I. 1462 
I. 1464 

I. 1469 
1-1472 

1.1593 
1.1595 
1.1598 
1.1600 
I. [602 
I.i6u5 
I. 1607 
1.1609 
1 ..^12 
1.1614 

1.1735 
1.1737 
I. 1739 
I. 1742 

x»i744 
1.1746 

1.1749 
I. 1751 
I. 1753 
I. 1756 

1.1875 
1.1878 
I. 1880 
1.1882 
1.1885 
1. 1887 
1.1889 
I. 1892 

1.1894 
I. 1896 

i.aoi5 
i.aoi8 
I -aoao 
i-aoaa 
i.ao25 
I  -  2027 
1*2029 

1.2032 

1 • ao34 
I -2036 

5i 
5a 
53 
54 
55 
56 

57 
58 

59 
60 
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TABLE   OF   CHORDS:    [Radios  ==  1.0000].                        | 

& 
I 

a; 

3 

4 
5 
6 

7 
8 

9 

lO 

II 

12 

i3 

i4 
i5 
16 

>7 
i8 

'9 

20 

21 
22 
23 
24 
25 

26 

27 
28 

3o 

32 

33 

34 
35 
36 

37 
38 

39 
4o 

41 
42 
43 
44 
45 
46 

47 
48 

5i 

52 

53 

54 
55 
56 

57 
58 

E? 
60 

740 

79^ 

76° 

77° 

7§° 

79° 

§0° 

81° 

§3° 

x. 

0' 

I 

2 

3 

4 
5 
6 

7 
8 

9 
10 

II 
12 
i3 

i4 
i5 
16 

17 
18 

19 
20 

21 
22 

23 

24 

25 

26 
27 
28 

3o 
3i 

32 

33 

34 
35 
36 

37 
38 

4o 

4i 
42 
43 

U 
45 
46 

47 
48 

! 

5i 

52 

53 

54 
55 
56 

57 
58 

59 
60 

I . 2o36 
I • 2039 

I.204l 

I .2043 
I '2046 
1.2048 
I  *  2o5o 
I . 2o53 
1  *  2o55 
I • 2o57 
1-2060 

1*2175 
I. 2178 
1*2180 
1*2182 

1.2184 
1.2187 
1*2x89 
1*2191 

x*2i94 
1*2196 
1*2x98 

x*23i3 
1*23x6 
1*23x8 

I.2320 
1*2322 
1.2325 
1*2327 
1.2329 
1.2332 

1 . 2334 
X  *  2336 

I . 2450 
I . 2453 
X . 2455 

1-2457 
1.2459 
I >  2462 

1.2464 
1.2466 
1.2468 

I. 2471 
1.2473 

1*2586 
1.2589 
I. 2591 
1.2593 
I . 2595 
1.2598 
1.2600 
1*2602 

1.2604 
1*2607 
I '2609 

1.2722 

1.2724 
1.2726 
1.2728 
I. 2731 
I . 2733 
I . 2735 

X.2737 
I • 2740 
1*2742 
1*2744 

I. 2856 
1.2858 
1*2860 
1.2862 
1*2865 
1.2867 
1*2869 
I. 2871 
1.2874 
1.2876 
1.2878 

X.2989 
I. 2991 
X.2993 
1.2996 
1.2998 
1.3000 
x.3oo2 
i.3oo4 
1.3007 
x*3oo9 
1*3011 

I.3l2I 

I.3I23 
1.3126 
1.3x28 
x.3i3o 
1.3x32 
x.3i34 
1.3x37 
1.3x39 

i.3i4i 
4-3i43 

I . 2062 

1*2064 
1.2066 
1.2069 
1.2071 
I . 2073 
1.2076 
I . 2078 
I. 2080 
I.2083 

I •2201 

I*2203 

I*2205 

I*2208< 

X*22IO 

1*22X2 

1*22X4 
I. 2217 
1*2219 
1*2221 

1*2338 
i*234i 
1.2343 
1*2345 
1.2348 
I  *  235o 

1*2352 

1*2354 
1.2357 
1*2359 

1.2475 

1.2478 
1.2480 

1*2482 

X.2484 
1.2487 
1.2489 

1-2491 
1.2493 

1.2496 

I. 261 I 

1.26x4 
1*26x6 
1.2618 
I  *  2620 
1*2623 
I  *  2625 
1*2627 
I . 2629 

I . 2632 

1*2746 
1*2748 
X.2751 
1*2753 
1.2755 
1*2757 
1*2760 
1.2762 
1*2764 
1.2766 

1*2880 
x.2882 
X.2885 
1*2887 
1*2889 
I  *  2891 

1*2894 
1*2896 
1.2898 
1.2900 

I .3013 
i*3oi5 
x.3oi8 

X.3o20 
X.3022 

X.3024 
1.3027 
1.3029 
i*3o3i 
i*3o33 

1.3x45 

i.3i47 
f .3x5o 

i.3i52 

1*3x54 
1.3x56 
1*3x58 
i.3i6i 
i*3i63 
x.3i65 

1.2085 
1.2087 
1.2090 
1*2092 

1.2094 
1.2097 
1.2099 

1*2101 
I.2IO4 
IOIO6 

1*2224 
1*2226 
1*2228 
I*223l 
1*2233 
1.2235 
1.2237 
I  *  2240 
I > 2242 
1.2244 

i.236x 
1*2364 
1*2366 
1*2368 
I . 2370 
1*2373 
1*2375 
X . 2377 
i*238o 

1.2382 

1.2498 
I . 25oo 
1 . 25o3 
I • 25o5 
I . 25o7 
1*2509 

1*25X2 

i.25i4 
i.25i6 
i.25i8 

1.2634 
1*2636 
1.2638 
I* 2641 
1.2643 
I  *  2645 
1*2648 
I . 265o 

I . 2652 

1.2654 

1.2769 
1*2771 
1.2773 
I  *  2775 
X  *  2778 
I • 2780 
I  *  2782 

1.2784 
1.2787 
I . 2789 

1*2903 
1*2905 
1*2907 
1*2909 
1.291C 

1.2914 
I. 2916 
I. 2918 
1.2920 
1.2922 

i*3o35 
i*3o38 
I .3040 
I • 3o42 

x*3o44 
i.3o46 
1.3049 
x.3o5i 
i.3o53 
x.3o55 

1.3167 
1.3169 
1*3172 
1.3174 
1*3176 
1.3178 
i*3i8o 
1.3x83 
i.3i85 
I. 3187 

I. 2108 
I*2III 
I*21l3 
I.21l5 
I. 2117 
I. 2120 
I. 2122 

1*2X24 
I.2127 
1*2129 

1.2247 
1.2249 

i«2a5i 

1*2254 
1*2256 
1*2258 

1*2260 

1*2263 
1*2265 

1*2267 

I . 2384 
X  *  2386 
X.2389 
I* 2391 
I • 2393 
1*2396 
1*2398 
I  *  2400 
I • 2402 
i*24o5 

I*252X 
1*2523 
1*2525 
1*2528 

x.253o 

1.2532 

1.2534 
1*2537 
I . 2539 
1*2541 

1.2656 
1.2659 
1*2661 
1.2663 
1.2665 
1*2668 
I . 2670 
I  *  2672 
1.2674 
1*2677 

I. 2791 
1.2793 
1.2795 
1.2798 
1*2800 
1.2802 
1.2804 
X.2807 
1.2809 
1.2811 

1.2925 
I . 2927 
I . 2929 
I .2931 
1 . 2934 
1.2036 
1.2938 
1.2940 
i .2942 
1-2945 

i.3o57 
x.3o6o 
X.3062 

i.3o64 
x.3o66 
i.3o68 
X.3071 
1.3073 
1.3075 
1.3077 

1.3189 
1*3191 
1*3193 
1*3196 
1*3x98 
1*3200 

1*3202 

i*32o4 
1.3207 
1*3209 

I*2l3l 

1*2x34 
1*2x36 
1*2138 

I*2l4l 

1*2143 

I -2145 
1*2x48 

I*2l5o 
I*2l52 

1*2270 
I  2272 

1.2274 
1.2277 
1.2279 
I. 2281 

1.2283 

X.2286 
1.2288 

1.2290 

I . 2407 
I . 2409 

X*24l2 

i*24i4 
1*24x6 
1.2418 
X.242X 
X . 2423 
1.2425 
1*2428 

1.2543 
1*2546 
1.2548 
i*255o 

X.2552 

1*2555 
1.2557 
X.2559 
1.2562 

X.2564 

I . 2679 
1.2681 
X.2683 
1.2686 
1.2688 
1*2690 
X.2692 
1.2695 

1.2697 
1*2699 

I. 2813 
1.2816 
I* 2818 
1*2820 
1*2822 
1*2825 
1*2827 
1*2829 
i*283i 
1*2833 

X.2947 
1.2949 
1*2951 

1*2954 
1*2956 
1*2958 
1*2960 
1*2962 
1*2965 
1*2967 

1.3079 
1.3082 

i*3o84 
i*3o86 
i*3o88 
1*3090 
1.3093 
1*3095 
1*3097 
1*3099 

1*32X1 

1*3213 
1*32x5 
1*3218 
1*3220 

1*3222 
1*3224 
1*3226 
X-3228 

x*323i 

1*2x54 

I*2l57 

1*2159 

:  I*2l6i 
i*2i64 
1*2166 
X.2168 
1.2171 
I. 2173 
1*2175 

X.2293 
1*2295 

1.2297 

1*2299 

I*2302 

i.23o4 
I .2306 
I .2309 

X*23ll 

1*23x3 

X • 243o 

1*2432 

1*2434 
1*2437 
I  *  2439 

x*244i 
X.2443 
1*2446 
1*2448 
X.2450 

1.2566 
1.2568 
1.257X 
X.2573 
1*2575 
1.2577 
i*258o 

1*2582 

1.2584 
1.2586 

I  *  2701 

1*2704 
1.2706 
1.2708 
1.2710 
I. 2713 
X.2715 
1.2717 
X.2719 
1.2722 

1.2836 
1*2838 
x*284o 
1*2842 
1*2845 

1*2847 
1.2849 
i.285x 

1.2854 
1.2856 

1*2969 
X.2971 
1*2973 
1*2976 
f.2978 
X.2980 
1.2982 
1*2985 
1.2987 
X . 2989 

1*3x01 

x*3xo4 
i*3io6 
x*3xo8 
x.3xxo 

I.3lI2 

x.3ii5 
X.3117 
1.3x19 

1.3X21 

1*3233 
1*3235 
1*3237 
i*3j39 
1.3242 

1*3244 
1*3246 
1*3248 
i.325o 

1.3252 

15 


TABLE 

OF  CHORDS: 

[Radius 

=  1.0000] 

a 

O' 

1     8S0    ^ 

SA'' 

85<> 

8e<> 

81° 

88'' 

81l<' 

M. 
0' 

1.3252 

1-3383 

1.3512 

1.3640 

1.3767 

1.3893 

1.4018 

I 

1.3255 

1.3385 

i.35i4 

I. 364a 

1.3769 

1.3895 

1*4030 

I 

a 

1.3257 

1.3387 

1.3516 

1.3644 

1.3771 

1.3897 

1.4033 

a 

3 

1*3259 

1.3389 

1.3518  1 

1.3646 

1.3773 

1.3899 

1.4034 

3 

4 

I. 3261 

1.3391 

1.3520  1 

1.3648 

1.3776 

1.390a 

1.4036. 

4 

5 

1    1.3263 

1.3393 

1.3523 

I.365I 

1.3778 

1.3904 

1.4039  ' 

5 

6 

1.3265 

1.3396 

1.3525 

1.3653 

1.3780 

1.3906 

i.4o3i 

6 

7 

1.3268 

1.3398 

1.3527 

i.:-'655 

1.378a 

1.3908 

1.4033 

7 

8 

1    1.3270 

1.3400 

1.3529 

1.3657 

X.3784 

I. 3910 

i.4o35 

8 

9 

1.327a 

1.3402 

1.3531 

1.3659 

1.3786 

1.391a 

i*4o37 

9 

lO 

II 

i.3a^4 

1 

1.3404 

1.3533 

I.366I 

1.3788 

1.3914 

i*4o39 

10 
11 

1.3276 

1.3406 

1.3535 

1.3663 

1.3790 

1.3916 

1.404 I 

la 

1-3279 

I . 3409 

1.3538 

1.3665 

1.379a 

1.3918 

1.4043 

la 

i3 

1.3281 

1.341 1 

1.3540 

1.3668 

1.3794 

1.3930 

1.4045 

i3 

i4 

1.3283 

i.34i3 

1.354a 

I . 3670 

1.3797 

1.3933 

1 .4047 

i4 

i5 

1    1.3285 

i.34i5 

1.3544 

1.3672 

1.3799 

1.3935 

1 .4049 

i5 

i6 

1.3287 

1.3417 

1.3546 

1.3674 

1.3801 

1.3937 

i.4o5i 

le 

17 

1.3289 

X.3419 

1.3548 

1.3676 

i.38o3 

1.3939 

1.4053 

17 

i8 

;     1.3292 

1.3421 

1.3550 

1.3678 

i.38o5 

I. 3931 

i.4o55 

18 

>9 

1.3294 

1.3424 

1.3552 

1.3680 

1.3807 

1.3933 

i.4o58 

19 

ao 

21 

1.3296 

1.3426 

1.3555 

1.368a 

I . 3809 

1.3935 

1.4060 

30 
21 

1.3298 

1.3428 

1.3557 

1.3685 

I.38II 

1.3937 

1.4063 

aa 

i.33oo 

1.3430 

X.3559 

1.3687 

i.38i3 

1.3939 

1.4064 

33 

a3 

i.33o2 

1.343a 

I.356I 

1.3689 

1.3816 

I. 3941 

1.4066 

a3 

24 

i.33o5 

1.3434 

1.3563  1 

1.3691 

1.3818 

1.3943 

1.4068 

a4 

25 

I . 3307 

1.3437 

1.3565 

1.3693 

1.3820 

1.3945 

1.4070 

a5 

26 

1.3309 

1.3439 

1.3567 

1.3695 

1.3822 

1.3947 

1.4072 

a6 

a7 

1.33 1 1 

1.3441 

1.3570 

1.3697 

1.3824 

1.3950 

I -4074 

37 

a8 

i.33i3 

1.3443 

1.357a 

1.3699 

i.38a6 

1-3952 

I .4076 

a8 

39 

i.33i5 

1.3445 

1.3574 

1 .3702 

i.38a8 

1.3954 

1.4078 

29 

3o 
3i 

1.3318 

i.3447 

1.3576 

1.3704 

1.3830 

1.3956 

1.4080 

3o 
3i 

1.3320 

1.3449 

1.3578 

1.3706 

1.383a 

1.3958 

1.408a 

3a 

1.332a 

1.3452 

1 . 358o 

1.3708 

1.3834 

1.3960 

1.4084 

33 

33 

1    i.33a4 

1.3454 

1.3582 

1.3710 

1.3837 

1.3963 

X.4086 

33 

34 

1.3326 

1.3456 

1-3585 

1.371a 

1.3839 

1.3964 

1.4089 

34 

35 

1.3328 

1-3458 

1.3587 

1.3714 

1.3841 

1.3966 

I. 4091 

35 

36 

1.3331 

1.3460 

1.3589 

I. 3716 

1.3843 

1.3968 

1.4093 

36 

3t 

1.3333 

1.346a 

1-3591 

I. 3718 

1.3845 

1.3970 

1.4095 

37 

38 

1.3335 

1.3465 

1.3593 

1.3721 

X.3847 

1.397a 

1-4097 

38 

39 

1    1.3337 

1.3467 

1.3595 

1.3723 

1.3849 

1.3975 

I -4099 

39 

4o 
4i 

1.3339 

1 . 3469 

1.3597 

1.3725 

|.385i 

1.3977 

i-4iot 

40 

■  ■ 

4i 

I. 3341 

I. 3471 

1.3599 

1.3727 

1.3853 

1.3979 

i.4to3 

42 

1.3344 

1.3473 

i.36o2 

1.3739 

1.3855 

I. 3981 

i.4i65 

4a 

43 

1.3346 

1.3475 

i.36o4 

i.373f 

1.3858 

1.3983 

1.4107 

43 

44 

,    1.3348 

1.3477 

i.36o6 

1.3733 

1.3860 

1.3985 

1.4109 

44 

45 

;    1.3350 

1.3480 

i.36o8 

1.3735 

1.386a 

1.3987 

1.4111 

45 

46 

1.3352 

I. 348a 

1.3610 

1.3738 

1.3864 

1.3989 

i.4ix3 

46 

47 

1.3354 

1.3484 

i.36ia 

1.3740 

i.386e 

I. 3991 

x.4u5 

4? 

48 

1.3357 

1.3486 

i.36i4 

1.374a 

1.3868 

1.3993 

1.4117 

48 

49 

1.3359 

X.3488 

1.3617 

1-3744 

1.3870 

1.3995 

1.4119 

49 

5o 
5i 

1.3361 

1.3490 

1.3619 

1 . 3746 

1.387a 

1.3997 

1.41 aa 

5o 

1.3363 

1.349a 

t.3621 

1.3748 

1.3874 

1.3999 

i.4ia4 

52 

,    1.3365 

1.3495 

1.3623 

1.3750 

1.3876 

1*4003 

i.4ia6 

5a 

53 

1.3367 

1.3497 

1.3625 

1.375a 

1.3879 

1.4004 

i.4ia8 

53 

54 

I .3370 

1.3499 

I . 3627 

1.3754 

I. 3881 

1.4006 

i*4i3o 

54 

55 

1.3372 

i.35oi 

1 • 3629 

1-3757 

1.3883 

1.4008 

i.4i3a 

55 

56 

1.3374 

i.35o3 

1.3631 

1.3759 

1.3885 

1.4010 

i.4i34 

56 

57 

1.3376 

i.35o5 

1.3634 

1.3761 

1.3887 

1.401a 

i.4i36 

57 

58 

1.3378 

1.3508 

1.3636 

1.3763 

1.3889 

I.40I4 

1.4x38 

58 

59 

1-3380 

1.3510 

1 . 3638 

1.3765 

1.3891 

I. 4016 

i.4i4c 

59 

66 

1-3383 

1.3512 

I . 364o 

1.3767 

1.3893 

1.4018 

i*4i4a 

60 

16 


TABLE  I.. 


or 


LOGARITHMS  OF  NUMBERS 


TEOK 


1  TO  10000. 


N. 

Log. 

N. 

Log. 

M. 

Log. 

W. 

Log. 

•  1 

3- 

O'OOOOOO 

o>3oio3o 

36 

11 

1-414973 
t.43iJ64 

5i 

53 

1.707570 
i*7i6oo3 

76 
?2 

1*880814 
1-886491 

3 

0*477131 

1*447158 

53 

1*734376 

1*892095 

4 
5 

o*6o3o6o 
0*698970 

12 

1*^(62398 
I  •477m 

54 
55 

1.733394 
1* 740363 

22 

1.897637 
1*903090 

6 

0'778i5i 
o< 845098 

3i 

1 -491362 

56 

1.748188 

81 

1.908485 

I 

32 

i-5o5i5o 

U 

1-755875 

82 

1.913814 

0' 903090 

33 

i-5i85i4» 

1-763428 

83 

1.919078 

9 
lo 

•  0.954243 
I. 000000 

34 
35 

I -531479 
1*544068 

I '770853 
1.778151 

84 
-85 

1 -924279 
I -929419 

11 

1 .041393 
i«07oioi 
i'liJ943 

36 

i*5563o3 

61 

1*785330 

86 

1.934498 

19 

i3 

U 

1*568202 
1-579784 

63 

63 

1*792393 
1- 8061 80 

U 

I. 939519 
1-944483 

14 

1*146128 

39 

I -591065 

64 

89 

1.949390 

i5 

1*176091 

40 

1 •602060 

65 

1-813913 

90 

X. 954343 

i6 

I '304130 

41 

1*612784 

66 

1*819544 
1-826075 

91 

1.959041 
1-963788 

\l 

l*33o44o 

I • 25521 J 

I • 2787D4 

42 

1*623249 
1-633468 

u 

92 

43 

1*832509 

93 

1-968483 

«9 

44 

1-643453 

69 

1-838849 
1-84509^ 

94 

I. 973128 

20 

i.3oio3o 

45 

1-653213 

70 

95 

1.977724 

31 

1*322219 
I -342423 
1.361728 

46 

1-662758 

V 

1*851258 

96 

1-982271 

32 
33 

1& 

1-672098 
I -681241 

73 

1*857333 
1.863323 

^ 

1.986773 
1-991336 

24 

i*38o2ii 

49 

1*690196 

^i 

1.869232 
1*875061 

99 

1*995635 

35 

1.397940 

5o 

1-698970 

75 

100 

3-000000 

N.  B.  In  the  following  table,  in  the  last  nine  colnmns  of  each  paf  e,  where  the 
first  or  leading  figures  chaoge  from  9*8  to  0*8,  the  character  ♦  is  introduced  instead 
of  the  0*8,  to  catch  the  e^e,  and  to  indicate  that  from  thence  the  annexed  first 
two  fiffures  of  the  Logantlim  in  the  second  oolomn  stand  in  the  next  lower  lins^ 
directly  under  the  attttUh, 


2            LOG ARITUMS  OF  14  U  MBEBS.         Tabu  L  | 

N. 

100 

0 

1 

0434 

2 

8 

4 

6 

6 

2598 

1 
'3o29 

8    9 

D. 

432 

oooooo 

0868 

i3oi 

1734 

2166 

3461 

3891 

lOl 

4321 

4751 

5]8i 

5609 

6o38 

6466 

6894 

7331 

7748 

«i74 

428 

103 

•  86oo 

0036 

9451 
3680 

9876 

♦3oo 

0734 

1147 

1570 

1993 

24l5 

434 

io3 

01  3837 
»7o3j 

3359 

410Q 

4531 

4940 

536o 

5779 

t^, 

6616 

419 

loi 

745i 

7868 

83S4 

8700 

9116 

9532 

9947 

0775 

4r6 

io5 

03  1180 
53o6 

1693 

20:6. 

3438 

3841 

3352 

3664 

4075 
8164 

4486 

4896 

419 

io6 

5715 

6135 

6533 

6942 

7350 

7757 
1812 

8571 

8978 

408 

10^ 

•  o384 
033424 

nu 

♦195 

o6oo 

1004 

1408 

23 16 

2619 

3oai 

404 

4327 

&}2i 

4626 

6029 

543o 

5830 

633o 

6629 

7028 

400 

109 

•  7436 

7835 

8630 

90f7 

9414 

9811 

♦207 

060a 

0998 

396 

no 
III 

123 

ii3 

041393 

5333 

•  0318 

053078 

1787 

9O00 
3463 

3183 

6io5 

3576 
6495 
♦38o 
423# 

0766 
46i3 

3362 

3755 
7664 
i5» 
5378 
9ii5 

4148 

8o53 

1934 
5760 
9563 

4540 
8442 
2309 
6142 

4932 

863o 
2694 
6524 

383 

114 

•  6905 

7386 

7666 

8046 

8436 

9942 

♦320 

379 

ii5 
ii6 

060698 
4458 

1075 

4833 

1453 

5306 

1839 
558o 

2306 

So53 

3589 

6326 

0099 

3333 

7071 

3700 
7443 

4o83 
7815 

376 

372 

\\l 

•  8»86 
071883 

8557 

335a 

8«a8 
3617 
6370 

6640 

Sass 

♦o38 
^718 
7368 

0407 
4085 

0776 
445i 

1145 
4816 

i5i4 
5i82 

36? 

119 

5547 

591a 

7004 

77^1 

8094 

8457 

8819 

363 

lao 

131 

•  9181 

083785 

6360 

«543 
3ii4 

99^ 
35o3 

♦366 
3861 

0626 
4219 

81^6 

i347 
4934 

I7©7 
5a9K 

3067 
5647 
9198 

9496 
6004 

36o 

357 

133 

^^'^ 

7071  7436 

7781 
i3i5 

8490 

8845 

o552 
*)7i 

355 

133 

•  0905 
C93433 

♦358 

0611 

0963 

1667 

2018 

2370 

2721 

35i 

124 

377» 

4133 

4471 

4830 

5i6^ 

55i8 

5866 

6215 

6562 

349 

135 
136 

•6010 
100J71 

7367 
0715 

7604 
»o59 

7951 
i4o3 

8298 
'747 

8644, 

309<l 

2434 

9335 

2777 

0681 
3iia 

♦026 
3463 

346 
343 

\]l 

38o4 

«73IO 

4146 
7540 
0936 

4487 
788d 

4838 
8m7 

5i6o 
8565 

55io 
8903 

585i 
9241 

6191 
9579 

653 1 
9916 
3^5 

6871 

♦3^3 

340 
338 

139 

110590 

1363 

1599 

1934 

^  2270 

26o5 

2940 

3609 

335 

i3o 

3943 

4377 
7603 

46n 

4944 

5278 

56ii 

5943 

6276 
9586 

6608 

6940 

333 

i3i 

•  7371 

7934 

8365 

85o5 

8936 

9356 

6456 

♦345 

33o 

l33 

13  0574 

3857 

0903 

I33l 

i56o 

1888 

2216 

2544 

2871 
6i3i 

3525 

39d 

i33 

4178 

45o4 

483o 

5i56 

5481 

58o6 

6781 

335 

i34 

♦  7105 

74>9 

775;^ 

8076 

8399 

8729 

9045 

9368 

9690 

♦012 

323 

i35 

i3o334 

o655 

0977 

1998 

1619 

l^ 

9360 

2680 

2900 

3710 

64o3 

321 

i36 

3539 

3858 

*E 

4496 

4814 

545r 

5769 

6086 

3i8 

'^7 

i38 

6-T31 

7037 

7671 

If3l 

83o3 

8618 

8934 

9249 

9564 

3i5 

•  0670 

♦19*1 

o5o8 

0833 

i45o 

1763 
4886 

2076 

3389 

2702 
58i8 

3i4 

i39 

l43oi5 

33^7 

3639 

3961 

4363 

4574 

5196 

5507 

3ir 

I40 

6198 

6438 

6748 
9^35 

7o58 

7367 

76^ 

7985 

8294 

86o3 

89«i 

309 

Mi 

•  0319 
15  3388 

9537 

♦i4a 

0449 

io63 

1370 

1676 

1982 

^ 

i4a 

3594 

2900 

33o5 

35io 

SJis 

4120 

4424 

4728 

5o32 

143- 

5336 

5640 

5943 

6046 

654q 

6852 

7154 

7457 

7759 

8061 

3o3 

144 

•  8363 

8664 

8965 

^66 

9567 

9868 

♦168 

0469 

0769 

X068 

3oi 

145 

I6i368 

1667 

1967 

3366 

3564 

2863 

3i6i 

3460 

3758 

4o65 

^ 

146 

4353 

465o 

4947 

5344 

5541 

5838 

61 34 

6430 

6736 
36o3 

7022 

«92 
293 

293 

I4d 

7317 
170363 

761 S 
o555 

83o3 
1141 

8407 

.  8792 
1726 

4641 

9086 
2019 

9380 

33ll 

^ 

149 

ai86 

3478 

3769 

4060 

435i 

4932 

5aQ2 

5512 

58oa 

291 

i5o 
i5i 

1 53 

|53 

60^ 

18 1844 

4691 

638i 

9^4 
3I90 

6670 
95^3 
34i5 
5359 

2700 

5343 

7248 
♦136 
3985 
5825 

7536 
o4i3 
3270 
6108 

7825 

35?? 
6391 

8ii3 

3^ 
6674 

84M 
1272 
4123 
6956 

8689 
i5S 

4407 
7239 

287 
28i 
283 

1 54 

•  7531 

8064 

8366 

8647 

8928 

9209 

9490 

9771 

♦o5i 

281 

i55 
i56 

]ao;^33 
3i25 

061 3 

34o3 

0693 
368i 

39^ 

145 1 

4237 
7005 

1730 
4514 

2010 

3289 
5069 

2567 
5346 

2846 
5623 

278 

|5^ 

5900 

6176 
1670 

I 

6453 

6799 

7281 

7832 

8107 

8382 

276 

•  8657 

9306 

9481 

9755 

♦029 

o3o3 

f^l 

o85o 

1124 

«74 

i59 

301397 

1943 
2 

3316 

2488 

2761 

3o33 
.  6 

3577 

3848 

279 

1  N. 

0 

8 

4 

& 

7 

8 

9 

D. 

TaslxI. 

LOGARITHMS  OF  inJMBERS. 

S 

i6o 

0 

1 

439t 

2 
4663 

3 

4934 
7634 

4 

'  6 

« 

1 

8 

Q 

D. 

90  4130 

5904 

5475 

6746 

6or6 

6986 

6556 

271 

i6i 

68t6 

7006 

7365 

o586 

8173 
0853 

8441 

8710 
ii88 

???2 

9947 

969 

]6a 

•  951 5 

9783 

♦o5i 

o3i9 

II3I 

loai 
4079 

^ 

i63 

913188 

3454 

9730 
5373 

3959 

35i8 

3783 

4049 

43 14 

164 

4844 

5109 

590a 

6i66 

6430 

6694 

6957 

7991 

964 

l65 

7484 

7747 

8oio 

8373 

8536 

8798 

9<i6o 

9333 

9585 

9846 

969 

166 

220108 

«370 

o63i 

0899 

ii53 

1414 

1675 

1936 
4533 
7ii5 

9196 

?456 

96f 

;^ 

2716 
5309 

^ 

3336 
5896 

3496 
6084 

3755 
6349 

401 5 
6600 

4374 
6858 

479« 
^8 

5o5i 
7630 

lU 

169 

♦7887 

8144 

8400 

8657 

8913 

9170 

9436 

9689 

♦193 

9S6 

170 

230449 

0704 

0960 
35o4 

I3l5 

1470 

1724 

1Q79 
CT7 

9334 

9488 

9749 

954 

I7« 

2090 

335o 

638^ 

4011 

4964 

4770 

5o93 

5376 

953 

17a 

5528 

5781 

6o33 

6537 

6789 

7041 

7999 

7544 

7795 
o3oo 

959 

173 

•  8046 

8397 

8548 

8799 

?5J? 

929? 
1795 

9550 

9800 

♦o5o 

95o 

174 

240549 

0799 

1048 

1397 

9044 

9993 

9541 

9790 

949 

175 

3o38 

3386 

3534 

3789 

4o3o 

674; 

4595 

477a 
79^7 

5019 

5966 

948 

176 

55i3 

5759 

6006 

6359 

in 

1395 

6991 

7489 

7798 

946 

178 

•  7973 
35  0420 

8319 
0664 

8464 
0908 
3338 

8709 
ii5i 

?al 

9443 
1881 

9687 

9195 

n^ 

♦176 
9610 

945 

943 

179 

2853 

3096 

3580 

3829 

4064 

43o6 

4548 

4790 

5o3i 

949 

160 

5973 

55f4 

5755 

8^ 

6937 

6477 

6718 

6958 
9355 

7198 

'^ 

241 

181 

7679 

7918 
o3io 

81 58 

863] 

|02d 

f^ 

91 16 

9594 

1*39 

183 

360071 

0548 

i5oi 

1739 

'.it 

9914  938  1 

i83 

2491 

3688 

3995 

3169 

i??? 

3636 

3873 
693i 

4109 

4589  937  1 
6937  935  1 

iBA 

4818 

5o54 

5990 

5595 

5996 

6467 

6709 

i85 

7173 

7406 

7641 

7875 

8110 

8344 

8578 

8813 

9046 

9979 

334 

i8t 

♦  951 3 

9746 

^ 

♦3l3 

0446 

0679 

0919 

II44 

5^ 

1609 

933 

\'^ 

27  1849 

2074 
4389 

9538 

5o8i 

3ooi 

3933 

3464 

3927 

939 

4i58 

46ao 

485o 

53ii 

5549 

ta>^ 

6009 

6939 

93o 

189 

6469 

6693 

6991 

7i5i 

7380 

7609 

7838 

8996 

8595 

999 

190 

t^l^^ 

8989 

9911 

943o 
1715 

9667 

9895 

♦  193 

o35i 

0578 

0806 

998 

IQI 

981033 

1961 

1488 

1949 

9169 

9396 
4656 

9699 

9849 

3075 
5339 

990 

193 

33oi 

3537 

3753 

^11 

43o5 

443i 

4889 

6107 

193 

5557 

578a 

6007 

6456 

6681 

6905 

7'?? 

7354 

7578 

335 

194 

780a 

8036 

8949 

8473 

8696 

8920 

9143 

9366 

9689 

9819 

393 

195 

9ooo35 

0257 

2478 
4687 

0480 

070t 

0995 

1147  I1369I 

1691 

i8i3 

9o34 

999 

196 

9356 

2699 

9990 

3i4i 

3361 

3584 

38tt4 

4095 

4946 

991 

192 

198 

4466 

4907 

5i97 

7323 

6347 

5567 

5787 

6007 
8198 

6296 

6446 

990 

6665 

6884 

7104 

7549 

7761 

7979 
♦161 

8416 

8635 

l\l 

199 

•  8853 

9071 

9989 

9507 

9795 

9943 

0378 

0595 

o8i3 

soo 

3o  io3o 

1347 

1464 

1681 

1898 
4059 

9114 

933i 

9547 
4706 

6854 

9764 

9980 

III 

201 

3196 

3413 

3698 

3844 

4975 

4491 
6639 

8778 

4931 

5i36 

203 

53D1 

5566 

5781 

8^ 
0968 

63II 

6495 

7068 

7989 

9l5 

so3 

.IX 

9843 

79»4 

835i 

8564 

8991 

9304 

9417 

9l3 

304 

♦o56 

0481 

0693 

0906 

1118 

i33o 

1549 

919 

3o5 

3i  1754 
3867 

1966 

3117 

4369 

9389 

9600 

9819 

3o93 

3934 

3445 

3656 

911 

ao6 

40-18 
6180 
8273 
o3D4 

4499 

4710 

49«o 

5i3o 

5340 

555i 

5760 

7654 
9938 

9IO 

207 
208 

i2S 

6300 
8481 

'^ 

6809 
8898 

7018 
9106 

7397 
9314 

7436 
9599 

7646 

?2^ 

^ 

209 

39  0146 

o563 

0769 

0977 

1184 

1 391 

1598 

3012 

907 

210 

9919 

3436 

3633 

9839 

3o46 

3353 

3458 

3665 

3871 

4077 

6iii 

906 

2JJ 

4283 

4488 

4694 

'^ 

5io5 

53 10 

65i6 

5791 

5996 

905 

313 

6336 

6541 

6745 

7155 

^ 

7563 

'A 

797» 

8176 

904 

31) 

•  838o 

8583 

8lS^ 

8991 

9194 

9601 

♦008 

09II 

9o3 

314 

33  0414 

0617 

0819 

1099 

1295 

1417 

i63o 

i839 

9o34 

2936 

902 

ai5 

9438 

3640 

3843 

3o44 

3246 

3447 
5458 

3640 
5658 

385o 

4o5i 

4953 

909 

3l6 

4454 

4655 

4856 

5o57 

5957 

5859 
7858 

6059 
8o58 

6960 

901 

l^l 

6460 

6660 

6860 

7060 

7360 

7459 

7659 

8957 
0946 

900 

*8456 

8656 

8855 

9054 

9253 

9451 

965o 

9849 

♦047 
9028 

1?2 

219 

34  0444 

0643 

1 

0841 

1039 

1937 

1435 

i633 
6 

i83o 

9995 

0 

0 

S 

4 

6 

7    8 

9 

D. 

LOGARITHMS  OF  NUMBERS. . 


Table  L 


N.  \ 
220 

921 
222 
223 

224 

225 
226 

22^ 
299 

23o 

23l 
232 

233 
234 

235 

236 
237 

23d 

239 
240 

241 

242 
243 

244 

245 
246 

247 
248 

249 
25o 

25l 
252 

253 
254 

255 
256 

257 

256 

259 

260 
261 
262 
263 
264 

265 
266 
267 
268 
269 

270 
271 
272 
273 
274 

276 
277 
278 
279 

"nT 


34  2423 

4392 

6353 

•  83o5 
350248 

2i83 
4108 
6026 
7535 

•  9835 

361728 
36i2 
5488 
7356 

•  9216 


6540 
8240 

•  9o33 

41  1020 
33oo 

Z\ 

83oi 

•  9o56 

42  1004 

3246 
4882 
65ii 
8i35 

•  9752 

43  1 364 

6i63 
7751 

•  9333 
440909 

2480 
4045 
56o4 


5675 
7542 
9401 

1253 
3oo6 
49^2 
6  ■ 
8 

0392 
2197 

7568 

9343 
1112 

2873 
4627 
6374 

8114 

3292 
5oo5 

6710 
8410 
♦102 
1788 
3467 

5i4o 
6807 
8467 
♦121 
1768 

3410 
5o45 
6674 
8297 
99U 

1 525 
3i3o 

6322 

7909 

?^ 

2637 
4201 
6760 


2817 
478* 
6744 
8694 
0636 

2568< 

4493 
6408 
83i6 

02l5 

21  o5 
3989 
5862 

7129 
9687 

1437 
3280 
5ii5 
6942 
8761 

0573 

2377 
4174 
5964 
7746 

9520 
1288 
3o48 
4802 
6548 

8287 
♦020 
1745 
3464 
5176 

6881 
8579 
0271 
1936 
3635 

*^ 

3 

0286 
1933 

3574 
5208 
6836 
845o 
♦076 

i685 
3290 
48d8 
6481 
8067 

9648 
1224 

4i57 
5915 

2 


8 


3oi4 
4081 

:9 


0829 

2761 

4685 

6 

8: 

0404 

2294 

4176 
6o4o 
7915 
9772 

1622 
3464 
5298 
7124 
6943 

0754 
2657 
4353 
6142 
7923 

9608 
1464 

3224 

4977 

6722 
8461 

0192 

5346 

705 1 

8749 

0440 
2124 
38o3 


1846 
345o 
5o48 
6640 
8226 

rSo6 
i38i 
2q5o 
4613 
6071 

3 


3212 

5i7« 
7135 
9083 

1023 

2o54 
4876 

t^ 

0593 

2482 
4363 
6236 
8101 
9958 

1806 

3647 
5481 
7306 
9134 

0934 

453] 
6321 
Sioi 

9875 
1641 
3400 
5i52 
6896 

8634 
o365 
2089 
3807 
5517 


3901 
5534 
7161 
8783 
0398 

2007 
36io 
6207 

384 

3io6 
4669 
6220 


8 


3409 
5374 
733o 

9278 

Z2l6 

3147 

5o6d 
6981 
8886 
0783 

2671 
45di 
6423 
8287 
♦143 

m\ 

5664 
7488 
9306 

iii5 
2917 
4712 
6499 
8279 

♦o5i 

1817 
357* 
5326 
7071 

8808 
o538 
2261 


♦122 
1695 
3263 
4825 
6382 


36o6 

5570 
7525 

947» 
1410 

3339 
5260 
7172 
9076 
0972 

2859 

U^o 

8473 
o328 

2175 
401 5 
5846 
7670 

9467 

1296 
3097 
4891 

84^^ 
0228 

5oo\ 

7245 

8981 
0711 
2433 
4149 
5858 

7561 

9257 

0046 

262 

43o: 

%i 

9295 
0045 
2390 

4228 
5860 
7486 
9106 
0720 

2328 

3930 
5526 

2  116 
701 

^IP 
i852 

3419 

4981 

6537 


38o2 
5766 

x6o3 

3532 
5452 
7363 
9266 
1 161 


236o 

4198 
6029 
7852 
9668 

1476 
3277 

5070 

6856 
8634 

o4o5 
2160 
3920 
5676 

7419 

9154 
0883 
26o5 
4320 
6029 

7731 
9426 

Iti4 

2796 

4472 

6i4i 
7804 
9460 
mo 
2754 

4392 
6023 
7648 
9268 
0881 

2488 
4090 
5685 

^ 

0437 
2009 
3576 
5ii7 
6692 


8 


D. 


5902 
7015 
9860 
1796 

3724 
5643 
7554 
9456 
i35o 

3236 
5ii3 
6983 
884S 
0698 

2544 
4382 
6212 
8o34 

9849 

i656 
3456 
5249 
7o34 
d8ii 

o582 
2345 
4101 
585o 
7592 

9328 
io56 

2777 
4492 

6199 


4196 
6i57 
81 10 
♦o54 
1989 

3916 
5834 

9646 
1539 

3424 
53oi 
7169 
903o 
o883 

2728 
4565 
6394 
8216 
♦o3o 

1837 
3636 
5428 
7212 
6989 

0759 

2521 

602  d 
7766 

9501 
1228 

6370 

8070 

9764 

i45i 
3i32 
4806 

6474 
8i35 
9701 
1439 
3082 

4718 
6340 
7973 
9591 

1203 

2809 
4409 
6004 

7592 
9175 

0752 

2^23 
3889 
5449 

7oo3 


8 


1 

[95 

194 
[93 

'93 
[92 
[91 

\% 

188 
188 

\U 

i85 

184 
[84 
[83 
[82 
181 

181 
[80 

\^ 
178 

[74 

r73 
173 
172 

[71 

r7i 

s 

167 

IS 

[65 
|65 
164 

164 
t63 
[62 
[62 
161 

t6i 
[60 

i58 

1 55 
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LOGARITHMS  OF  NUMBERS.             5  | 

N. 
38o 

0 

1 

73i3 

8861 

2 

7468 

8 

7633 

4 

6 

6 
8088 

7 

8 

9 

D. 

447158 
•  8706 

7778 

0^24 

7933 

8242 

8397 

8552 

i55 

38l 

90i5 

9170 

9478 

5633 

nil 

9941 

♦095 
1633 

i54 

383 

45  0349 

1786 
33i8 

o4o3 

0557 
3093 

0711  6865 

1018 

1172 

»479 

i54 

383 

1940 

3247 

2400 

2553 

2706 

28S9 

3oi2 

3i65 

i53 

384 

3471 

3634 

3777 

3930 

4082 

4235 

4387 

4540 

4692 

i53 

385 

4845 

8o33 

5i5o 

53o3 

5454 

56o6 

6768 

5910 

6062 

6214 

1 52 

386 
387 
388 

6366 
7883 

6670 
8184 

6831 
8336 

84^7 
9995 

7125 
8638 

7276 
8789 

7428 
8940 

7579 
9091 

773  i 
9242 

1 53 

i5i 

?939a 

9543 

9694 

9845 

♦146 

0296 

0447 
1948 

o5o7 
2098 

0748 

i5i 

389 

460898 

1048 

1 198 

1348 

1499 

1649 

1799 

2248 

i5o 

390 

il^ 

3548 

3697 

3847 

2997 

3 146 

3296 
4788 

3445 

35o4 
5o85 

3744 

i5o 

391 

38q3 
•"■5353 

4043 

4191 
568o 

4340 

4490 

463o 
6126 

4936 

5234 

149 

303 

5533 

5829 

5977 
7460 

8938  . 

6274 
7756 

6423 

6571 

6719 

149 

148 

393 

6868 

7016 
8495 

7164 
8643 

7312 
8790 

7608 

'X 

8o52 

8200 

394 

8347 

9085 

9233 

9527 

9675 

148 

395 

«9833 

?^ 

♦116 

0263 

0410 

0557 

2023 

0704 

o85i 

0908 
2464 

1 145 

147 
146 

396 

i2l6 

1 585 

1732 

1878 

2171 
3633 
5090 

23i8 

2610 

398 

3903 
4363 

3o49 
45od 

3195 
4653 

3341 

3487 
4944 

6397 

im 

3925 
538i 

4071 
5526 

146 
146 

399 

5671 

58i6 

5963 

6107 

6542 

6687 

6832 

6976 

145 

3oo 

7131 

6566 

480007 

1443 

7266 
871 1 
oi5i 

7411 

8855 

0394 

7555 

0^ 

7700 

7844 

7989 

81 33 

8278 

8422 

145 

3oi 
3o3 

9143 
o582 

9287 
0725 

943i 
0869 

9575 
1012 

V,'d 

9863 
1209 
2731 

144 
144 

3o3 

1 586 

1729 

1872 

2016 

2159 

2302 

2445 

2588 

143 

3o4 

3874 

3oi6 

3i59 

33o2 

3445 

3587 

3730 

3872 

401 5 

4i57 

143 

3o5 

43oo 

4442 

4585 

4727 

4869 

5oii 

5i53 

5295 

5437 
6855 

5579 

142 

3o6 

5731 

5863 

6oo5 

6147 
7563 

6289 

643o 

6572 

6714 

6997 

142 

3oJ 

7i38 
855i 

7280 
6692 

7421 
8833 

7704 
9114 

7845 
9255 

8127 
9537 

8269 

9677 

8410 
9818 

141 
I4i 

309 

•  9958 

♦099 

0239 

0520 

0661 

0801 

0941 

1081 

1222 

140 

3io 

49  1 363 

l503 

1643 

1782 

1022 
3319 

2062 

2201 

2341 

2481 

2621 

140 

3ii 

3760 

2900 

3o4o 

3i79 

3458 

7739 

i]li 

3876 
5267 
6653 

401 5 

i39 

3l3 

4i55 

4294 

5683 

4433 

4573 

4711 

485o 

5406 

139 

3i3 

5544 

5822 

5o6o 

6099 
7483 

6238 

65i5 

6791 

3i4 

6930 

7068 

7206 

7^44 

7621 

7897 

8o35 

8I73 

3i5 

83ii 

8448 

8586 

8724 

8862 

8999 
0374 

9137 

9275 

9412 

9550 

i38 

3i6 

/9687 

9824 

9962 
1 333 

♦099 

0236 

o5ii 

0648 

0785 

0922 

137 

317 

5o  1059 

1 106 
2564 

1470 
2837 

1607 
M5 

1744 

1880 

2017 

2i54 

2291 
3655 

I37 

i36 

3i8 

2427 

2700 

3109 

3246 

3382 

35i8 

319 

3791 

3927 

4063 

4199 

4471 

4607 

4743 

4878 

5oi4 

i36 

330 

5i5o 

5286 

5421 

5557 

5693 

5828 

5o64 
7316 
8664 

6009 
745i 

6234 

6370 

1 36 

331 
333 

65o5 
7856 

6640 
9337 

8136 

6911 

8260 

7046 
6395 

7181 
8530 

7586 
6934 

7721 
9068 

i35 
i35 

333 

•  9203 

95''i 

9606 

9740 

9874 

♦009 

"ilU 

0411 

i34 

334 

5io545 

0679 

o8i3 

0947 

1081 

I2l5 

i349 

1482 

1750 

i34 

335 

i883 

2017 

3l5l 

2284 

2418 

255i 

2684 

2818 

2951 

3084 

i33 

336 

3318 

335i 

3484 

3617 
4946 

3750 

3883 

4016 

4149 
5476 

4282 

4414 

i33 

33S 

4548 

4681 

48i3 

64o3 

5211 

5344 

5609 

5741 

i33 

5874 

6006 

6139 

6271 

6535 

6668 

6800 

6932 

7064 
d382 

l33 

339 

7196 

7338 

7460 

759a 

7724 

7855 

7987 

8119 

825i 

l33 

33o 

85i4 

8646 

8777 

8909 

9?i? 

9171 
0484 

93o3 

9434 

9566 

9697 

i3i 

33 1 

.•^?i 

9959 

♦090 

0211 

o353 

o6i5 

0745 

0876 
2id3 

1007 

i3i 

332 

52  ii38 

1269 
2575 

1400 

i53o 

1661 

1792 

1922 

2o53 

23i4 

i3i 

333 

3444 

3705 

2835 

2966 

3096 

3226 

3356 

3486 

36i6 

i3o 

334 

3746 

3876 

4006 

4i36 

4266 

4396 

4526 

4656 

4785 

49(5 

i3o 

335 

5o45 

5174 
6469 
775q 
9045 
0338 

1 

• 

53o4 

5434 

5563 

5693 

5832 

5951 

6081 

6210 

139 

336 

33^ 
339 

6339 
7630 

53o30o 

78§8 
9174 
0406 

2 

^7*7 
8016 

93o3 

o584 

8 

6856 
8145 
943o 
0712 

6985 
8274 
9549 
0840 

7II4 

8402 

0963 

6 

7243 
853 1 
9815 
id96 

7 

9943 

1223 

8 

7501 
8788 
♦072 
i35i 

9 

139 

IS 

138 

D. 

K 

0 

4 

5 

6 

liOGARlTUMS  OF  NUMBERS.         Tabue  L 

N. 
34o 

0 

1 
1607 

2 
1734 

8 

1863 

4 

6 

6 

9345 

7 

1373 

8 

9 

D. 
198 

33  1479 
2754 

3264 

3117 

a5oo 

9627 

341 

3883 

3009 

3i36 

3391 

33i8 

3645 

3773 

'^ 

197 

34a 

4026 

41 53 

4380 

4407 

4534 

4661 

fill 
6o53 

4914 

5o4i 

\U 

343 

5204 
6558 

5431 

5547 

5674 
6937 

58oo 

5937 

6180 

63o6 

643a 

344 

6685 

6811 

7063 

7189 

73i5 

7441 

7567 

7693 

136 

345 

7810 
•  9076 

7945 

8071 

fii?7 
9453 

8333 

8448 

8574 

8609 

8835 

8951 

136 

346 

9203 

9327 

2S? 

9703 

9829 

9954 

t3io 

0304 

125 

34d 

540329 

0455 

o58o 

0705 

0955 

1080 

I305 

1454 

135 

lUl 

1704 

1829 

1953 

3078 

3203 

2327 

2453 

3576 

3701 

135 

349 

3950 

3074 

3199 

3333 

3447 

3571 

3696 

3830 

3944 

124 

35o 

4068 

4ioa 
543 1 

43 16 

4440 

4564 

4688 

4813 

4936 

5o6o 

5i83 

ia4 

35i 

5307 
6543 

7775 

5555 

5678 

58o3 

6935 

6049 

6173 

6396 

6419 

124 

352 
353 

6666 
7898 

6789 
803 1 

6913 
8144 

7036 
6367 

7159 
S389 
9616 

7383 
85i3 

7405 
6635 

l^U 

7653 
8881 

133 
193 

354 

•9003 

9126 

9349 

9371 

9494 

9739 

9861 

9984 

♦106 

ia3 

355 

55  0328 

o35i 

0473 

0595 

°7n 

193d 

0840 

0963 

1084 

13o6 

i338 

192 

356 

i45o 

1573 

1694 

1816 

3o6o 

3181 

33o3 

3435 

a547 

129 

357 
35^ 

3668 

3790 

3911 

3o33 

3i55 

3376 
4489 

3398 

3519 

3640 

376a 

191 

3883 

4004 

4126 

4347 

4368 

4610 

4731 

4853 

K 

lai 

359 

5094 

53i5 

5336 

5457 

5578 

5699 

5830 

5940 

6061 

121 

36o 

63o3 

6423 

6544 

6664 

6785 

6905 

7036 

8238 
9428 

7146 
8340 
9548 

9667 

9787 

I90 

36i 
362 

i5o7 
8709 

8820 

♦03D 

7868 
9068 

9188 

8108 
9308 

I90 
I90 

363 

♦9907 

0146 

0365 

o385 

o5o4 

0624 

0743 

o863 

0982 

119 

364 

56  iioi 

1321 

1 340 

1459 

1578 

1698 

1817 

1936 

3o55 

3174 

119 

365 

3393 

3481 

3413 

353i 

365o 

395? 

2887 

3oo6 

3i35 

3344 

3363 

119 

366 

36oo 

3718 

3837 

4074 
6337 

4192 

43ii 

4429 

4548 

\\i 

367 
36d 

4666 

4784 

4903 

503I 

5i39 

5376 
6555 

5494 

56i2 

5730 

5848 

5966 

&084 

6303 

6320 

6437 

6673 

6701 
7967 

6909 

118 

369 

7036 

7144 

7363 

7379 

7497 

7614 

773a 

7849 

8084 

118 

370 

8303 

83 19 

8436 

8554 

8671 

8788 

8905 

9033 

9>4o 

9357 
0436 

117 

371 

•  9^74 

9491 

9608 

9725 
3o58 

9843 

9950 
1126 

♦076 

0193 

o3o9 
1476 
2639 

117 

i^ 

57  o543 

0660 

0776 

lOIO 

1343 

1359 

■593 

\\l 

373 

IJ09 
3873 

1825 

1942 

3174 

33i6 

2391 
3452 

2407 
3568 

3533 

3755 

374 

3988 

3io4 

3230 

3684 

3890 

3915 

116 

375 

4o3i 

4U7 

4363 

4379 
5534 

44o4 
565o 

4610 

4726 

4841 

4957 

507a 

116 

376 

5i88 

53o3 

5419 

5765 

588o 

5996 

61 II 

6396 

ii5 

379 

6341 

6457 
2^4 

6573 
8^ 

6687 

7836 
8983 

6803 
7951 

9097 

9313 

7o32 
8181 
9336 

8395 
9441 

7363 
8410 
9555 

nil 
9669 

ii5 
Ii5 
114 

38o 

38i 

•  9784 
580925 

9808 
1039 

♦01 3 
ii53 

0136 
1267 

0341 

i38i 

o355 
1495 
363  i 

0460 
1608 

o583 
173a 

3858 

1^ 

0811 
1950 

114 
114 

383 

2o63 

VJ1 

3291 

2404 

35i8 

3745 
3879 

3973 

3o85 

114 

383 

llf, 

33il 

3426 

3539 

3653 

3765 
4696 

3993 

4io5 

4318 

Ii3 

384 

4444 

4557 

4670 

4783 

doo9 

5i9a 

5a35 

5348 

Ii3 

385 

386 
387 
388 

5461 
6587 

5574 
6700 
7633 
^44 

5686 
6813 
7935 

6933 
8047 

5912 
7037 
8160 

6034 

7149 

8373 

6137 

7363 
8384 

635o 

8496 

6362 

7486 
8608 

6475 

7599 
8730 

Ii3 

119 
119 

9o56 

9167 

0396 

9391 

95o3 

9615 

9736 
0843 

9838 

119 

389 

•9950 

♦061 

0173 

0384 

o5o7 

0619 

0730 

0953 

119 

390 

591065 

1176 

1387 

1399 

i5io 

i6ai 

1733 
3843 

1843 

1955 

ao66 
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6377 
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P 
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1 
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7341 
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4o6 
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83i3 
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^ 
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9701 
0767 

9808 
0873 
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0979 

♦021 
1086 

0128 
1192 
2264 

0234 
1398 
236o 

o34i 
i4o5 

0447 
i5ii 

o554 
1617 
2678 

!2 

409 

1723 

1839 

3043 

3148 

2466 

3573 
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410 

3784 
3d42 

2890 

^ 
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33i3 

3419 

4473 

3525 
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3736 
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'^ 
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53i3 
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5434 
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5634 
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6o55 
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6581 

6686 
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73i5 

7420 

7535 

7629 

7734 
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4i5 
416 
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8i53 
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8257 
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8362 
9406 

8466 
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8571 
9615 

8676 
9719 

8780 

8884 
9938 

8989 
♦o32 
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104 
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o344 

0448 

0552 

o656 

0760 

0864 

0968 

1072 
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1280 
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1488 

1592 

1695 

m 

1903 

3007 
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104 

419 

2214 

23i8 

2431 

3525 

2628 

2733 

2939 

3o43 
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104 

430 

3249 

3353 

3456 

3559 

3663 

3766 

3869 

3973 

4076 

4179 

io3 

421 

4283 

4385 

4488 

4591 

4695 

6853 

4901 

5oo4 

5x07 
6i35 

5210 

io3 

432 

53i2 

541 5 

55i8 

5621 

5724 

6929 

6o32 

6238 

io3 

423 

6340 

6443 

6546 

6648 

6751 

6956 

7o58 
8082 

7161 
di85 

7263 
8287 

io3 

424 

7366 

7468 

7571 

7673 

7775 

7878 

7980 

102 

425 

8389 

8491 

8593 

8695 

8797 
9617 

0835 

8900 

9602 

9104 

9206 

9?°f 

103 

436 

•  9410 

95i3 

9613 

97i5 

^ 

♦021 

0123 

C224 

o326 

I03 

42d 

630428 

o53o 

o63i 

0733 

io38 

ii39 

3l5S 

1241 

i342 

103 

1444 

1 545 

1647 

1748 

1849 

1951 

8o52 

2255 

2356 

lOI 

439 

3457 

3559 

3660 

2761 

2863 

3963 

3o64 

3i65 

3266 

3367 

101 

43o 

43 1 

3468 
5484 

3569 
4578 
55^4 

3670 

3771 

m 

3873 
4880 

3973 
4981 

4074 
5o6i 

4175 
5i83 

4276 

5283 

4376 
5383 

100 
100 

433 

5886 

5986 

6087 

61^ 

6287 

6388 

100 

433 

6488 

6588 

6688 

6789 

6889 

6989 

1089 
8090 

2189 
8190 

7290 
8290 

^^ 

100 

434 

7490 

7590 

7690 

7790 

7890 

7990 

99 

435 
436 

8480 
♦  9486 

958? 

^ 

978? 

8888 
9885 

8988 
9984 

9088 
♦084 

9188 
0183 

l^ 

o382 

99 
99 

437 
43d 
439 
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o58i 

0680 

0779 

0879 

0978 

1077 

2168 
3i56 

1276 
2267 
3255 

1375 
3366 
3354 

99 

1474 
8465 

1573 
3563 

1672 

36^3 

1771 
2761 

J871 
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2969 

3^ 
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99 
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3453 

355i 
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3749 

3847 

3946 

4044 

4143 

4242 

4340 

98 

441 

4439 

4537 

4636 

4734 

4833 
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6029 

5i27 

5226 

5334 

98 

443 

5423 

5531 

5619 

t& 

58i5 

5913 
6894 
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6110 

6208 

63o6 

98 

443 

6404 

65o3 
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6796 
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7969 

7089 

n 
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8363 

98 
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7383 

7481 

7579 
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7774 
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6067 

98 
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836o 

8458 

8555 

8653 

O750 

8848 

8945 

90i3 

9140 

9337 

97 

446 

•  9335 

9433 

9530 

9637 

1666 

9821 

9919 

♦016 

oii3 

0310 

97 

447 
448 

65o3o8 

1378 

o4o5 

1375 

o5o3 

1473 

0793 
1763 
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1084 
2o53 

II81 
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97 

449 
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3343 

3440 
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3633 

2730 

2826 

2923 

3019 
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45o 
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3309 
4373 
5335 

34o5 

35o3 
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5533 
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6673 

3888 

3984 

4080 

96 
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453 
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485o 
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7^ 
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94 

461 
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6206 
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7173 
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5487 

94 
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6o5o 
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7366 
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7826 

mi 

8oi3 
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93 

93 
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^ 
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93 
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0617 
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93 
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3283 
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2467 
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3744 
3666 
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32o5 
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3574 
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9a 
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3942 
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4o34 
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4494 

4586 
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93 
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5870 

5o45 

5i37 
6o53 
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9a 
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5962 

6145 
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9» 
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476 
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7i5i 
6o63 
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7424 
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9862 

X 

♦o63 
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9" 
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9« 
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i5i3 

i6o3 

1693 

1784 
2686 

1874 

1064 

ao55 

90 

481 
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2235 

2320 

2416 

25o6 

2596 

3867 

4756 
5i53 

90 

482 
483 

3o47 
3947 
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3i37 
4037 
4935 

3227 

4127 

5o25 

3317 
4217 

3407 
4307 
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3587 
4486 
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90 
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6294 
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485 

5742 
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7351 
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494 
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3903 
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434a 
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495 

46o5 
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5832 
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5i3i 
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0309 
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6888 

6974 

7059 

7144 

7229 

73i5 

7400 

7485 

85 

5io 
5ii 

7570 
8421 

7655 

d5o6 

K. 

7826 
6676 

i3oi 

^6 

8081 
8931 

8166 
90i5 

8351 
9100 

8336 
9185 

85 
85 

5ia 

•  9270 

9355 

9440 

9524 

9694 

o62d 
1470 

9863 

9948 

♦o33 

85 

5i3 
5i4 

"^? 

0203 
1048 

0287 

ll32 

0371 
1217 

o54o 

i385 

0710 
i554 

X 

??S 

85 
84 

5i5 
5i6 

1807 
265o 

1892 

2734 
3575 

^8 

2060 
2902 

2144 
2986 
3826 

3339 
3070 

a3i3 
3i54 

^ 

3481 

3333 

2566 

3407 
4346 

84 
84 

^'1 
5id 

3491 
433o 

365o 

3742 
4581 

3910 

4^3 

4078 

4163 

84 

4414 

2 

4665 

n 

4916 

5ooo 

5o84 

84 

519 

N. 

5167 

5a5i 

1 

5418 

5502 

5669 

5753 
1 

5836 

5920 

84 

0 

8 

4 

5 

6 

8 

9 

D. 

Tabt.k  L 

LOGARITHMS  OF  NUMBERa             9  | 

N. 

520 

0 
716003 

1 

6087 

2* 
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6 
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9 

D. 

6337 
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65o4 

6588 
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8419 
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83 
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6838 

6921 
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7421 
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85o2 
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^^5 
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°407 
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1481 
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23o5 
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2469 
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3881 
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3o45 
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3374 
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3538 

3630 
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4o3o 
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4849 

4931 

5oi3 
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532 
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5912 
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6i56 

5432 
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55o3 
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5667 
6483 

5748 
6564 

583o 
6646 

83 

83 
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6727 
7541 
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81 
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1186 
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81 
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3l53 
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81 
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2474 

3555 

3635 

3715 

l^ 

2876 

3956 

3o37 
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80 

541 
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3358 

3438 

35i8 

3619 
4480 

'^ 

3839 

3919 

80 

542 
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4800 

a 

4160 

4340 

4330 

4400 

4640 

4730 
5619 

80 

543 

4960 

5o4o 

5l30 

5200 

5270 
6078 

5359 

5439 

80 

544 

5599 

5679 

5759 

5838 

5918 

5998 

6157 

6237 

63i7 

80 

545 

6397 
7io3 
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6476 

6556 

6635 

6715 

7311 

63o5 
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6874 
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7034 
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80 
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7352 
8i46 
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tl^ 

m 
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79 
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9^ 
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79 
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♦047 
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79 
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55i 
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i3o9 
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2332 

3ii8 
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4i36 

42i5 
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4528 
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5543 
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4997 

78 
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58i5 
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uu 
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6245 
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8o33 
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78 
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8808 

8885 
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o586 

0740 
i5io 
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2125 

2202 

2279 

2356 

2433 

2509 

3586 

2663 

2740 
35o6 

77 

566 

2816 

2893 

2970 
3736 
45oi 

3o47 
38i: 

3ia3 

3200 

3277 

3353 

343o 

•  • 

77 

^ 

3583 

3660 

3889 

3966 

4042 

4119 
4883 

4195 
4960 

4272 
5o36 

77 

4348 

4425 

4578 

4654 

4730 

4807 

76 

569 

5ll2 

5189 

6265 

5341 

5417 

5494 

5570 

5646 

5722 

5799 

76 

570 

5875 

5951 

6027 
6788 
7548 
83o6 

6io3 

6180 

6256 

6332 

6408 

6484 

656o 

76 

57I 

6636 

6713 

6864 

6940 

7016 

7002 

7168 

doo3 
8761- 
9617 

7320 

76 

J7J 
573 

l^ts 

6230 

7624 
8382 

7700 
8458 

ml 

785i 
8609 
9366 

mi 

76 

in 

891a 

8988 

9063 

9139 

9214 

9390 

9441 

9592 

76 

M 

«9668 

9743 

?! 

Q894 

9970 

♦045 

0121 

0196 
09D0 

0272 

o347 

75 

576 

76  0433 

0498 
1261 

0649 

0724 

0709 

0875 

1025 

IIOI 

75 

& 

1176 

i326 

1402 

1477 
3228 

i552 

1627 
2378 

1703 

1778 

2529 

3278 

1853 

75 

1928 
2679 

2003 

2078 

2i53 

23o3 

2453 

2604 

75 

579 

2754 

2829 
2 

3904 
3 

2978 

3o53 

3i28 

32o3 
7 

3353 

75 

0 

1 

4 

6 

6 

8 

9 
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58o 

58r 
58t 
583 
584 

585 
586 

587 
56d 
589 

590 
591 

593 
594 

595 
596 

5»9 

600 
601 
662 

6o3 
604 

6o5 
606 

607 
606 
609 

610 
611 
613 
6i3 
614 

6i5 
616 
617 

6id 

619 

620 
631 
633 
633 
634 

635 
626 
637 

63d 

629 

63o 
63 1 
632 
633 
634 

635 
636 
637 
63d 
639 


0 


^6  34a8 

4933- 
5669 
64ii- 


7i56 


8 


•9377 
770115 

o853 
i587 

2332 

3o55 
3786 

4517 
5340 

5974 
6701 

7427 

81 5i 

8874 

#9596 

780317 

io37 

1755 
2473 
3189 
3oo4 
4617 

533o 
6041 
6751 
7460 
SM 

8875 

»958i 

79  oa85 

008S 

1091 

239a 
3093 
3700 
4488 
6i85 

588o 
6574 
7368 

l^^ 

9341 
800039 

0717 

1404 
3089 

llVi 

4i39 

4831 
55oi 


35o3 
435  !> 
4998 
5743- 
6487 

723o 

J973 
6713 
945 1< 
0189- 

0926 
1661 
3395 
3ia8 
3860 


984> 
3535 
4308 
4889 
5569 


2 


8 


3578 
4336 
5072 
58^8 
6562 

7304 
8046 
8786 
9D35 
0263 

°W 
17^4 
2468 

3301 

3933 

4663 
5393 

61 30 
6846 
757* 

8296 
9019 
9741 

0461 
1 181 

2616 

333!^ 
4046 
4760 

547a 
6i83 

6893 
7602 
83io 

9016 
9722 
0426 
iiao 
i83i 

2533 
333i 
3o3o 
4637 
5324 

6019 
6713 
7406 
6098 
8789 

9478 
0167 
0854 
i54i 
2226 

2010 

3394 

4276 

^1 


365^ 
440a 

5i47 
5892 
6636 

7379 

81 20 
8860 


I073« 
1808 

3543' 

3374 
4006 

4736 
5465 
6193 
6019 
7044 

8368 
9091 
9813. 
0533 
1253 

3688 
3403^ 
4118 
483 1 

5543 
6254 
6064 
76-|3 
838i 

9087 

9792 

0496 

ii99r 

1901 

2602 
33oi 
4000 

^ 

6088 
6782 
2475 
6167 
8858 

9547 
0236 
0933 
1609 
2395 

mt 

4344 

5o35 
5705 


3727 
4473 

522-1 
5966 
6710 

7453 
8194 
8934 
9673 
0410 

1146 

1881 
261 5 
3348 
4079 

4809 
5538 
6365 
6992 

77»7 

8441 
9163 
9885 
o6o5 
i3a4 


3o47 
3730 

4419 
6093 

5773 


38o8 
455o 
5296 
6o4» 

6785 

tu 

9008 
9746 
0484 

1320 
1955 

2688 
3421 

4i5a 

4882 
56io 
6338 
7064 
7789^ 

85i3. 
9336 
9057 

r^z 

SI  14 

383 1. 

3546 
4261. 
4974 

5686 

'"?$ 
7106 

7815 

8^2 

929B 

993a 

0637 
i34o 
2041 

3741 
3441 
4139 
483i 
553fl 

6227 
6921 

7614 
d3o5 
8996 

9685 
6373 
1001 

1747 
2432 

3ii4 

37q3 
4480 
5i6i 
5841 


6    6 


6* 


62^7 

8374 
9065 

9754 
0443 
1129 
i8i5 
25oo 

3i84 

3867 
454d 

5320 

5908 


i36t 
aiot 
2835 
3567 

4390 

5o2B 
5756 
6483 

7209 
7934 

8658 
9380 
0101 
0821 
1 540 

2258 


5828 
6538 
7248 

^ 

9369 
0074 
0778 
148& 
2181 

2882 
358^ 
4270 

ni 

6366 
7060 
775a 
8443 
9134 

9823 
o5ii 
1198 
1884 
2568 

395a 
3935 
4016 
5397 
5970 


8 


4027 

5520* 
6264 
7007 

749 


S 


92J0 
9968 
0705 

I44<K 
9175 
2908 
3640 
4371' 

5ioa 
5839 
6556 
7282 
8006 

8730 
9452 
0173 
0893 
i6ia 

2329 
3o46 
3761 
4475 
5187 

6609 
7319 
8027 
8734 

9440 

0144 
0848 
i55o 

225» 

■ 

3952 

365i 

434 

5o4 

5741 

6436 

7199 

283  b 
5i3 
93o3 

o58o 
1266 
1952 
2637 

3321 
4oo3 
4685 
5365 
6044 


8 


D. 


4101 

4848 

65a4 
6338 
7082 

28ar3 
564 

93o3 
♦042 

0778 

i5i4 
9948 
ao8i 
3713 
4444 

5173 
5oo2 
6039 

7354 
8079 

8602 

9524 
0345 
0965 
1684 

3401 
3117 
3832 
4546 
5259 


8098 
8804 

95io 

09l5 

0018 
1620 

2322 

3o22 

3721 

44i3 
5ii5 
58ii 

65o5 

7198 


a 
9272 

9961 
0648 
035 
2021 
2705 

3389 
4071 
4753 
5433 
6112 


74 
74 

7^ 
74 
74 
74 
74 

7* 
73 

7» 

7« 
7» 
7« 
7» 
7« 

7^ 
7» 
7» 
7« 
7» 

71 
7« 
7t 
71 
7i 

7* 
7» 
70 
70 

70 

7o> 
70 
70 

70 
70 

69 

S 

69 

68 
68 
68 
68 
68 
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N. 
640 

0 
80^180 

1    2 

8 

6384 

4 

6 

6 

6587 

7 
6655 

8 
6723 

9   D.  1 

6248  63 16 

645 1 

65i9 

6700 

8143 
8818 

68 

641 
64a 
643 

6858 
7535 
Sail 

6026 
7003 

6^4 
^46 

7061 
7738 
8414 

8481 

9223 

7a64 

733a 
8008 
8684 

7400 
8076 
8751 

68 
68 

67 

644 

8886 

9021 

9088 

9i56 

9290 

9358 

9435 

9493 

67 

645 

•9560 

9627 

9694 

976a 

9829 

X 

^ 

♦o3i 

0098 

oi65 

67 

646 

810233 

o3oo 

o367 

0434 

o5oi. 

0703 
U74 

0770 

0837 
i5od 

67 

64J 

0904 
1575 

0071 
164a 

io39 

1106 

1 173 

1240 

i307 

1441 

67 

1709 
"79 

1776 

1843 

1910 
2579 

'977 

ao44 

2111 

3178 

67 

649 

2245 

a3i3 

9445 

25l2 

2646 

a7i3 

2780 

a847 

67 

660 

2913 
358i 

3980 
3648 

3o47 

3ii4 

3i8i 

3247 

33i4 

338i 

3448 

35i4 

67 

6^ 

3714 

4381 

3781 

3848 

3oi4 
458i 

3981 

4048 

4114 

4181 

67 

652 

4248 

43i4 

4447 
5i]3 

45i4 

4647 

4714 
5378 

4780 

4847 

U 

653 

4913 
5578 

4980 
5644 

5o46 

^ 

5246 

63i2 

5445 

55ii 

654 

5714 

5777 

6910 

5976 

604a 

6109 

6175 

66 

655 

6241 

63o8 

6374 
7036 

M?8 

6440 

65o6 

6573 

7235 

6639 

6705 

h 

8688 

2^ 

8094 
8754 

6838 

66 

656 
657 
656 

6904 
7565 
8226 

6070 
763 1 
8292 
8961 

7102 
7764 
8434 

783o 
8490 

73oi 

1^1 

m 

8830 

66 
66 
66 

659 

8885 

9017 

9083 

9149 

92i5 

9281 

9346 

941a 

9478 

66 

660 
661 

•  9544 

82  9201 

9610 
0267 

03I3 

9741 

I03D 
1710 

9807 
0464 

9873 
o54o 

o5o5 

♦004 
0661 

0070 

1 38a 
3037 

01 36 
0793 

66 
66 

662 
663 

o858 
i5i4 

iSjo 
22dj 

1645 

1 1 20 

1775 

24^0 

J186 
1841 

I25l 

1906 
a56o 

i3i7 
1072 
2626 

1448 
3io3 

66 
65 

664 

2168 

2299 

a364 

849^ 

269X 

3756 

65 

665 

2822 

2887 

2952 
36o5 

3oi8 

3o83 

3 148 

3ai3 

3279 

3344 

3409 

65 

666 

3474 

3539 

3670 

3735 
4386 

38oo 

3865 

3930 

4646 

4061 

65 

66^ 

4126 

4191 

4256 

4324 

445i 

45i6 

458i 

4711 
536  ( 

65 

4776 

4841 

4906 
5556 

5621 

5o36 

5ioi 

5i66 

5a3i 

5296 

65 

669 

5426 

5491 

5686 

575x 

58i5 

588o 

5945 

6010 

65 

670 

6075 

6140 

6204 

6269 

6334 

6390 
7046 

6464 

6528 

6593 

6658 

66 

671 

6723 

h 

6787 

6852 

8209 
8853 

6981 
7618 
8273 

7111 

7175 

fli^ 

73o5 

65 

67a 
673 

7434 
8080 

7499 
8144 

& 

7757 
d4oa 

7821 
8467 

7886 
^53 1 

ToSi 

65 
64 

674 

8660 

8754 

8789 

8918 

8982 

9046 

9111 

9175 

9% 

64 

675 

9304 

9368 

943a 

9497 
0139 

956 1 

9625 

^ 

10^7 
1678 

9818 

988a 

64 

676 

83^ 
ia3o 

♦oil 

0075 

0204 

0268 

0460 

o525 

64 

t^l 

o65S 
1294 

?JiJ 

0781 
1422 

0845 
I486 

1^ 

0073 
1614 

110a 
174a 

1 166 
1806 

64 
64 

679 

1870 

19^4 

1998 

2062 

2126 

ai89 

2253 

a3i7 

a38i 

8445 

64 

680 

2509 

2573 

2637 
3275 

2700 
3338 

3764 

2828 

3892 

2956 

3020 

3o83 

64 

661 

3 147 

3211 

3402 

3466 

353o 

35o3 

3657 

3721 
4J57 

64 

682 

3784 

3848 

391a 
4348 

3075 
4611 

4o3o 
4675 

4io3 

4166 

4a3o 

4294 

64 

683 

4421 

4484 

U^ 

4802 

4866 

t!^ 

4993 

64 

684 

5o56 

5l20 

5i83 

5247 

53io 

5437 

55oo 

5627 

63 

685 

5691 

5754 

6387 

58i7 

588i 

5o44 
6577 

6007 

6071 

6i34 

'^ 

6261 

63 

686 

63^4 

645i 

65i4 

6641 

6704 
7i36 

79^7 

6767 

6894 

63 

68^ 

7?8S 
8219 

7020 
7652 
828a 

7083 

7146 
8408 

7210 
7841 
6471 

7273 

mi 

7463 
8093 

7525 
81 56 

63 
63 

689 

6597 

8660 

8733 

8786 

63 

690 
691 

8840 
•  9478 

80U 
9341 

8075 

9604 

.9038 
9667 

9101 

SI? 

9164 
9792 

'^11 

9280 

9353 

941 5 
♦043 

63 
63 

692 

840106 

oi6q 
0796 
1422 

0232 

0294 

0420 

048a 

0671 

63 

5?^ 
694 

0733 
1359 

0859 

1485 

0921 
1547 

0984 
1610 

1046 
1672 

1109 
1735 

1172 

'797 

1234 
i860 

1297 
1933 

63 
63 

695 

io85 

ao47 

2110 

2172 

2235 

2297 

236o 

a4aa 

2484 

3547 

63 

696 

2609 

3678 

2734 

3357 

2796 

2859 

3921 
3544 

2983 
36o6 

3o46 

3io8 

3170 

6a 

^ 

323: 

3295 

3420 

3482 

3669 

3731 
4i53 

3793 

63 

3855 

3918 
4539 

1 

3980 

4042 

4104 

4166 

4229 

4291 

44i5 

63 

699 

4477 

4601 
2 

4664 

47«6 

4788 

485o 
6 

4912 

1 

4974 
8 

5o36 
9 

6a 
P. 

N. 

0 

3 

4 

6 
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N. 
700 

0 

1 

5i6o 

2    8 

4 

6 

6 
5470 

1 
553a 

8 
5594 

9 
5656 

D. 

62 

845098 

5222 

5284 

5346 

5408 

701 

5718 
6337 
6955 

7673 

5780 

3399 

7017 

7634 

5842 

5oo4 
6523 

7141 
7758 

5966 
6585 
7202 
7819 

6028 

6090 

6i5i 

6213 

6275 

6a 

702 
703 
704 

6461 

6646 
7264 
7881 

6708 
7326 
7943 

8004 

6832 

6894 
75ii 
81  a8 

6a 

63 

63 

7o5 

8189 
880! 

825i 

83i2 

3374 
8989 
9604 

8435 

8497 

8559 

8620 

868a 

8743 

63 

706 

8866 

8028 
9542 

9o5i 

9112 

9788 

9235 

9^7 

9358 

61 

706 

9410 
85oo33 

9481 

9665 

9726 
o34o 

9849 

9011 
0624 

SI? 

61 

0095 

oi56 

0217 

0279 

0401 

0462 

61 

709 

0646 

0707 

0769 

o83o 

0891 

0952 

1014 

1075 

ii36 

1197 

61 

710 

1258 

1 320 

i38i 

1442 

i5o3 

1 564 

1625 

1686 

U^l 

1809 

61 

711 

1870 
2480 
3090 

io3i 

1092 
2602 

32II 

ao53 

2114 

2175 
2765 
3394 

2236 

1297 

2358 

2419 

61 

712 
7i3 

2541 
3i5o 

2663 
3272 
38di 

2724 
3333 

2846 

3455 

3?i2 

2968 

3029 
3637 
4245 

61 
61 

714 

3698 

3759 

3820 

3941 

4002 

4o63 

4124 

61 

7i5 

43o6 

4367 

4428 

4488 

4549 
5i56 

4610 

4670 

4731 

5]^ 

4852 

61 

716 

4913 
55i9 

ni^ 

5o34 

5095 

5216 

5277 
588a 

5337 
594J 
6548 

5459 

61 

718 

5640 

5701 
63o6 

5761 
6366 

5822 

6oo3 

6064 

61 

6124 

61 85 

6245 

6427 

6487 

6608 

6668 

60 

719 

6729 

6789 

685o 

6910 

6970 

7o3i 

7091 

7i52 

7212 

7272 

60 

720 
721 
72a 

7332 

It 

9i38 

7393 

9198 

7453 
8o56 
8657 
9258 

75i3 
8116 
8718 
9^,8 

2^7f 
8176 

8778 

9379 
9978 

7634 
8236 
8838 

88^ 

JJ57 
8o58 
9550 

7815 
8417 
9018 

7875 

8477 
9078 

60 
60 
60 

723 

r^ 

9499 
0098 

9610 
0218 

9670 
0278 

60 

734 

•9739 

9799 

9859 

9918 

0158 

60 

725 

86o338 

0398 

0458 

o5i8 

0578 

0637 

1236 
i833 

0697 

0757 

0817 
i4i5 
2012 

0877 
1475 
207  a 
2668 

60 

726 

727 
726 

r&i 

0096 
1694 

io56 
1 654 

11 16 

1714 

23lO 

1176 
1773 
2370 
2966 

1295 

1 355 
1952 

2549 

60 
60 

2l3l 

2191 
2787 

225l 

243o 

2480 

2608 

60 

729 

2728 

2847 

2906 

3o25 

3o85 

3i44 

3ao4 

3263 

60 

73o 

3333 

3382 

3442 

35oi 

356i 

3620 

3680 

■ll^ 

3799 

3858 

59 

73 1 

3oi7 
45ii 

3977 
4570 

5i63 

4o36 

4096 
4689 

4i55 

4214 

4274 

43oa 
4q85 
5578 
6169 

4452 

59 

732 

463o 

4748 
5341 

4808 

4867 

4926 
55i9 

5o45 

56 

733 

5io4 

5222 

5282 

5400 

5459 

5637 
6228 

^ 

734 

5696 

5755 

58i4 

5874 

5933 

5992 

6o5i 

6110 

59 

735 

6287 

6346 

64o5 

6465 

6524 

6583 

6642 

6701 

6760 
735o 

3^2? 

6819 

59 

736 

dii5 

8174 
8762 

7055 

7644 
6233 

7114 

7703 
8292 

7173 
2]5o 

723a 
7821 
8409 

8468 

7400 

59 

739 

8644 

8703 

8821 

8879 

8938 

8997 

9o56 

9114 

9173 

59 

740 

nH 

9290 

o52i 
II06 

9408 

9466 

9525 

9584 

9642 

9701 

o345 
0930 
i5i5 

^ 

741 
742 

743 

«98i8 
87  0404 

9877 

0402 
1047 

0679 
1164 

♦o53 
o638 

1223 

OIII 

0696 
1 281 

0170 
0735 
i33o 
1923 

0228 
o8i3 
1398 

0287 
0872 

1456 

58 

744 

i63i 

1690 

1748 

1806 

i865 

1981 

2o4o 

2098 

58 

745 

2i56 

22l5 

2273 

233 1 

2389 

2448 

a5o6 

2564 

26aa 

2681 

58 

746 

2739 

9797 

3379 

2913 

m 

3o3o 

3o88 

3i46 

3204 

3262 

58 

748 

332T 

3437 
4018 

3495 

36ii 

3669 

^3^1 

3785 
4366 

3844 

58 

3902 

3960 

4076 
46^6 

4i34 
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2227 

3375 

2322 

47 

9id 

jlS 

2417 

25ll 

2559 

3606 

2653 

2701 

3748 

11^ 

47 

2890 
3363 

2937 

2985 

3o32 

3o79 
3553 

3i26 

3174 

3221 

47 

919 

33i6 

3410 

3457 

35o4 

3599 

3646 

3693 

3741 

47 

990 

378a 

38% 

3889 

3929 

3977 
4448 

gi9 

4024 

4071 

4118 

4i65 

4313 

47 

921 
922 

426» 
473 1 

4307 
4778 

4354 
4825 

4401 

4872 

4495 
4966 

4542 
5oi3 

45oo 
5o6i 

4637 
5iod 

4684 
5i55 

47 
47 

923 

5202 

5249 

5296 
5766 

5343 

5437 

5484 

553i 

5578 

5635 

47 

994 

5672 

5719 

58i3 

5907 

59^ 

6001 

6048 

6095 

47 

995 

6142 

6189 
6658 

7i97 

6236 

6283 

6329 

6376 

6423 

6470 

7408 

65i7 
6986 
7454 

6564 

47 

996 

99J 

998 
999 

661 1 
7080 

6705 

7173 

6752 
7220 

6709 
726^ 

82o3 

6845 
7314 

6892 
7361 

7033 
7501 

47 
47 

7548 
6016 

7642 
8109 

7688 
6i56 

7782 
8249 

i^ 

hh 

1^ 

l^ 

47 
47 

930 

8483 

853o 

8576 

8623 

8670 
9i36 

8716 

8763 

8810 

8856 

983? 

47 

9?« 

8950 

94S 

9043 

95^ 

9i83 

n 

0161 

9276 

9323 

47 

932 

Hl^ 

9500 
9975 

9602 

9649 

9742 

9789 

47 

933 

•  9882 

0x93 

♦021 

006& 

0114 

0207 

0254 

o3oo 

2 

934 

97  o347 

0440 

0486 

o533 

0579 

0626 

0673 

0719 

0765 

935 
936 

0812 

1276 

0858 

l322 

0904 
1369 

0951 
I4i5 

0997 
1461 

1044 
i5o8 

15I4 

1137 

i6ei 

Ii83 
1647 

1329 
l6o3 

46 
46 

^ 

1740 

1786 

1832 

1879 

1025 
2388 

1971 
34J4 

9018 

2064 

2110 

3i57 

46 

2203 

2249 

22e5 
2758 

2 

2343 

2481 

2527 

9573 
3oi5 

3619 

46 

N. 

2666 

2712 

1 

2804 

285i 

3897 

9943 

2989 

3o83 

46 

0 

8 

4 

0 

• 

7 

8 
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LOGARITHMS  OF  NUMBERS.         Tjmjl  L 

N. 
940 

0 

1 

3174 
3636 

2    3 

4 

5 

6 
34o5 

1 

8 

9 

D. 

46 

973128 

3220 

3366 

33i3 

3359 

3451 

'^ 

3543 

941 

35oo 

40DI 

3683 

3738 

3774 
4235 

3820 

3866 

3913 
4^74 
4834 

4oo5 

46 

942 

45?S 

4143 

4189 

4281 

4332 
4786 

4420 

4466 

46 

943 

45i2 

4604 

465o 

4696 

4742 

4880 

4926 

46 

944 

4972 

5oi8 

5o64 

5iio 

5i56 

5203 

5348 

5294 

5340 

5386 

46 

945 

543i 

5478 
Soil 

5524 

5570 

56i6 

5662 

5707 

5753 

PM 

5845 

46 

946 

6891 

5983 

6029 
6488 

6075 
65i3 

6121 

6167 
6636 

6313 

63o4 

46 

947 
948 

949 

63  DO 

6396 

6443 

6579 
703] 

7495 

6671 

6717 
7176 

7632 

6763 

46 

6808 
7266 

6854 

731 3 

% 

6946 
7403 

6993 

7449 

7083 
7541 

y^ 

7220 
7678 

46 
46 

960 
95i 

7724 
8181 

6226 

nSi5 
8272 

7861 
8317 

It 

1953 
8409 
8865 
9321 

Im 

8043 

85oo 

8089 
8546 

8i35 
8591 

46 
46 

962 
953 

863] 
9093 

8683 
9i38 

8728 
9184 

8774 
923o 

8810 
9375 
9730 

8911 

9366 

8956 
9412 

900a 
9457 

950J 

46 
46 

954 

9548 

9594 

9639 

9685 

9776 

9821 

9867 

991a 

9958 

46 

955 

980003 

oo4< 
o5o3 

0094 

0140 

oi85 

023i 

0276 
07J0 

0322 

o367 

0412 

45 

966 

0458 

0549 
100  J 

0594 

0640 

0685 

0776 

08a  I 

0867 

45 

lU 

0912 
1 366 

0957 

1048 

1093 

1139 

1184 

1239 

1 683 

1375 

l320 

45 

1411 

1456 

i5oi 

i547 

1593 

1637 

1738 

1773 

45 

959 

1819 

1864 

1909 

19^4 

2000 

2045 

2090 

3i35 

2181 

3236 

45 

960 

2271 

23i6 

2362 

2407 

3453 

2497 

3543 

3588 

3633 

2678 

3mo 

45 

961 

2723 

2769 

2814 

2859 

3904 
3356 

2949 

2994 

3o4o 

3o85 

45 

963 

3175 

3230 

3265 

33io 

3401 

3446 

3491 

3536 

358i 

45 

963 

3626 

3671 

3716 

3762 

3807 

3853 

3897 

3o43 
4392 

3987 

4o32 

45 

964 

4077 

4123 

4167 

4213 

4257 

43o3 

4347 

4437 

448a 

45 

965 

4527 

4573 

4617 

4663 

4707 

47^2 

4797 

484a 

4887 

4o3a 
5383 

45 

966 

5426 

5o33 

5067 
55i6 

5ll3 

5i57 
56o6 

5302 

5247 
5696 

5392 

5337 
5786 

45 

$^ 

5471 

556i 

565 1 

5741 

583o 

45 

5875 

5920 

6369 

5965 

6010 

6o55 

6100 

6144 

6189 

6a34 

6379 

45 

969 

6334 

64 13 

6458 

65o3 

6548 

6S93 

6637 

668k 

6737 

45 

970 

6772 

6817 

6861 

6906 
7353 

7800 
8347 
8693 

6951 

739? 

7845 

8291 
8737 

6996 

^^i^ 

7085 

7i3o 

7175 

45 

971 

972 
973 

7666 
8ii3 

7264 

8157 

$203 

7443 

7488 

753a 

7577 
8034 
8470 

7633 

8068 
85m 

45 

45 
45 

974 

8559 

8604 

8648 

8782 

8826 

8871 

8916 

8960 

45 

975 

9005 

9049 

9004 

9I2? 

9183 

9337 

927a 

9316 

936i 

94o5 

45 

976 

94  5o 

9494 

9?u? 

o383 

9583 

9628 

9673 

97n 

9761 

9806 

985o 

44 

971 
978 

«98o5 

♦038 

0073 

0117 

0161 

0306 

025o 

oaQ4 
0738 

44 

^^^53 

0428 

0472 

o5i6 

o56i 

o6o5 

o65o 

0604 

44 

979 

0827 

0871 

0916 

0960 

1004 

1049 

1093 

Ii37 

118a 

44 

980 

1226 

1270 

i3i5 

1359 

i4o3 

1448 

1493 
io35 
2377 

1 536 

i58o 

1635 

44 

981 

1669 

1713 

1758 

1802 

1846 

1890 

1979 

2023 

ao67 

44 

982 

2111 

2i56 

2200 

2244 

3288 

3333 

a42i 

2465 

3509 

44 

983 

2554 

2598 
3o39 

2642 

2686 

2730 

2774 

2819 

2863 

3^S 

2951 
339a 

44 

984 

2995 

3o83 

3i37 

3172 

3316 

3260 

33o4 

44 

985 

3436 

3480 

3534 

3568 

36i3 

3657 

370J 

3745 

3789 

3833 

44 

986 

3877 

3o21 

436 1 

3965 

4009 

4o53 

4537 

4141 

4i85 

4a29 

4973 

44 

'^ 

4317 

44o5 

4449 

4493 
4933 
5372 

458i 

46a5 

4660 
5io8 

4713 

44 

V,^ 

4801 

4845 

4880 
5338 

5410 

503I 

5o65 

5i5a 

44 

989 

5240 

5384 

5460 

55o4 

5547 

5591 

44 

990 
991 

5635 
6074 

5679 
6117 
6555 

6733 

6161 

5767 
63o5 

58ii 
6249 

5854 
6393 
6731 

5898 
6337 

5o4a 
638o 

5986 
6424 

6o3o 
6468 

44 
44 

992 

65i3 

65o9 
7037 

6643 

6687 

6774 

6818 

6862 

6906 
7343 

44 

993 

^n 

6903 
7430 

7080 

7124 

7168 

7312 

7355 

^7^ 

44 

994 

7474 

7517 

7561 

7605 

7648 

7693 

7779 

44 

995 
996 

7823 
8259 

83o] 

6347 

8390 

8434 

8041 

8913 
9348 

8o85 
8531 

8iao 
8564 

8172 
8608 

8ai6 
8653 

44 

44 

997 
99S 

86qd 
9'^i 

8739 
9*74 

8783 
9318 

8826 
9261 

8860 
93o5 

8o56 
9393 

9000 

9435 

9043 

9479 
9913 

8 

9087 
95aa 

44 
44 

999 

N. 

9565 

9609 
1 

9653 
2 

9696 
3 

9739 

9783 

9836 
6 

9870 
1 

9957 

43 

0 

4 

6 

9 

B. 

TABLE   II. 


lOGARITHMIC   SINES   AND   TANGENTS. 


FOR 


EVERY  DEGREE  AND  MINUTE  OF  THE  QUADRANT. 


If  the  logarithms  of  the  valaes  in  Table  III.  be  each  increased  by  lo,  Uie  reealti 
will  be  tlie  values  of  this  table. 

The  logarithmic  Secants  and  Cosecants  are  not  given.  They  may  be  readily  ob- 
tained^ as  follows:— Subtract  the  logarithmio  Cosine  from  ao,  and  the  remainder 
will  be  the  logarithmio  Secant ;  sabtract  the  logarithmic  Sine  from  ao,  and  the 
rtmaixider  will  be  the  log»rithmi«  Coeeoani. 
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LOOARITHMIC  SINES, 

TANGENTS,  ETC 

Table  1L 

0° 

i     ^"^^^ 

1790 

o 

Bine. 

D. 

Corine. 

D. 

Tanf. 

D. 

CoUnf.     ' 

Inf.  Ncf. 

lO'OOOOOO 

Inf.  Ncf. 

Infinite. 

60 

1 

6.463726 

501717 
293485 

000000 

00 

6.463726 

501717 
29348J 

13.536274 

5o 

2 

764756 
940647 

000000 

00 

764756 

940647 

7.065786 

162696 

235244 

58 

3 

208231 

000000 

00 

208231 

069153 

tl 

4 

7.065786 

i6i5i7 

i3io66 

1 11575 

96653 

85254 

000000 

00 

i6i5i7 

12*934214 
637304 
756122 

5 

162696 

000000 

00 

i3io6o 

55 

6 

241877 

9*999999 

01 

241878 

111576 

54 

I 

308824 
3668i6 

999999 
999999 

01 

01 

3o8825 
366817 

^^254 

091175 
633 163 

53 

52 

9 

10 

417968 
463726 

76263 
68988 

999999 
999998 

01 

01 

417970 
463727 

76263 
68988 

582o3o 
536273 

5i 
5o 

II 

7.5o5ii8 

62981 

9.999998 

01 

7>5o5i2o 

62981 

12.494880 
^6709 I 

1? 

la 

542906 
577668 
609853 

57936 
5J64I 
40938 
46714 
43881 

999997 

01 

542909 

46715 
43682 

i3 
14 

99^997 
99^996 

01 
0: 

t!:^ 

422328 
390143 

ii 

i5 

639816 

999996 

01 

639820 

36oi8o 

45 

i6 

667845 

99999^ 

01 

667849 

332 i5i 

44 

\l 

694173 

7»«997 
742478 

764734 

41372 
39135 

999995 
999994 

01 
01 

694179 
719003 

41373 
39ii6 

3o582i 
235s39 

43 
42 

«9 

lliri 

999993 

01 

742484 

37128 

41 

ao 

999993 

01 

764761 

35i36 

40 

21 
22 

7-785943 
806146 

33672 
32175 

9-999992 
99999* 

01 
01 

'■a 

33673 
32176 

12.214049 
193845 

3? 

23 

825451 

3o8o5 

999900 

999989 
999980 

999988 

01 

825460 

3o8o6 

174540 
i56o56 
138326 

35 

24 
25 

843934 
861662 

29547 
28386 

02 

02 

843944 
861674 

29549 
26390 

26 

878695 

27317 
26323 

02 

878708 

27318 
26325 

121 292 

34 

11 

?9 

895065 

999986 
999985 

02 

895099 

I 0490 I 

33 

910879 
926119 

11^ 

02 

02 

910894 
926134 

a54oi 
24540 

089106 
073866 
0D9142 

32 

3i 

3o 

940842 

23733 

999983 

02 

940858 

23735 

3o 

3i 

7.955082 

22980 

9.999982 

02 

7.955100 

22981 

12.044900 

^ 

3a 

Q68870 

^2233 

22273 

999981 

02 

968889 
982253 

22275 

o3iiii 

33 

21608 

999980 

02 

21610 

017747 

V, 

34 

995108 

8.007787 

20081 
20J90 
1983 1 

999979 

02 

995219 

aoo83 

004781 

35 

999977 
999976 

02 

8.007809 

20302 

11.992:01 

25 

36 

020021 

02 

020044 

19803 

97995<> 

24 

ll 

o3iQi9 
o435oi 

19302 
18801 

999975 
999973 

02 
02 

o3io45 
043627 

i93o5 
i88o3 

968055 
966473 

93 
22 

39 

054781 

18325 

999972 

02 

054809 
o658o6 

18327 

946191 

91 

40 

065776 

17872 

999971 

02 

17874 

934194 

90 

4i 

42 

8.076500 
066965 

1 744 1 
17031 
16639 
16265 

15238 

9999960 
999968 

02 
02 

8- 07653 I 
086997 

17444 
17034 
16642 

1 1 .923469 
oi3ooJ 

10 
18 

43 

097183 

999966 

02 

097217 

902783 

i5 

14 
|3 

44 
45 
46 

107167 
1 16926 
126471 
i358io 

999964 
999963 
999961 
999950 
999958 
999956 
999954 

o3 
o3 
o3 
o3 

107203 
li6o63 
126D10 
i3585i 

16268 
15910 
15568 
1 524 1 

873490 
864149 

J  44953 
153907 
162681 

14034 
14022 
14333 

o3 
o3 
o3 

144996 
1 53962 
162727 

I49»7 
14627 
14336 

866004 
846048 
837173 

11 

11 
10 

5i 

8-171280 

I4054 

9  999952 

o3 

8.171328 

14057 

11.828672 
8202J7 
811964 
803644 

t 
I 

52 

53 

179713 
167985 

13786 

13329 

999950 
999948 

o3 
o3 

;^ 

\lm 

54 

19610a 

i328o 

999946 

o3 

196156 

i3f84 

55 

304070 

i3o4i 

999944 

o3 

204126 

i3o44 

7^74 
788047 

5 

56 

211806 
219561 

12810 

999942 

04 

2iio53 
219641 

12814 

4 

U 

12587 

999940 

04 

12590 

780350 
765379 

3 

2271 34 

12372 

999938 

04 

227195 

12376 
12168 

1 

^ 

234557 
241855 

12164 

999936 

04 

234621 

I 

6o 

11963 

999934 

04 

241921 

11967 

768079 

0 
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D. 

Coein*. 

D. 

04 

Tang. 

D. 

Cotang.    / 

o 

8-341855 

11963 

9.999934 

8-341931 
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743835 

60 

I 
a 

349033 
356094 

1 1768 
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999933 
999939 

04 
04 
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% 

3 
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999927 
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999922 

04 

363ii5 

11403 

736885 

55 

4 
5 

369881 
376614 

sd3343 

11221 
iio5o 

04 
04 

360956 
376091 
383323 
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iio54 

730044 
733309 

6 

10883 

999920 

04 

10887 
10730 
10670 

716677 

54 

I 

380773 
396107 

10721 
io565 

999918 
999915 

04 
04 

38o856 
290393 
302634 

710144 

703708 
697366 

53 

53 

9 

303546 

1041 3 

999913 

04 

10418 

5i 

10 
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04 

308884 
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5o 

II 
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9-999907 
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04 

8.3i5o46 

10136 
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678878 
673886 
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% 

13 

331037 
337010 
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04 

321133 
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14 
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o5 

337114 
333035 

% 

i5 
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344504 

999897 

o5 

338856 
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661144 

45 

i6 

9460 

999894 

o5 

344610 

9465 

655390 

44 

\l 

35oi8i 
355783 
36i3i5 

9338 
9210 

QI03 

8990 

» 

o5 
o5 

350389 
3558o5 
36 14 Jo 

9343 
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6497" 
644105 

43 
43 

>9 

999885 

o5 
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8995 

638570 

41 

20 

366777 

999883 

o5 

366895 
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40 

21 

8-373171 

8880 

9.999870 
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o5 

8.372292 
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^ 

33 

& 
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o5 
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382889 
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23 
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o5 
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iZ 

34 

38-963 
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999870 

o5 

388092 
3932J4 

8570 

611908 

3f> 

8464 

-   999867 

o5 

8470 

606766 
6oi685 

35 

26 

398179 

8366 

999864 

o5 

398315 

8371 

34 

11 

39 

4o3i99 

8271 

999861 

o5 

4o3338 

8376 
8183 
8091 

596663 

33 

408161 
4i3o68 

8^^ 

999858 
999854 

o5 
o5 

4o83o4 
4i33i3 

591696 
586787 

33 

3i 

3o 

4i79'9 

7996 

999851 

06 

418068 

8003 

581933 

3o 

3i 

8-422717 
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9.999848 

06 

8-422869 
427618 

7830 
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^ 

33 
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999844 

06 

573383 
567685 
563o38 

33 

4321 56 

% 
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06 
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% 

S 

34 

436800 

999838 

06 

436963 
44i56o 

35 

441394 

7577 

999834 

06 

7583 

558440 

35 

36 

445941 

7499 

999831 

06 

446110 

75o5 

553890 
549387 

34 

ll 

45o44o 

7422 

999827 

06 

45o6i3 

7428 

33 

454893 

7346 

999824 

06 

455070 

7353 

544930 
540319 

33 

39 

459301 
463665 
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i5 
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>9 
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23o7 
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45 

i6 
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i9 
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44 
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19 
20 
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2286 

033981 
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43 

42 

19 

966893 
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20 
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20 

968249 
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20 
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21 
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23 
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24 
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20 
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20 
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o33oq4 

35 

26 
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20 
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031702 

34 

11 
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998032 

20 
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33 
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998020 

20 
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33 

?9 
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20 
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017749 
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3o 
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20 
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3i 
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33 
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30 
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2i5o 
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21 
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21 
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21 
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23 
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21 
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21 
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21 
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9*997732 

21 

9*010546 
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997706 
997603 
997680 

21 
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53 
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21 
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23 
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985732 

55 
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22 
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997654 

22 
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9 
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9.997614 
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60 
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a 

020435 
021632 
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997601 

22 
22 

032834 
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2017 
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3 
4 
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024016 
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997574 
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22 

02525l 

026455 
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973545 
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5 

023203 
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997547 
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55 

6 

026386 
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54 

2 
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a3 
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53 

1957 
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23 
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10 
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23 
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23 
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23 

1958 
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i3 
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23 
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23 
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23 
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23 
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43 
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041485 
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1699 
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a3 
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957027 
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42 

41 

20 
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a3 
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954716 

40 
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a4 

047582 
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049860 

1908 
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24 
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24 
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25 
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24 
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i8o3 

948003 
947856 

35 

26 

049400 
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a4 
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34 

% 

o5o5i9 
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99724a 

a4 

o53a77 

1884 

946733 
9455o3 
944465 

33 

|855 

997228 

a4 

054407 
055535 

1879 

32 

29 

952749 
053859 

i85o 

997214 

a4 

1874 

3i 

3o 

1845 

997199 

a4 

056659 

1870 

943341 

3o 

3i 

9*054966 

1 841 

9.997185 

a4 

9*057781 
058900 

1 865 

10.943219 

^ 

32 

o56o7i 

1836 

997170 

a4 

1869 
1 855 
i85i 

941100 

33 
34 

057172 

058271 
059367 

i83i 

1827 

997156 
997*41 

24 
a4 

060016 
o6ii3o 

^3^53 

VL 

35 

1822 

997127 

a4 

o6a24o 

1846 

25 

36 

060460 

1817 
i8i3 

99711.2 

24 

063348 

1843 

34 

^2 

o6i55i 

997008 
997083 

a4 

064453 

1837 
1 83: 

935547 

23 

062639 

1808 

25 

065556 

934444 

22 

39 

063724 
064806 

1804 

997068 

25 

066655 

1838 

933345 

21 

4o 

1799 

997053 

25 

06775a 

1834 

933348 

20 

41 

9*065885 

1794 

9-997039 

25 

9.068846 

1819 
i8i5 

io*93ii54 

:§ 

42 

066962 

1790 

1786 

997024 

a5 

069933 

93006a 

43 

o68o36 

997009 
996994 

25 

071037 
0721 i3 

1810 

928013 

12 

44 

069107 
070170 

1781 

25 

1806 

45 

n77 

996979 
996964 

a5 

073197 
074278 

075356 

1803 

i5 

46 

071242 
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a5 

>797 

925722 
924044 

i4 

% 

072306 

996949 

a5 

i7o3 

i3 

073366 

1763 

996934 

25 
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12 

49 

074424 
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996919 

a5 

077505 
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1784 
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5o 

075480 

996904 

a5 
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5i 

9*076533 

1750 

9.996889 

a5 

9.079644 
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1776 
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52 
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1746 

996874 
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a5 
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918337 

53 
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a5 

081773 
082833 
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54 

079676 

1738 

996843 

a5 

917167 
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9i5o53 

55 
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1733 

996828 

a5 

083891 
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5 

56 

081759 
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1725 
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a6 

084947 
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% 

082707 
083832 

996707 
996782 

a6 
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1751 
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a6 
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088098 
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084864 
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Tang. 

D. 

Cotang. 
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9-085894 

1713 

9.996751 

9089144 

1738 

10 -910856 

60 

1 

086922 

1709 

996735 

26 

096187 
091228 

1734 

900813   5o 
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905664   55 
904633   54 

9 

087947 
08S970 
089990 
091008 
092024 

1704 

996720 

26 

1730 

3 

4 
5 
6 
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1696 
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26 
26 
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26 

092266 
093302 
094336 
095367 
096395 

1727 
1722 
1719 

I7ID 

2 

093037 

1684 

996641 

26 

I7II 

9o36o5   53 

094047 

1680 

996625 

26 

097422 
098446 

1707 

'4 

902578   52 

9 

095o56 

1676 

996610 

26 
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fO 

096062 

1673 

90594 

26 

099468 
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II 

12 

9*097065 
098066 

1668 
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9.996528 
996562 
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»7 
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i3 
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996546 

a? 
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14 
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1 653 
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a? 

lo3533 
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i5 
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996514 

27 

104542 
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i6 

102048 
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104023 

1649 
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996498 
996482 
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27 

io555o 
I06556 
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1669 
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894450    44 
893444    43 

1641 

996465 

27 

107559 
io856o 
109559 

892441 

42 

19 

20 

]o5oio 
105992 
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i634 

996449 
996433 

27 
27 

891440 
890441 
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40 

21 

22 

9-106923 
108927 

i63o 
1627 
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996400 
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»7 

9*110556 
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1658 
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10-889444 
888449 

U 

23 

996384 

27 
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887457 

U 

24 

109901 

1619 
1616 

996368 

27 
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886467 

25 
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996351 

27 

II452I 

1643 

885479 
88449J 

35 

26 

1 11842 

1612 

996335 

27 

ii55o7 
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34 

11 

112809 

1608 

996318 

U 

116491 
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883509 
882528 

33 
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1147J7 
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i6o5 

996302 
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32 

29 

1601 

996285 

28 

1629 
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881548 

3i 

3o 

1597 

996269 

28 
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3o 

3i 
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9-996252 

28 
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It 

32 
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1590 
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28 
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122346 

1618 

33 
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996219 

28 

i6i5 
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U 

'34 
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996202 

28 

I233I7 
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35 

120469 
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996185 

28 
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1607 

875716 

25 

36 
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996168 

28 
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24 

ll 
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1569 
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28 
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872828 

23 
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996134 

28 
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1597 

22 

39 

124248 

l566 
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28 

i28i3o 
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21 

4o 
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28 
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20 
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42 
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127060 
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29 
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1587 
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869006 
868o56 
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43 
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29 
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17 
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45 
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i54D 
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996015 
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29 
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i5 

46 

130781 
131706 
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29 

134784 
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i3854» 
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i3 
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29 
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12 

49 
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29 

i56i 
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861438 

11 

56 
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995876 
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29 
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857731 
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9o584i 
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5 

56 

139944 
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i5o9 
i5o6 
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29 
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145044 
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3 
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l5o3 

995788 

29 
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9 

59 
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29 
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I 
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9.143555 
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io.85ai97 
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3o 
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3o 
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3o 
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5 
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3o 

152363 

i5ii 
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55 

6 
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3o 
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54 

I 
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3o 
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i5o5 

845826 

53 

i5o686 
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3o 
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52 

9 
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5i 
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1466 
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3o 
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5o 
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3o 
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3o 
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841329 
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13 
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3o 
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47 

14 
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1454 
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3i 
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46 

i3 
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3i 
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45 
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159435 
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3i 

1479 
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44 

17 
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3i 
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43 

id 
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995427 

3i 
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83599a 

42 

19 
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1436 

995409 

3i 

164892 

1470 

835ioS 

41 

20 

161164 

995390 

3i 

165774 

1467 
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40 

21 

9*162025 

1433 

'■& 

3i 

Q. 166654 

1464 

10-833346 

^ 

22 

162885 

i43o 

3i 

467532 

1461 
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23 
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164600 

1427 

995334 

3i 
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1458 
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24 

1424 

995316 

3i 

169284 

1455 

830716 
8aod43 
8a897i 
828101 

25 

26 

\l 

29 

165454 
i663o7 
167159 
168008 
168856 

142a 
1419 
1416 

995297 
995218 
995260 

3i 
3i 
3i 

170157 
171029 
171809 
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i45o 
1447 

35 

34 
33 
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995241 
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3a 
3a 
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1444 
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8a6366 
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3i 

3o 
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1407 
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32 
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3o 

3i 
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3a 
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1436 

10-824633 
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32 

171389 
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3a 

176224 

1433 

823776 
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\^ 
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3a 

177084 
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8aa9i6 

JZ 

34 

173070 

995127 
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3a 

17794a 

\m 

i6o5o8 
i8i36o 

1428 

822068 

35 

173908 

1394 

3a 

1425 

821201 

25 

36 

174744 

1391 
1388 
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995089 

3a 

1423 
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24 
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33 
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3a 
3a 

1420 
1417 
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52 

436798 

740 

983 i3o 

60 

800 

546332 

53 

437242 

740 

983094 
983o58 

60 

454148 

799 

545852 

I 

54 

437686 
438129 

f 

60 

454628 

??? 

545372 

55 

983022 

60 

455107 
455586 

544893 

5 

56 

438572 

73Z 

982986 

60 

'iV> 

544414 

4 

u 

439014 

982950 

60 

456064 

543936 

3 

439456 

736 

982914 
982878 

60 

456542 

796 

543458 

2 

59 

1^ 

735 

60 

457019 
457496 

795 

542981 

I 

60 

734 

982842 

60 
D. 

794 

542304 

0 
/ 

l0£ 

CMine. 

D. 

Sine. 

Cotang. 

D. 

Tang. 

0 
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Sin«. 


O 
I 
2 
3 
4 
5 
6 


9 

10 

II 

12 

i3 
14 
i5 
i6 

•7 
i8 

»9 

20 

21 
22 
23 

24 
25 
26 

II 

3i 

32 

33 

34 
35 

36 

37 
38 

39 

40 

41 
42 
43 
U 
45 
46 

% 

5i 

52 

53 

54 
55 
56 

u 


9-440338 
440778 
441218 
441658 
442096 
442535 
442973 
443410 

443847 
444284 
444720 

9*445i55 
445590 
446025 
446459 
446S9J 
447326 

4477^9 
44819! 
448623 
449054 

9-449485 
449915 
45oJ45 
450775 

45iao4 
45 I 632 
452060 
452488 
452oi5 
453342 

9-453768 

454194 
454619 
455o44 
455469 
455893 
4563 16 
456739 
457162 
457584 

9 -458006 
458427 
458S48 
459268 
459688 
460108 
46o52T 
460940 
461364 
461782 

9'462f90 
462616 
463o32 
463448 
463864 
464279 
464694 
465 1 o3 
465522 
465935 


D. 


CoriDe. 


34 
33 

32 

3i 
3i 
3o 

It 

27 

25 

24 
;3 

23 
22 
21 
20 
20 

\l 

\l 

16 

i5 

14 
i3 
i3 
12 
11 
10 

10 
07 

V. 

o5 
04 
04 
o3 

02 
01 
01 
00 
690 
698 
698 
697 
696 
695 

695 

694 
693 
693 
692 
691 
690 
690 
689 
688 

D. 


Cosine. 


( 


D. 


Tang. 


D. 


9-982842 
982805 
982769 
982733 
982696 
982660 
982624 
982587 
982551 
982514 
982477 

9-982441 
982404 
982367 
982331 
982204 
982237 
982220 
982183 
982146 
982109 

9*982072 
982035 


9« 
95 

9? 

9? 
98 

98 

93 

9.98 

9? 
9? 
9? 
9^ 
9^ 
9^ 
9? 

92 
98 

9.98 

92 

92 
98 

98 

98 

98 

98 

98 


998 
961 


849 
812 

774 

737 

700 
662 
625 

537 

549 
5ia 

474 
436 
309 
36 1 

323 

285 

247 
209 

i33 

oo5 
o57 
019 


980981 

9-980942 
9H0904 
98o8()6 
980827 
980789 
980750 
9807 1 2 
9S0673 
980635 
980596 

Sine. 


60 
60 
61 
61 
61 
61 
61 
61 
61 
61 
61 

61 
61 
61 
61 
61 
61 
62 
62 
62 
62 

62 
62 
62 
62 
62 
62 
62 
62 
62 
62 

63 
63 
63 
63 
63 
63 
63 
63 
63 
63 

63 
63 
63 
63 
63 
64 
64 
64 
64 
64 

64 
64 
64 
64 
64 
64 
64 
64 
64 
64 


9.457496 
457973 

458449 
458933 
459400 
459875 
460349 
460823 
461297 
461770 
462242 

9*462715 
463i86 
463658 
464128 
464599 
465009 
46553o 
466008 

466477 
466945 

9*467413 
467880 
468347 
468814 
469280 
469746 
470211 
470676 

47<i4i 
471605 

9.472069 
472532 
472995 

473437 
473919 

474381 

474842 

475303 

475763 

476223 

9.476683 
477142 
47jf)oi 
478059 

478517 
478975 
479432 
479889 

480345 
480801 

9-481257 
481712 
482167 
482621 
483075 
483529 
483982 
484435 
484887 
485339 


Cotang. 


D.  I      Coung. 


O. 


io-5425o4 
542027 
54i55i 
541075 
540600 
540135 
539651 

53§7o3 
538230 
537758 

10-537285 
53^14 
536342 
535872 
535401 
534931 
534461 
533992 
533523 
533o55 

10-532587 

532120 

53i653 
53ii86 
530720 
53o254 
629789 

529324 
52885Q 
528395 

10- 527931 
627468 

52*70o5 

520543 
626081 
625619 
525 1 58 
524697 
524237 
523777 

io*5233i7 
52285d 
622399 
621941 
521483 

521035 

5ao568 

5201 1 1 

619655 
519199 

518743 
518388 
517833 
617379 
516935 
616471 
5i6oi8 
5i5565 
di5ii3 
5 1 4661 

Tfeng. 


10 


10«« 


60 


57 
50 
55 
54 
53 

53 

5i 
5o 

^2 
48 

47 
46 

45 
44 
43 
43 
41 
40 


U 

35 
34 
33 

32 

3i 

3o 

3C 
3^ 

27 
36 

35 
34 
33 
32 
31 
30 

\t 
\l 

i5 
14 
i3 

13 

11 
10 

§ 
I 

5 

4 
3 

3 
1 

a 
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]62<>  1 

/ 

0 

Sine. 

D. 

Cosine. 

D. 

64 

Tang. 

D. 

CoUof. 

60 

9 '46593 5 
466348 

688 

9 '980506 

9.485339 

755 

io.5i466i 

1 

688 

980568 

64 

48C791 

752 

514209 
5i3758 

i? 

2 

466761 

687 
686 

980519 

65 

486242 

751 

3 

467173 

980480 

65 

486693 

75i 

5i33o7 

S 

4 

467585 

685 

980442 

65 

487143 

75o 

512857 

5 

467996 
468407 

685 

980403 

65 

487593 
488043 

749 

512407 

55 

6 

684 

980364 

65 

749 
748 

511957  . 
5ii5o8 

54 

I 

468817 

683 

q8o325 

65 

488492 

53 

469227 

683 

980286 

65 

488941 
489.J90 
489838 

74T 

5iio59 

5a 

9 

lO 

469634 
470040 

682 
681 

980247 
980200 

65 
65 

747 
746 

5io6io 
610162 

5i 
5o 

II 

9-470455 

680 

9.980169 

65 

9.490286 

746 

io-5o97i4 

1? 

12 

470863 

680 

980130 

65 

490733 

745 

509267 
508820 

i3 

471271 

679 

980001 
980062 

65 

491180 

744 

47 

14 

471670 
472086 

678 

65 

491627 
492073 

744 

508373 

46 

i5 

678 

980012 

65 

743 

607927 

45 

i6 

472492 

677 

979973 

65 

492519 
492965 

743 

607481 

44 

\l 

472898 

676 

979034 
979805 
979855 

66 

742 

5ojo35 
600590 

43 

473304 

676 

66 

493410 

741 

42 

19 

473710 

675 

66 

493854 

740 

606146 

41 

20 

474115 

674 

979816 

66 

4?4299 

740 

506701 

40 

21 

9.474510 
47402J 
475327 

674 

9.979776 
9797^7 

979608 

66 

9.494743 

740 

10" 605267 

It 

22 

673 

66 

495186 

739 

5o48i4 

23 

672 

66 

49563o 

738 

504370 

ll 

24 

475730 

672 

66 

496073 

737 

603927 
5o3485 

25 

476133 

671 

979618 

66 

4965 1 5 

]ll 

35 

20 

476536 

670 

669 

979579 
979539 

66 

496957 
-■97^99 

5o3o43 

34 

11 

476938 
477^40 

66 

736 

602601 

33 

669 
668 

979499 
979459 

66 

497841 
498282 

735 

5o2 1 5o 
501718 

32 

29 

477741 
478142 

66 

734 

3i 

3o 

667 

979420 

66 

498722 

734 

601278 

3o 

3i 

9-478542 

667 
666 

9-979380 

66 

9.499163 

733 

10.500837 

It 

32 

478942 
479^42 

97034o 

66 

499603 

733 

500304 
499058 
499619 

33 

665 

979300 

67 

5ooo42 

732 

U 

34 

479741 

665 

979260 

67 

500481 

73 1 

35 

480140 

664 

979220 

67 

500920 
5oi359 

731 

490080 
498641 

25 

36 

480539 

663 

979180 

67 

730 

24 

ll 

480937 
481 334 

663 

979140 

67 

501707 
502235 

73o 

498203 

23 

662 

979100 

67 

]ll 

497765 

22 

39 

481731 

661 

979059 

67 

502672 

497328 
490891 

21 

40 

482128 

661 

979019 

67 

5o3i09 

728 

20 

4i 

9.482525 

660 

9.978979 

67 

9.503546 

727 

10-496454 

;§ 

42 

48292 1 
4833 1 6 

659 

978939 
97H898 

67 

503982 

726 

496018 

43 

659 
658 

.67 

5o44i8 

495582 

n 

44 

483712 

978858 

67 

5o4854 

725 

495146 

16 

45 

484107 

657 

978817 

67 

505289 

725 

494711 

i5 

46 

484501 

657 
656 

978777 

67 

5o5724 

724 

494276 

14 

^1 

484895 
485289 

978737 

11 

5o6i5c 
50659J 

724 

493841 

i3 

4^ 

655 

978696 

723 

493407 
492973 
492640 

la 

49 

485682 

655 

978635 

68 

507027 

722 

II 

5o 

.  486075 

654 

978615 

63 

507460 

722 

10 

5i 

0.486467 

653 

9.978574 

68 

9.507893 
5o8326 

721 

10.492107 

t 

52 

486860 

653 

978533 

68 

721 

491674 

53 

487251 

652 

978493 
978462 
978411 

68 

508759 

720 

491241 

I 

5 

54 
55 

487643 
486034 

65 1 
65 1 

68 
68 

509191 
509622 

719 
719 

490800 
490378 

56 

488424 

65o 

978370 

68 

5ioo54 

718 

489946 

4 

u 

59 

488S14 

65o 

978329 

68 

510485 

718 

489615 

3 

489204 

649 

648 

978288 
978247 
978206 

68 
68 

510916 
5ii346 

716 

489084 
488654 

a 
1 

60 

/ 

648 

68 
D. 

511776 

716 

488224 

0 

/ 

Cosine. 

D. 

Sine. 

Cotang. 

D. 

Tang. 

~m 

0 

7«*| 
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1 

161®  1 

/ 

0 

Sitie. 

D. 

Cosine. 

D. 

68 

T»nf, 

D. 

Cotang. 

60 

9-489082 
49o3-[l 
490769 

491147 
491535 

648 

9*978206 

9.611776 

716 

10.488234 

1 

648 

978166 

68 

612206 

716 

486936 
486507 

5q 

a 
3 
4 

647 
646 
646 

978124 
978083 
978042 

68 
69 
69 

612635 
5i3o64 
613493 

7i5 
714 
714 

5d 

5 

491922 
492J0S 

645 

978001 

69 

613921 
614349 

713 

486079 

55 

6 

644 

977959 
977918 

69 

7i3 

4856DI 

54 

I 

492695 
493081 

t44 

^ 

614777 

712 

485223 

53 

643 

6<; 

616204 

712 

484796 
484369 

52 

9 

493466 

642 

69 

5i563i 

711 

5i 

10 

493851 

642 

977794 

69 

616067 

710 

483943 

5o 

II 

9*494236 

641 

9*977762 

69 

9.516484 

710 

iO'4835i6 

% 

12 

494621 

641 

977711 

69 

616010 
3I7J35 

709 

483090 
482666 

i3 

495oo5 

640 

977660 

977628 

69 

?^ 

47 

14 

495388 

639 

69 

617761 

482239 

46 

i5 

i6 

49577a 
496154 

639 
638 

977686 

977^44 

69 
70 

618186 
5(8610 

708 

707 
706 

706 

7o5 

481814 
481390 

45 

44 

19 

496537 
496019 

497 JO » 

637 

637 
636 

977603 
977461 
977419 

70 
70 

70 

619034 
619458 

619882 

480966 
480642 
480118 

43 
42 
41 

30 

497682 

636 

977377 

70 

62o3o5 

705 

479695 

40 

21 

9*498064 

635 

9.977335 

70 

9.620728 

704 

10.479272 

i? 

22 

49^^444 

634 

977293 
977261 

70 

621161 

703 

478849 

23 

49S825 

634 

70 

621673 

7o3 

478427 
478006 

^ 

24 

499204 

633 

977209 

70 

621996 

7o3 

36 

25 

499584 

632 

97716] 
V77i25 

70 

622417 
622838 

702 

477583 

35 

26 

49<j963 

632 

70 

702 

477162 
470741 
476320 

34 

11 

5oo342 

63 1 

977083 

70 

623269 

701 

33 

500721 

63i 

977041 
976909 
976967 

70 

623680 

701 

32 

Vo 

501090 
501470 

63o 
629 

70 
70 

624100 
624620 

^ 

47^900 

476480 

3i 
3o 

3i 

32 

9-5oiS54 

50223l 

629 
628 

9.976014 

976872 
97 68 Jo 

70 

7J 

9.624940 
625359 

526778 

699 
698 

10.476060 
474641 

S 

33 

502607 

628 

7i 

693 

474222 

27 

34 

602084 
5o3j6o 

627 
626 

976787 
976745 

71 

626197 
626615 

697 

4738o3 

26 

35 

7* 

697 
69A 

473385 

25 

36 

5o3735 

626 

976702 

71 

627033 

472967 

24 

u 

5o4iio 

626 

976660 

71 

62745 1 

696 

472349 

23 

5o4485 

635 

976617 

71 

627868 
628286 

696 

472132 

23 

39 

504860 

624 

976574 
976532 

71 

696 

471716 

21 

40 

5o5234 

623 

7» 

628702 

694 

471298 

20 

41 

9 • 5o56od 

623 

9.976480 
976446 

71 

0*629119 
629535 

693 

10.470881 

\l 

42 

505981 
5o6354 

622 

71 

693 

470463 

43 

622 

976404 

71  • 

629961 
63o366 

693 

470049 

*7 

44 

506727 

621 

976361 

71 

692 

469634 

16 

45 

507099 

620 

9763 1 8 

71 

530781 

691 

469219 
468804 

i5 

46 

607471 

620 

976275 
976232 

7i 

531196 

691 

14 

S 

607843 

619 

72 

63i6i! 

690 

468380 
467975 
467661 

i3 

608214 

619 
618 

976180 
976140 

72 

530025 

690 

12 

49 

6oS585 

72 

632439 
632853 

689 

11 

56 

608966 

6i8 

976103 

72 

689 

467147 

10 

5i 

9*609326 

617 
616 
616 

9*976060 

72 

9.533266 

688 

10*466734 
466321 
466908 

i 
I 

5 

52 

53 

609606 
5ioo65 

976017 
976974 
97693© 
976887 

72 
72 

533679 
534092 

688 
687 

54 
55 

610434 
6io8o3 

6i5 
6i5 

72 
72 

534604 
534916 
536328 

687 
686 

466496 
466084 

56 

611172 

6i4 

976844 

72 

686 

464672 
464261 

4 

u 

611640 

6i3 

976800 

72 

535739 

685 

3 

611907 
612273 

6i3 

976767 

72 

636 1 60 

685 

46386o 

a 

59 

612 

976714 

72 

536561 

684 

463439 
463028 

1 

66 
10{ 

612642 

612 

976670 

72 

536972 

684 

0 

Comne. 

D. 

Sino. 

CoUng. 

D. 

Tug. 

l^ 

71*1 
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100'^  1 

/ 

Sine. 

D. 

Coaine. 

D. 

73 

Tang. 

D. 

684 

Coiang. 

r 

o 

9' 512642 

612 

9  975670 

9*536972 

537382 

10-463028 

60 

I 

5 1 3009 
5i3375 

6ii 

975627 
975583 

7v^ 

683 

462618 

u 

2 

611 

73 

537792 
538202 

683 

462208 

3 

5i374i 

610 

975530 
975496 

73 

682 

461798 
461389 

u 

4 

514107 

609 

73 

538611 

682 

5 

6 

5i4479 
5i4837 

609 
608 

9754D2 
975408 

73 
73 

53901 0 
539429 

681 

681 

460980 
46067 1 

55 
54 

I 

5^5202 

608 

975365 

73 

539837 
540245 

680 

46oi63 

53 

5i5566 

607 

975321 

73 

680 

459755 

45o347 

52 

9 

10 

5 1 5930 
516294 

607 
606 

975217 
975233 

]l 

540653 
54 1 061 

679 
679 

5i 

5o 

II 

9-5i6657 

6o5 

9-975i8o 

73 

9*541468 

678 

10*458532 

S 

la 

517020 

6o5 

975145 

73 

541875 
542281 

678 

458125 

i3 

5i7382 

604 

975101 

73 

677 

457719 
457312 
456906 
456^01 

V> 

14 

517745 
5i8io7 

604 

975o57 
97501 J 

73 

542688 

677 
676 

i5 

6o3 

73 

543094 

45 

i6 

5i846d 

6o3 

974960 
974925 
974880 

74 

543499 
543oo3 

544310 

676 

44 

17 

518829 

602 

74 

675 

456095 

43 

i8 

519100 
5i95di 

601 

74 

675 

455690 
455285 

42 

»9 

601 

974836 

74 

544715 

674 

41 

20 

519911 

600 

97479a 

74 

545119 

674 

454881 

40 

21 

9 '52027 I 

520631 

600 

9.974748 

74 

9*545524 

673 

10-454476 

S 

22 

599 

974703 

74 

545928 
546J31 

546735 

673 

454072 

23 
24 

520990 
521049 

974659 
974614 

74 
74 

672 
672 

453669 
453265 

U 

25 

521701 
522066 

5^3 

974570 

74 

547138 

671 

452862 

35 

26 

597 

974525 
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626445 

586 

4 

ll 

590984 

497 

.  964187 
964133 

89 

626797 

586 

373203 

3 

591282 

497 

89 

627149 

586 

373861 

3 

59 

591580 

49^ 

964080 

89 

627501 

585 

373499 
373148 

I 

6o 
1 

112 

59187B 

496 

964026 

89 
D. 

627852 

585 

0 

Cosine. 

D. 

Sine. 

Cotang. 

D. 

Tang. 

»o 

Mo| 

Tabik  n.        LOGARITHMIC  SINES,  TAJfQENTS,  ETC. 


41 


23° 


156® 


o 
I 

a 
3 

4 
5 
6 

I 

9 

10 

II 

12 

i3 

14 
i5 
i6 

\l 

20 

21 
22 
23 
24 
25 
26 
2 

29 

3o 
3i 

32 

33 

34 
35 
36 

ll 

39 
4o 

41 
42 
43 
44 
45 
46 

5i 

53 

53 

54 

55 

56 

5 

5 

6o 


Sine. 


9.591878 
592176 
592473 
592710 
593067 
593363 
593659 
593953 
594351 

594547 
694842 

9.595137 
595432 
595727 
596021 
696315 
596600 
596903 
697196 
697490 
597783 

9 '59807 5 
598368 
598660 
698952 
599244 
699536 
599827 
600118 
600409 
600700 

9.600900 
601280 
6oi5p 
601860 
602 i5o 
60243 
60272 
6o3oi7 
6o33o5 
603594 

9 -603882 
604110 
604467 
604740 
6o5o32 
6o53io 
6o56oo 
606892 
606  IT 
60640 

9-606751 
607036 
607322 
607607 
607892 
608177 
608401 
608745 
609020 
609310 

Cosine. 


D. 


496 

495 
495 
495 
494 
494 
493 
493 
493 
492 

492 

491 
491 

491 
490 
490 

489 
489 

480 

488 

488 

487 

487 

487 
486 
486 
485 
485 
485 
484 
484 

484 
483 
483 
482 
482 
482 
481 
481 
481 
480 

480 

479 

479 
479 
478 
478 
478 

477 
477 
476 

476 
476 
475 

475 
474 
474 
474 
473 
473 
473 

D. 


Cosine. 


9*964026 
963972 
9639J9 
963863 
9638 II 
963767 
963J04 
963o5o 
963596 
963542 
963488 

9*963434 
963379 
963325 
963271 
963217 
963163 
963108 
963064 
962990 
962945 

9*962890 
962836 
962781 
962727 
962672 
962617 
962662 
962608 
962453 
962398 

9*962343 
962288 
962233 
962178 
962123 
962067 
962012 
961967 
961902 
961846 

9.961791 
96n35 
961680 

961624 
961660 
961613 
961468 
961402 
^1346 
961390 

9*961235 
961170 
961 1 23 
961067 
961011 
960055 
960899 
960843 
960786 
960730 

Sine. 


D. 


89 
90 
90 
90 

90 
90 

90 

90 
90 

90 

90 
90 

90 

90 

90 

91 
9« 
91 
9« 

9> 

91 

9< 

9» 

9« 

9» 

91 

9« 

9< 
92 

9a 
92 
92 
92 
92 
92 
92 
92 
92 
92 

92 
92 

93 

93 
93 
93 

93 
93 
93 

94 
94 
94 


Tang. 


9  627852 
628203 
628554 
038906 
639255 
629606 
629056 
63ojo6 
63o656 
63ioo5 
63i355 

9*63i704 
632053 
63 2402 
632760 
633099 

633447 
633795 
634143 
634490 
634838 

Q.635i85 
635532 
635870 
636220 
636572 
636919 
637265 
637611 
637966 
638302 

9*638647 

^38992 
639337 

639682 

640027 

640371 

640716 

641060 

641404 

641747 

9*642001 

642434 
642777 
643120 
643463 
643806 
644148 
644490 
6448J2 
646174 

9 •64661 6 
645867 
646199 
646640 
646881 
647222 
647662 
647903 
648243 
648583 

Cotang. 


D. 

Cotang. 

585 

10.372148 

585 

371797 
371440 

585 

584 

371095 

684 

370745 
370394 

583 

583 

3700;^ 

683 

369694 

583 
582 
582 

36o344 
368995 
368645 

582 

10*368296 

68 1 

367947 
367598 
367250 

58i 
58 1 

58o 

366901 
366553 

58o 

58o 

366205 

579 

365857 

579 

365510 

579 

365i62 

578 

io*3648i5 

678 

364468 

678 

364121 

577 

363774 

577 

363428 

577 

363o8i 

l]l 

362735 
363389 

676 

363044 

576 

361698 

675 

io.36i353 

676 

36 I 008 

676 

36o663 

574 

36o3i8 

574 

359629 

574 

573 

359284 

573 

358940 

573 
672 

358596 
358253 

672 

672 

10*357909 
357666 

672 

357223 

356880 

671 

D71 

356537 

571 

356194 
355852 

670 

670 

355510 

670 
569 

355168 

354826 

669 

10*354484 

669 

354143 

669 
568 

353801 

353460 

568 

353119 
352778 
352438 

568 

667 

667 

362007 

567 
566 

351737 
35i4i7 

D. 

Tang. 

118° 


60 

It 

57 
56 
55 

54 
53 

52 

5i 
5o 

45 
44 

43 
42 
41 
40 

U 

35 

34 
33 

32 

3i 
3o 

2 

2 

25 

24 
23 
22 
21 
20 

\t 
\l 

i5 

14 
i3 
12 
II 
10 

t 
I 

5 

4 
3 

2 
1 
o 


I 


66<» 


43 

LOGARITHMIC  SINES.  TANGENTS,  ETC.    Tabl«  11 1 

24«» 

, 

166°  1 

1 

0 

Sine. 

D. 

Coiiiie. 

D. 

94 

Tanf. 

D. 

Cotaof. 

60 

9-6o93i3 

413 

9 •960130 
960674 
960618 

9*648583 

566 

I0*35i4i7 

I 
a 

609507 
609880 

4?a 

47a 

94 
94 

648923 
649263 

566 
566 

35 1 077 
350737 

% 

3 

610164 

472 

960561 

94 

649602 

566 

35oJoo 

57 

4 

610447 

471 

96o5o5 

94 

64994a 

565 

35oo58 

56 

5 

610729 

471 

960.^48 

94 

65o28i 

565 

349719 
349380 

55 

6 

611012 

470 

960335 

94 

65o62o 

565 

54 

I 

611294 

470 

94 

650959 

564 

349041 
348703 

348364 

53 

611576 
61 1858 

470 
469 

960279 

94 

651297 
65 I 636 

564 

53 

9 

960222 

94 

564 

5i 

10 

612140 

469 

960165 

94 

65 1974 

563 

348026 

5o 

II 

9'6i242i 

469 
468 

9-960109 

95 

9-65a3i2 

563 

10.347688 

% 

13 

612702 

960052 

95 

652650 

563 

347350 

i3 

612983 

468 

9599^8 

95 

652988 

563 

347012 

% 

14 

613264 

467 

95 

6533?6 

56a 

346674 
346337 

i5 

613545 

467 

959882 

95 

653663 

56a 

45 

i6 

6i3825 

467 

959825 

95 

654000 

56a 

346000 

44 

\l 

6i4io5 

4^)6 

959768 

95 

654337 

56i 

345663 

43 

614385 

466 

959711 

95 

654674 

56i 

345326 

42 

«9 

614665 

466 

939654 

95 

655oii 

56i 

344989 
344652 

41 

2U 

614944 

465 

959596 

95 

655348 

56i 

40 

ai 

9-6i5223 

465 

9-959539 

95 

9-655684 

56o 

10 '3443 16 

\ 

22 

6i55o2 

465 

959482 

95 

656o20 

56o 

343980 
343644 

23 

61 5781 

464 

959425 

95 

656356 

56o 

I 

U 

616060 

464 

959368 

95 

656692 

559 

343308 

25 

6 16338 

464 

959310 

96 

657028 

559 

342972 
3426J6 

35 

26 

616616 

463 

959253 

96 

657364 

559 

34 

'A 

616894 
617172 
617450 

463 
462 

959105 
959138 

96 

65^o34 

559 
558 

342301 
341966 
34i63i 

33 

33 

;9 

462 

959080 

96 

658369 

558 

3i 

3o 

617727 

462 

959023 

96 

658704 

558 

341296 

3o 

3i 

32 

9-618004 
618281 

461 
461 

9-958965 

958008 

96 

0  - 659o3o 
65937J 

558 
557 

10-340961 
340627 

S 

33 

6i8558 

461 

9588 5o 

96 

659708 

557 

340292 
339958 
339624 

33§9?7 
338623 

27 

34 

618834 

460 

958702 
958734 
958677 

96 

660042 

557 

36 

35 
36 

619110 
619386 

460 
460 

66 
96 

660376 
660710 

557 
556 

25 
34 

iJ 

619662 

459 

958619 

96 

661043 

556 

23 

619938 

459 

958561 

96 

661377 

556 

32 

39 

6203l3 

459 

458 

9585o3 

97 

661710 

555 

3382O0 
337957 

31 

4o 

620488 

958445 

97 

662043 

555 

3C 

41 

9-620763 

458 

9-958387 

97 

9-662376 

555 

10.337624 

'9 

42 

62I038 

457 

958329 

97 

662709 

554 

337291 
336958 

iS 

43 

62i3t3 

457 

958271 

97 

663o42 

554 

I 

44 

621587 

457 
456 

958213 

97 

663375 

554 

336625 

45 

621861 

9581 54 

97 

663707 

554 

336293 
335961 
335629 

i5 

46 

% 

622135 
622409 

456 
456 

958006 
958o38 

97 
97 

664039 
664371 

553 
553 

14 

i3 

622682 

455 

957979 

97 

664703 

553 

335297 
334965 

12 

49 

622956 

455 

957§63 

97 

665o3y 

553 

11 

5o 

623229 

455 

97 

665366 

55a 

334634 

10 

5i 

9 -623503 

454 

9-957804 

% 

9  665698 

55a 

iO'3343oa 

% 

52 

623774 

454 

957746 
957687 
957628 

666029 

55a 

333971 

53 

624047 

454 

98 

666360 

55 1 

333040 

I 

54 

624319 

453 

98 

666691 

55 1 

333309 

55 

624591 

453 

-  9^7^70 

98 

667021 

55 1 

i^JS? 

5 

56 

624863 

453 

957511 

98 

66735a 

55 1 

% 

625i35 

452 

957452 

98 

66768a 
66doi3 

55o 

3323]8 

625406 

452 

957303 
957335 

98 

55o 

331987 

^ 

625677 
625948 

452 

98 

668343 

55o 

33 1657 

6o 
/ 

45i 

957276 

98 
D. 

668673 

55o 

33i3a7 

Cotine. 

D. 

Bine. 

Cotang. 

D. 

Taaf. 

/ 

114 

0 

W«J 

Table  II.   LOGARITHMIO  SINES, 

TANGENTS,  ETC.        4S  | 

26° 

/ 

0 

• 

IM?   1 

Sine. 

D. 

Cosine. 

D. 

T«ng. 

D. 

Cotang. 

60 

9 '625948 

45 1 

9.957276 

98 

9.668673 

55o 

10*331337 
330996 
330668 

1 

3 

626219 
626400 
626700 

45i 
45 1 

957217 
957i5d 

9? 
98 

669002 
669332 

549 
549 

^ 

3 

45o 

957099 

^ 

669661 

549 
548 

33o339 

U 

4 

627030 

45o 

957040 

98 

669091 
670320 

330009 

5 

627300 

45o 

956981 

98 

548 

329680 

55 

6 

627570 

449 

966921 
956862 
9568o3 

99 

670649 

548 

329351 

54 

I 

627840 
628100 
628378 

449 
440 
448 

99 
99 

^???22 

548 
547 

329023 
328694 
328365 

53 

52 

9 

956744 
956684 

99 

671635 

547 

5i 

10 

628647 

448 

99 

671963 

547 

328037 

5o 

11 

9-628916 

457 

9-956625 

99 

9-672291 

547 
546 

10.327709 
327381 

S 

19 

629185 

447 

956566 

99 

672619 

i3 

629453 

447 
446 

9565o6 

99 

672947 

546 

327053 
326726 
326^98 

2 

14 

629721 

956447 

99 

673274 

546 

i5 

629989 

446 

956387 

99 

673602 

546 

45 

i6 

63o257 

446 

956327 
956268 

99 

673929 

545 

326071 

44 

\l 

63o524 

446 

99 

674267 

545 

326743 

43 

630792 
63 1009 
63i326 

445 

966208 

lOO 

674684 

545 

326416 

43 

»9 

445 

966148 

100 

674911 

544 

326089 
3'.4763 

41 

20 

445 

966089 

100 

676237 

544 

40 

21 

9.631593 

444 

9-966029 

100 

9.675564 

544 

10-324436 

^ 

22 

63i85o 
632125 

444 

966969 

100 

676890 

544 

324110 

23 

444 

966909 
966849 

100 

676217 
67654J 

543 

323783 

ll 

24 

632392 
632658 

443 

100 

543 

323467 

25 

443 

966789 

100 

676869 

543 

323i3i 

35 

26 

632923 

443 

$tl^ 

100 

677194 

543 

322806 

34 

11 

633189 

442 

100 

677620 

542 

322480 

33 

633454 

442 

966609 
955548 

100 

677846 
676171 

542 

322164 

33 

29 

633719 

442 

100 

542 

321829 

3i 

3o 

633984 

441 

966488 

100 

678496 

542 

321604 

3o 

3i 

9*634349 

441- 

9-955428 

101 

9-678821 

541 

10*321179 
320854 

^ 

32 

6345 14 

440 

966368 

lOI 

679146 

5m 

33 

634778 

440 

965307 

101 

679471 

541 

320629 

320203 

27 

34 

635043 

440 

966247 
956186 

101 

679795 
680120 

541 

36 

35 

6353o6 

439 

101 

540 

319880 

25 

36 

635570 
635834 

439 

966126 

101 

680444 

640 

319666 

24 

ll 

43q 
438 

966065 

lOl 

680768 

540 

319232 

23 

636o97 

966005 

lOI 

681092 

540 

318008 

23 

39 

636360 

438 

954944 
.964883 

lOI 

681416 

539 

3 18684 

21 

40 

636623 

438 

lOI 

681740 

539 

318260 

20 

41 

9-636886 

437 

9-964823 

101 

9-682063 

539 

10.317937 

\t 

42 

637148 

437 

964762 

lOI 

682387 

539 
538 

317613 

43 

63741 1 

437 

964101 
964640 

lOI 

6827 10 

317290 

\l 

44 

637673 

437 
436 

lOI 

683o33 

538 

316967 

45 

637935 
638197 
63845d 
638720 

954670 
964518 

101 

683356 

538 

316644 

i5 

46 

436 

102 

683679 

538 

3i632i 

14 

S 

436 
435 

954457 
934356 
964335 

102 
102 

684001 
684324 

537 
537 

3i53?4 

i3 

13 

49 

638981 

435 

102 

684646 

537 

11 

5o 

639242 

435 

954274 

102 

684968 

537 

3i5o32 

10 

5i 

9 -639503 

434 

9-964213 

102 

0-686390 

536 

10.314710 
3 14^88 

? 

52 

639764 

434 

964162 

102. 

685613 

536 

53 

>  640024 

434 

964090 

102 

686934 

536 

3i4o66 

I 

54 

640284 

433 

964029 
953968 

102 

686255 

536 

3i3745 

55 

640544 

433 

102 

686577 
686896 

535 

3i3423 

5 

56 

640804 

433 

953906 

102 

535 

3i3i02 

U 

641064 

432 

953845 

102 

687219 

535 

312781 

641324 

432 

953783 

102 

687640 

536 

312460 

59 

64i583 

432 

953722 

io3 

687861 
688183 

534 

312139 
3ii8i8 

6^ 

641842 

43i 

953660 

103 

534 

/ 

Cosine. 

D. 

Sbie. 

D. 

Cotang. 

D. 

Tang. 

0 

^^^^^^ 

64'>  1 

44 

26° 

LOOAPITHMIC  SINES, 

TANGENTS,  ETC.    Tablb  IL  j 

16S«>1 

1 

0 

Bine. 

D. 

Oodne. 

D. 

Tang. 

D. 

Cotang. 

9-64l842 

43 1 

9 '953660 

io3 

9-688i8a 

534 

lo-3ii8i8 

I 
a 

642 1 01 
64236o 

43 1 
43 1 

953475 

io3 
io3 

688503 
688833 

534 
534 

311498 
311177 
310837 

% 

3 

642618 

43o 

io3 

689143 

533 

57 

4 

642877 
643i3i 

43o 

953413 

lo3 

689463 

533 

3 10537 

56 

5 

43o 

953353 

io3 

689783 

533 

310217 

55 

6 

6433o3 
6436^0 

43o 

953290 

io3 

690103 

533 

309897 

54 

2 

429 

953228 

lo3 

•  690433 

533 

3^^S 

53 

643908 

429 

953166 

.03 

69074a 

532 

52 

9 

644165 

429 
43d 

953 1 04 

io3 

69106a 

532 

3o8o38 

5i 

lO 

6444a3 

953042 

io3 

691381 

532 

308619 

5o 

11 

9.6446R0 

428 

9.952980 

104 

9-691700 

53 1 

io-3o83oo 

49 

12 

644936 

428 

952918 

952855 

104 

693019 
693338 

53 1 

307081 

48 

i3 

645 1 o3 

427 

104 

53 1 

307663 

47 

14 

6454DO 

427 

952703 
9527JI 

104 

693656 

53 1 

307344 

46 

i5 

645706 

427 

104 

693975 

53 1 

3o7oa5 

45 

i6 

M 

645962 
646218 

426 
426 

952660 
952606 

104 
104 

693393 
69361a 

53o 
53o 

306707 
3o6388 

44 

43 

646474 

426 

952544 

104 

693930 

53o 

306070 
305733 

42 

»9 

■  ^'^'56729 

425 

952481 

104 

694248 

53o 

41 

20 

646984 

425 

952419 

104 

694566 

529 

3o5434 

40 

21 

9-647240 

425 

9  952356 

104 

9.694883 

539 

io-3o5ii7 

^ 

22 

647494 

424 

952204 

9522J1 

104 

695201 

529 

3o4799 

23 

647749 

434 

104 

695518 

529 

304482 

37 

24 

64800 i 

424 

952168 

io5 

695836 

529 
528 

3o4i64 

36 

25 

64H258 

424 

952106 

io5 

696153 

3o3847 

35 

26 

648512 

423 

952043 

io5 

696470 
696787 
697 loj 

5a8 

3o353o 

34 

'A 
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131 
131 

759395 
759687 

487 
487 

34o6o5 
34o3i3 

I 

55 

697874 
698094 

366 

121 

759979 

487 

240021 

5 

56 

365 

937822 

131 

76027a 

487 

239728 

4 

u 

69B313 
698533 

365 
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a 
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131 

760564 
760856 

487 
486 

239436 
239144 
238853 

3 
3 

59 

698751 

365 

937604 

131 

761148 

486 

I 

60 

/ 

698970 
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761439 
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D. 
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D. 
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D. 
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60 

9.6989-70 
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121 

9*761439 

486 
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1 

699109 
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937458 

122 

761731 

486 
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5o 

2 

3 

69940] 
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937385 
937312 
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762023 
762314 

486 
486 

'M 

k 

4 

699844 

363 

937238 

122 

762606 

485 

237394 

5 

700062 

363 

937165 

122 

762897 
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485 

237108 

55 

6 

700280 

363 

937092 

122 

485 

236812 

54 

I 

9 

700498 

363 
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936946 
936872 

122 

763479 

485 

236521 

53 

700716 
700933 

363 
362 

122 
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763770 
764061 
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485 
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235030 
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52 

5i 

10 
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362 

936799 

122 

764352 

484 

5o 

II 

9'7oi368 

362 

9.936725 
936652 

122 

9.764643 

484 

10- 235357 

% 

12 

701585 
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123 

764933 

484 

235067 

234776 
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i3 
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936578 
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47 

14 
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123 
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i5 
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44 

\l 
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43 
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42 

19 
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41 

20 
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36o 
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•  483 
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40 

21 

9'7o3533 

359 

9.935988 
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9.767545 
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^ 

22 

703749 
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23 
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24 
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768414 
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25 
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935692 
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768703 
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23 1008 

35 

26 

704610 

935618 

124 

768992 
769281 

482 

34 

11 

29 

704825 

358 

935543 

124 

482 

230719 

33 

7o5o4o 
705254 

358 
358 

935469 
935395 

124 
124 

769860 
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230429 
23oi4o 

32 

3i 

3o 

705469 

357 

935320 

124 

770148 

481 

229852 

3o 

3i 

9-705683 
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9.935246 

124 

9 .770431 
770726 
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10-229563 

5? 

32 

705898 

357 

935171 

124 

481 

229274 
228985 

33 

706112 

357 
356 

935097 

124 

77ioi5 

481 

V. 

34 

706326 

935022 

124 

77i3o3 

481 

228697 
228408 

35 

706539 
706753 

356 

934048 

124 

77i5o2 
771880 

481 

25 

36 

356 

934873 

124 

480 

228120 

24 

U 

706967 

356 

934798 

125 

772168 

480 

227832 

23 

707 1 80 

355 

934723 
934649 

125 

772457 

772745 

480 

227543 

22 

39 

707393 

355 

125 

480 

227255 

21 

4o 

707606 

355 

934574 

125 

773o33 

480 

226967 

20 

41 

9'7078i9 
700032 

355 

9.934499 

125 

9.773321 

480 

10-226679 

\% 

42 

354 

934424 

125 

773608 

479 

226392 

43 

70S245 

354 

934349 

125 

773896 
774164 

479 

226104 

;z 

44 

708458 

354 

934274 

125 

479 

2258i6 

45 

708670 
708882 

354 

934199 
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774471 
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225529 

i5 

46 
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774750 
775046 
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14 

ii 

709094 

353 

934048 

125 
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224954 
224067 

i3 
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353 

933973 
933898 
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775333 
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12 

49 

709518 
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775621 

224379 

II 

5o 

709730 

353 

933822 
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775908 
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10 

5i 

9.709941 
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9  933747 
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9.776105 
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I 

52 
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53 
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933596 
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478 
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54 
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933445 
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56 

ll 
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222085 
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3 
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933217 

126 
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6o 
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712880. 

7i33o8 

349 

932762 
932685 

127 

719918 
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476 
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9 
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781346 

475 
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% 

13 
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\ll 
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i3 
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347 
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% 

14 
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347 
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783o46 
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i5 

i6 

347 
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346 
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44 

\l 
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43 
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214384 

25 
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35 

26 
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2i38i6 

34 

29 
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33 
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930921 
930843 
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32 

3i 

3o 
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30 

3i 
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27 

32 

33 
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34 
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343 
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35 
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129 
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25 

36 

719320 
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i3o 
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24 

u 
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i3o 
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23 
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930145 

i3o 
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22 

39 
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i3o 
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21 

40 
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341 
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41 
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42 
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i3o 
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44 
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45 
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i3o 
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i5 

46 

721366 
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i3o 
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% 
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i3o 
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i3 
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5o 
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4 
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9 

10 

II 
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i6 

\l 
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D. 
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724412 
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725017 
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725632 
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725823 

335 

726024 
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726225 
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333 
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728626 
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327 
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733569 
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734549 
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936190 
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797755 
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8o5859 
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809193 
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468 
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467 
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88o36 

87759 
87483 


Tang. 


60 


56 
55 

54 
53 

52 

5i 
5o 

47 
46 

45 
44 
43 
42 
41 
40 

t§ 

37 
36 

35 
34 
33 

32 

3i 

3o 


35 

34 

33 
33 
31 
20 

11 
\l 

i5 

14" 
i3 

13 
II 
10 

t 
I 

5 

4 
3 

9 
I 
O 


570 


Table  H.    LOGARITHMIO  SINES,  TANGElfTS,  ETC.        SI  | 

sso 

ueo  1 

/ 

0 

Sine. 

D. 

Corine. 

D. 

Tanf. 

D. 

Coiaof. 

/ 
60 

'•& 

324 

9-923591 

i37 

9*8i25i.7 

46i 

10*187483 

1 

324 

923509 

137 

812794 

461 

187206 

69 

9 

3 

4 

736498 
736692 
736886 

324 
323 
323 

923427 
923343 
933263 

i37 

«37 
i37 

813070 
813347 
8i36ai 

461 
460 
460 

186930 
186653 
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5 

56 

;a 

l3o 
380 

903719 

903634 

.58 

8i5o63 
8i63i6 

438 
438 

;S 

3 

779118 

380 

90.539 

.59 

87658, 

438 

1.3411 

59 

!!»' 

319 

90.444 

■5, 

876S51 

438 

1.314S 

.79 

9033*9 

.59 

877114 

438 

111885 

0 

CaOM. 

B. 

BiH. 

D. 

Cout. 

D. 

■hm,. 

,S   »            -                                                                                                                  „o  1 

Tmbwe   II.   LOGARITHMIC  SINES, 

TANGENTS.  ETC. 

^ 

SI"" 

142®  1 

/ 

0 

Sine. 

D. 

Conne. 

D. 

Tanf. 

D. 

CoUtng. 

f 
60 

9-779463 

279 

9.902340 
90225J 

1 59 

9'877"4 

438 

10*122886 

1 

779631 

279 

i59 

877377 

438 

122623 

5§ 

2 

779798 

279 

902158 

159 

877640 

438 

122360 

3 
4 

78o?33 

279 
270 

902063 
901967 
901872 

i59 
159 

877903 
878165 

438 
438 

122097 
121835 

U 

5 

780300 

1 59 

878428 

438 

121572 

55 

6 

780467 

'7g 

901776 

1 59 

878691 
878953 

438 

i2i3o9 

54 

2 

780634 

^78 

901681 

1 59 

437 

1 2 1047 

53 

780801 

278 

901585 

i59 

879216 

437 

120784 

53 

9 

780968 

^78 

901490 

1 59 

879478 

437 

I20522 

5i 

10 

781134 

278 

901394 

160 

879741 

437 

120259 

5o 

II 

9-781301 

277 

9*901298 

160 

9.880003 

437 

10.119907 
119735 

^§ 

13 

781468 

277 

901202 

160 

880205 

437 

i3 

781634 

277 

901106 

160 

880528 

437 

1 19472 

ii 

14 

781800 

277 

901010 

160 

880790 
881062 

437 

II92IO 

i5 

781966 

277 

900914 
900818 

160 

437 

II 8948 

45 

i6 

782132 

276 

160 

88i3i4 

437 

118686 

44 

\l 

782298 
782464 

900122 
900626 

160 

881577 
881839 

437 

1 18433 

.43 

276 

160 

437 

118161 

43 

J9 

20 

782630 
782796 

276 

900520 
90043J 

160 
J6i 

882101 
882363 

437 
436 

i:?^ 

41 
40 

31 

9*782961 

276 

9*900337 

161 

9-882625 

436 

10.117375 

It 

32 

783127 

276 

900240 

161 

882887 
883  i4d 

436 

117113 

23 

783292 
783458 

375 

900144 

161 

436 

116853 

u 

24 

375 

899854 

161 

883410 

436 

1 16590 

25 

783623 

275 

161 

883672 
883934 

436 

116338 

35 

26 

783788 

275 

161 

436 

116066 

34 

11 

783953 
784118 

375 
275 

899660 

161 
161 

884196 
884457 

436 
436 

ii58o4 
115543 

33 

32 

29 

784282 

274 

899564 

161 

884719 

436 

115281 

3i 

3o 

784447 

274 

899467 

163 

884980 

436 

ll5030 

3o 

3i 

9*784612 

274 

9.899370 

162 

9-885242 

436 

10.114758 

It 

33 

784776 

274 

899273 

162 

885504 

436 

114496 
I143J5 

33 

784941 

274 

899176 

162 

885765 

436 

U 

34 

785io5 

274 

162 

886026 

436 

1 13974 

35 

785269 
785433 

273 

163 

886288 

436 

113712 

25 

36 

273 

898884 

162 

886549 

435 

ii345i 

24 

11 

785597 
785761 

273 

898787 

162 

886811 

435 

ii3i8o 

23 

373 

898689 

162 

887072 
887333 

435 

112028 
112067 
112406 

22 

39 

785925 

373 

898592 

162 

435 

21 

40 

786089 

273 

898494 

i63 

887594 

435 

20 

41 

9 '786352 

372 

9.898397 

i63 

9.887855 

435 

10.112145 

\t 

42 

786416 

272 

898299 

i63 

888116 

435 

111884 

43 

786579 

272 

898202 

i63 

888378 
888639 

435 

111622 

n 

44 

786742 

272 

898104 

i63 

435 

Iii36i 

16 

45 

786906 

272 

898006 

i63 

888900 

435 

IIIIOO 

i5 

46 

787069 

272 

897008 
897810 

i63 

889161 

435 

1 10839 

14 

S 

787232 

271 

i63 

889421 

435 

1 10579 
iio3i8 

i3 

787395 
787557 

271 

897712 

i63 

889683 

435 

13 

49 

271 

897614 

i63 

889943 

435 

I 10057 
109796 

11 

5o 

787720 

271 

897516 

i63 

890304 

434 

10 

5i 

9.787883 
788045 

271 

9-897418 

164 

9-890465 

434 

10*109535 

t 

52 

271 

897320 

164 

890735 

434 

109275 

53 

788208 

271 

897222 

164 

890986 

434 

109014 
J 08753 

I 

54 

788370 
788532 

270 

897123 

164 

891247 

434 

55 

270 

897025 

164 

891507 
891768 
892028 

434 

108493 
1082J2 
107973 

5 

56 

U 

788694 
788856 

270 
270 

896926 
896828 

164 
164 

434 
434 

4 
3 

789018 

370 

896729 

164 

892289 

434 

10771 I 

3 

?9 

789180 

370 

896631 

164 

S92549 

434 

107451 

1 

6o 

78934a 

3<^ 

896533 

i64 

892810 

434 

107190 

0 

/ 

/ 

GoiiM. 

D. 

Sine. 

D. 

CoUng. 

a 

Tang. 

12^ 

f» 

^^^^^^ 

__^_ 

62°  1 

14 


66 

LOGARITHMIC  SINES. 

TANGENTS,  ETC 

J.      tabli  n. 

88« 

141<> 

o 

fine. 

D. 

Cosine. 

D. 

T*ng. 

D. 

Cotang. 

60 

9.78934a 

369 

9.896532 

164 

9-893810 

434 

I0'I07!O0 

I 

7iS93o4 

269 

896433 

i65 

893070 

434 

I060J0 

^ 

9 

789665 

269 

896335 

I65 

893331 

434 

106669 

58 

3 

789827 

369 

896236 

i65 

893591 

434 

106409 

57 

4 

789988 

269 

896137 
89603d 

i65 

8938D1 

434 

106149 

56 

5 

790*49 

269 
268 

i65 

8941 II 

434 

106880 
106638 

55 

6 

7903 10 

895939 
895840 

l65 

894372 

434 

54 

I 

790471 

368 

1 65 

894632 

433 

105368 

53 

790632 

268 

895741 

1 65 

894892 
895162 

433 

106108 

52 

9 

790703 
790954 

368 

896641 

i65 

433 

104848 

61 

10 

368 

895542 

165 

895413 

433 

104588 

5o 

11 

9'79iii5 

368 

9. 895443 

166 

9.896673 

433 

10-104338 

S 

12 

791375 

267 

895343 

166 

896933 

433 

104068 

i3 

791436 

367 

895244 

166 

896192 
896463 

433 

io38o8 

V, 

14 

791 5o6 

367 

895145 

166 

433 

103548 

i5 

791767 

367 

895045 

]66 

896713 

433 

103388 

45 

i6 

791917 

367 

894945 
894846 

166 

896971 
897231 

433 

io3o39 

44 

17 

.  792077 
792237 

367 
266 

166 

433 

103769 
103609 

43 

|8 

894746 

166 

897491 
897751 

433 

43 

«9 

792307 
792557 

266 

894646 

idb 

433 

. 02249 

41 

ao 

266 

894546 

166 

898010 

433 

101990 

40 

31 

9-792716 

266 

9  894446 

167 

9-898270 

433 

10-101730 

ll 

23 

792876 
793o35 

366 

894346 

167 

898530 

433 

101470 

33 

266 

894246 

167 

898789 

433 

101211 

ll 

34 

793195 

265 

894146 

167 

899049 
899308 

432 

100961 

25 

793334 

265 

894046 

167 

432 

100603 
100432 

35 

36 

793514 

265 

893946 

167 

899668 

432 

34 

11 

29 

793673 
793832 
793991 
794 i5o 

265 

893846 

167 

899827 

432 

100173 

33 

265 
265 

893745 
893645 

167 

167 

900087 
900340 

432 
432 

099013 
099654 

32 

3i 

3o 

264 

893544 

167 

900605 

432 

099395 

3o 

3i 

9 -794308 

264 

9  893444 

168 

9-900864 

432 

10099136 
098876 

^ 

33 

794467 
794626 

264 

893343 

168 

901124 

432 

33 

264 

893243 

168 

901 383 

432 

098617 
098358 

U 

34 

794784 

264 

893142 

168 

901642 

433 

35 

79494a 

264 

893041 

168 

901901 

433 

098099 

35 

36 

795101 

264 

892940 
892839 

168 

902160 

433 

097840 

34 

39 

795259 

263 

168 

902420 

433 

097680 

33 

7954  IT 
795733 

263 
263 

892730 
892638 

168 
168 

902670 
9029J8 

433 
433 

097321 
097062 

33 
31 

40 

263 

892536 

.168 

903197 

43 1 

096803 

20 

4i 

9-795891 

263 

9  892435 

169 

9-903466 

43 1 

10.096644 

[t 

43 

796040 
796200 
796364 

263 

892334 

169 

903714 

43 1 

096286 

43 
44 

263 
262* 

892233 
892132 

169 
169 

903973 
9042J2 

43i 
43 1 

096027 
096768 
096309 

17 
16 

45 

796521 

262 

892030 

169 

904401 
904760 

43 1 

i5 

46 

796679 

796836 

262 

891029 

169 

43i 

096260 

14 

49 

262 

891827 
891726 
891624 

169 

906008 

43 1 

09499J 
094733 

094474 

i3 

796903 
797 i5o 

262 
261 

169 
169 

906267 
906626 

43 1 
43i 

13 
11 

5o 

797307 

261 

891523 

170 

905785 

43l 

094215 

10 

5i 

9-797464 

261 

9-891421 

170 

9-906043 

43i 

■"•^ 

t 

53 

797621 

261 

891319 

170 

906302 

43 1 

53 

797777 
797934 

361 

891217 
891113 

170 

90^)660 

43i 

093440 

I 

54 

261 

170 

906819 

43 1 

093181 

55 

79^091 

261 

891013 

170 

907014 
907336 

43 1 

093033 
092064 

5 

56 

798247 

361 

890Q11 
890009 

170 

43i 

4 

ll 

798403 

2^>0 

170 

907594 

43 1 

092406 

3 

798560 

2^>0 

890707 
890605 

170 

90-7833 
9081 II 

43 1 

092147 

3 

59 

79^S7i6 

360 

170 

43o 

091889 

1 

6o 

798872 

260 

890603 

170 

908369 

43o 

091631 

0 

Cosine. 

D. 

Bine. 

D. 

Cotang. 

D. 

Taof. 

/ 

Jl2fi 

;o 

1 

Bl» 

Table  11.   LOGARITHMIC  SINES, 

TANGENTS,  ETC.        67  \ 

S90 

140°  1 

0 

1 

1 

Bine. 

D. 

Cosine. 

D. 

Tang. 

D. 

Cotanf. 

f 
60 

9.798872 
799028 

260 
260 

9.890503 
890400 

170 
171 

9*908369 
008628 

43o 
43o 

10*091631 
091372 

3 

799184 

260 

890298 

171 

908886 

43o 

091114 

3 

799330 
799495 
799651 

259 

890195 

ni 

909144 

43o 

090856 

U 

4 

25g 

800093 
889^88 

«7J 

909402 

43o 

090598 

5 

239 

n» 

909660 

43o 

090340 

55 

6 

799806 

259 

171 

909918 

43o 

090082 
089823 
089565 

54 

I 

799962 
8001 17 

259 
259 
258 

889785 
889682 

171 
171 

910172 
910435 

43o 
43o 

53 
5a 

9 

800272 

889579 

171 

910603 
9IO961 

43o 

089307 

5i 

10 

800427 

258 

889477 

>7i 

43o 

089049 

5o 

11 

9 '800582 

258 

9.889374 

172 

9.911209 

43o 

10-088791 
088533 

il 

la 

800737 
800892 

258 

889271 

172 

911467 

43o 

i3 

258 

889168 

172 

91 1725 

43o 

088275 

il 

14 

801047 

258 

880064 

172 

911982 

43o 

088018 

i5 

801 201 

258 

888961 

172 

912240 

43o 

087760 
087502 

45 

i6 

8oi356 

257 

888858 

172 

912408 
912756 
9i3oi4 

43o 

44 

\l 

8oi5ii 
80 I 665 

257 
257 

888755 
688651 

172 
172 

43o 
42g 

087244 
086986 

43 

42 

J9 

80181Q 
801973 

257 

888548 

172 

913271 

429 

086729 

41 

20 

257 

888444 

173 

913529 

429 

086471 

40 

21 

9-802128 

257 

9.888341 

173 

9.913787 

429 

10.086213 

^ 

22 

802282 

256 

888237 

173 

914044 

429 

085956 
085698 

23 

802436 

256 

8881 34 

173 

914302 

429 

ll 

24 

802589 
80274J 

256 

888o3o 

173 

914560 

429 

085440 

25 

256 

887926 
887822 

173 

914817 
915075 
9i53J2 

429 

o85i83 

35 

26 

802807 
8o3o3o 

256 

173 

429 

084925 
084668 

34 

11 

256 

887718 

173 

429 

33 

8o32o4 

256 

887614 

173 

915590 

429 

084410 

32 

29 

803357 

255 

887510 

173 

915847 

429 

084153 

3i 

3o 

8o35ii 

255 

887406 

n4 

916104 

429 

083896 

3o 

3i 

9.803664 

255 

9.887302 

174 

9.916362 

429 

10.083638 

It 

32 

8o38i7 

255 

887198 

174 

916619 

429 

o8338i 

33 

803970 

255 

887093 

174 

916877 
917134 

42Q 

o83i23 

27 

34 

804123 

255 

886?8? 

174 

429 

082866 

26 

35 

804276 

254 

n4 

917391 

429 

082609 

25 

36 

804428 

254 

886780 
886676 

174 

917648 

429 

082352 

24 

U 

804581 

254 

174 

917906 

429 
428 

082094 
081837 

23 

804734 
804B86 

254 

886571 
886466 

n4 

918163 

22 

39 

254 

174 

918420 

428 

o8i58o 

21 

4o 

8o5o39 

254 

886362 

175 

918677 

428 

o8i323 

20 

41 

9-8o5i9i 

254 

9.886257 

175 

9.918934 

428 

10.081066 

\t 

42 

805343 

253 

886 1 52 

175 

919191 

428 

080809 

43 

805495 

253 

886047 

175 

919448 

428 

o8o552 

\l 

44 

8o5647 

253 

885942 
885837 

175 

919705 

428 

080295 
o8oo38 

45 

805961 

253 

175 

919962 

428 

i5 

46 

253 

885732 

175 

920210 
920470 

428 

079781 
079524 

14 

ii 

8061 o3 

253 

885627 

175 

428 

i3 

806254 

253 

885522 

175 

920733 

428 

079267 

12 

49 

806406 

252 

8854i6 

175 

920990 

428 

079010 
078753 

11 

5o 

806557 

352 

88531! 

176 

921247 

428 

10 

5i 

9*806709 
806860 

252 

9-885205 

176 

9.921503 

428 

10.078497 

i 

52 

252 

885100 

176 

921760 

428 

078240 

53 

80701 1 

252 

884994 

176 

922017 

428 

077983 

I 

54 

807163 

252 

884889 

176 

922274 
922530 

428 

077726 

55 

807314 

252 

884783 

176 

428 

077470 

5 

56 

807465 

25l 

884677 

176 

922787 

428 

07J213 
076956 

4 

u 

807615 

25l 

884572 
884466 

176 

923044 

428 

3 

807766 

25l 

176 

923300 

428 

076700 

a 

59 

806067 

25l 

884360 

176 

923557 

427 

076443 

1 

6o 
/ 

25l 

884254 

177 

923814 

427 

076186 

0 

Conne. 

D. 

Sine. 

D. 

CoUng. 

D. 

Tang. 

"12$ 

1® 

AQO  1 

58 

LOGARITHMIC  SINES. 

TANGENTS.  ETC.    Table  1L  | 

"40« 

» 

1S90  1 

1 

0 

Bine. 

D. 

Cosbe. 

D. 

177 

Tang. 

D. 

CoUng. 

/ 
60 

9 '808067 
808218 

25l 

9*884254 

9-923814 

427 

io.o76i86 

I 

25l 

884148 

'77 

924070 

427 

O75o3o 
075673 

59 

2 

8o8368 

25l 

884042 

177 

924327 
924583 

427 

58 

3 

8o85i9 

25o 

883936 
883829 

883723 
883617 

177 

427 

075417 

S 

4 

808669 

25o 

n7 

924840 

427 

075160 

5 
6 

808819 
808969 

25o 

230 

«77 
177 

925096 
92535a 

427 
427 

074904 
074648 

55 
54 

I 

809119 
809369 

25o 
25o 

883510 
883404 

"77 
'^1 

925609 
925865 

427 
427 

074391 
074135 

53 

52 

9 

809419 

249 

22^^97 

926132 

427 

073878 

5i 

10 

809569 

249 

883191 

178 

926378 

427 

073622 

5o 

.11 

12 

'W 

249 
249 

9-883o84 
882077 
882871 
882764 

'7? 
'7? 

9-926634 
926890 

427 

427 

10-073366 
073110 

^4? 

i3 

810017 

249 

'7g 

927147 
927403 

427 

072853 

% 

14 

810167 
8io3i6 

249 
248 

'^2 

427 

072597 

i5 

882657 

'7! 

927650 
927915 
928171 

427 

072341 

45 

i6 

810465 

248 

882550 

'7? 

427 

072085 

44 

\l 

810614 

248 

882443 

178 

427 

071820 
071573 

43 

810763 

248 

882336 

179 

928427 

427 

42 

>9 

810912 

248 

882229 

179 

928684 

427 

07i3i6 

41 

20 

811061 

248 

882121 

179 

928940 

427 

071060 

40 

21 

9>8ii2io 

248 

9-882014 

"79 

9-929106 

427 

10-070804 

^ 

22 

8ii358 

247 

88,907 

179 

929452 

427 

070548 

23 
24 

81 1 507 
8ii655 

247 
247 

881799 
881692 

179 
179 

929708 
029964 

426 

070202 
0700^6 
069780 
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I 

841902 

aiS 

3o3 

985090 

431 

014910 
014057 

So 

3 

842033 

218 

856690 
856568 

304 

985343 

421 

58 

3 

843163 

317 

304 

985596 

431 

014404 

57 

4 

842294 

217 

856446 

204 

985848 

421 

oi4t52 

56 

5 

842424 

317 

856333 

204 

986 101 

421 

013899 

55 

6 

843555 

317 

856201 

204 

986354 

421 

01 3646 

54 

I 

843685 

317 

856078 

304 

986607 

421 

013393 

53 

842815 

317 

855956 

304 

986860 

431 

oi3i4o 

53 

9 

842946 

217 

855833 

304 

98711a 

431 

012888 

5i 

10 

843076 

217 

855711 

3o5 

987365 

431 

01 3635 

So 

11 

9  843306 

316 

9-855588 

3o5 

9-987618 

431 

10*013383 

t 

12 

843336 

316 

855465 

305 

^7871 
988133 

421 

013139 

i3 

843466 

316 

855342 

205 

431 

01 1877 

% 

14 

843595 

3l6 

855219 
855096 

205 

988376 

431 

011634 

i5 

843725 
843B55 

316 

305 

988639 

431 

01 1371 

45 

i6 

316 

854973 

854850 

2o5 

988883 

431 

011118 

44 

»9 

843984 

216 

305 

989134 

431 

010866 

43 

844114 
844243 

3l5 
3l5 

854727 
8546oi 

306 
206 

989387 
989640 

421 
421 

oio6i3 
oio36o 

43 

41 

20 

84437a 

ai5 

854480 

206 

989893 

431 

010107 

40 

21 

9-844503 

3l5 

9-854356 

306 

9-990145 

431 

10.009855 

^ 

22 

844631 

3l5 

854233 

206 

99o3a8 
990631 

431 

009603 

23 

844760 

844889 
845018 

2l5 

854109 
853986 

206 

431 

009349 

37 

24 

3l5 

ao6 

990903 

431 

000097 
008844 

36 

25 

3l5 

853862 

306 

991 1 56 

431 

35 

26 
29 

845147 
845276 

2l5 
314 

853738 ' 
8536i4 

206 

207 

991409 
991663 

421 

431 

008591 
oo8338 

34 
33 

845405 
845533 

314 

214 

853490 
853366 

207 
207 

99'9i4 
992167 

421 

431 

008086 
007833 

33 

3i 

So 

84566a 

214 

853243 

207 

992430 

421 

007580 

3o 

3i 

9*845790 

314 

9-853ii8 

207 

9.993673 

431 

10-007338 

^ 

32 

845919 

214 

852994 
852869 
852745 

307 

992935 

431 

007075 

33 

846047 
846175 

214 

307 

993178 
993431 

431 

006833 

V, 

34 

214 

307 

431 

006569 

35 

846304 

214 

852620 

207 

208 

993683 

431 

oo63i7 

35 

36 

846432 

2l3 

852496 

993936 

431 

006064 

24 

^S 

846560 

2l3 

852371 

308 

994189 

431 

oo58ii 

23 

846688 

3l3 

852247 

208 

994441 

431 

005559 
oo53o6 

33 

39 

846816 

3l3 

853133 

206 

99-<694 

431 

21 

40 

846944 

2l3 

851997 

308 

994947 

421 

oo5o53 

30 

41 

9-847071 

3l3 

9-85i873 

ao8 

9.995109 
995453 

421 

10*004801 

\% 

42 

847199 

3l3 

85 1747 
85 I 633 

208 

431 

004548 

43 

847337 

3l3 

308 

995705 

431 

004395 

;? 

44 

847454 

313 

851497 

ao9 

995957 

431 

004043 

45 

847583 

213 

85i373 

309 

996310 

431 

003790 
0033^7 
oo3385 

i5 

46 

% 

49 

84723? 

213 
312 

851246 
85ii2i 

309 
309 

996463 
996715 

431 
431 

14 
i3 

847964 

848091 

213 
212 

850996 
850S70 

309 
309 

996968 
997221 

431 
431 

oo3o33 
003779 
003537 

13 
11 

5o 

848218 

213 

850745 

209 

997473 

431 

10 

5i 

9.848345 

213 

9-85o6i9 
850493 

85o368 
85o242 

309 

9-997736 

431 

10*002374 

% 

5a 

848472 

311 

21c 

997979 

431 

003031 

53 
54 

848399 
848726 

211 
211 

210 
210 

99K231 

998484 

421 
431 

001769 
00l5lO 

I 

55 

848852 

211 

85oii6 

210 

998737 

431 

001363 

5 

56 

848979 
849106 

211 
311 

849990 
849864 

310 
210 

998989 
999^42 

421 
421 

OOiOlI 

ooo]58 

0O03o5 

4 
3 

849232 

311 

849738 

210 

999495 

421 

2 

6o 

849359 
849485 

311 
311 

84961 1 
849485 

310 
310 

999747 
10  000000 

421 

421 

000353 

10*000000 

1 
0 

Cosine. 

D. 

Sioe. 

D. 

Cotang. 

D. 

Tang. 

184 

1° 

45<>  1 

TABLE   III., 


OF 


NATURAL   SINES   AND   TANGENTS} 

TO 
EVERY  DEGREE  AND  MINUTE  OF  THE  aUADRANT. 


Jp  the  given  angle  is  less  tban  45<^,  look  for  the  degrees  and  the  title  of  (lib 
ODliunn,  at  the  top  of  the  page ;  and  for  the  minutes  on  the  Ifft,  But  if  the  augln 
is  between  45^  and  90^,  look  for  the  degrees  and  the  title  of  the  column,  at  the 
hoUom ;  and  for  the  ml^iiatcs  on  the  right. 

The  Secanie  and  OoseeanU^  which  are  not  inserted  in  this  table,  may  be  easily 
•upplicd.  If  I  be  divided  by  the  cosine  of  an  arc,  the  quotient  will  be  the  secanl 
cf  that  arc    And  if  1  be  diyided  by  the  liiM,  the  quotient  will  be  the  cosecant. 

The  yalaes  of  the  Sines  and  Cosines  are  less  than  a  unit,  and  are  given  in  deci- 
mals, although  the  decimal  point  is  not  printed.  80  also,  the  tangents  of  arcs  leaa 
than  45^,  and  cotangents  of  arcs  greater  than  A^°^  are  less  thac  a  unit  and  are  ex- 
pnated  in  decimals  \Htb  the  decimal  point  omitted. 
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U                           NATURAL  SINES  AND  COSINES.      Tabuc  HL  | 

f 

0 

0° 

•1 
1° 

20 

3°    1 

4° 

60 

Sine. 

I'osine. 

Sine. 

Cosine. 

Sine. 

1 

Cosine. 
99939 

Sine. 

Cosine. 

Sine. 

Cosine. 

00000 

Unit. 

01745 

99985 

03490 

o5234 

99863 

06976 

99756 

I 

00O3O 

000  5» 

Unit. 

01774 
oiSo3 

999^4 

o35i9 
0J548 

99938 

05263 

99S61 

07005 

99754 

5? 

3 

Unit. 

99984 

99937 
99936 

05292 

99860 

07034 

99752 

3 

00087 

Unit. 

01832 

99983 

o36o6 

o532i 

99858 

07063 

99750 

tL 

4 

00116 

Unit. 

01862 

99983 

99935 

o535o 

^5? 

0709a 

99748 

5 

00145 

Unit. 

01891 

99982 

03635 

99934 

05370 
o54o8 

07121 

99746 

55 

6 

00175 

Unit. 

01920 

99982 

o3664 

99933 

99854 

07i5o 

99744 

54 

I 

00204 

Unit. 

01949 

99981 

03693 

99932 

05437 
05466 

99852 

07208 

9974a 

53 

00233 

Unit. 

01978 

99980 

03723 

99931 

99851 

99740 

52 

9 

00762 

Unit. 

02007 

o2o36 

99«;8o 

03752 

99930 

05495 

99849 

07237 
07260 

99738 

5i 

10 

00291 

Unit. 

99979 

03781 
o38io 

99929 

o5524 

99B47 

99736 

5o 

II 

00320 

99999 

o2o65 

99979 
99978 

99927 

05553 

99846 

07295 

99734 

% 

12 

oo34o 
00378 

99999 

02094 

o3839 
o3868 

99926 

o5582 

99844 

07324 

99731 

i3 

99999 

02123 

99977 

99925 

o56ii 

99842 

07353 

99729 

% 

14 

00407 
00436 

99999 

021 52 

99977 
99976 

03897 
03920 

99924 

o564o 

99841 

07382 

99727 
99725 

i5 

99999 

02I8I 

99923 

05669 

99839 

0741 1 

45 

i6 

0046  5 

99999 

02211 

99976 

03955 

99922 

05698 

99838 

07440 

99723 

44 

\l 

00495 

99999 

02240 

99975 

03984 

99921 

05727 

99836 

07469 
07498 

99731 

43 

oo524 

99999 

02260 
02298 

99974 

040 1 3 

99919 
99918 

05756 

99834 

997  »9 
99716 

42 

«9 

oo553 

9999b 

99974 

04042 

05785 
o58i4 

99833 

0755Z 

41 

20 

oo582 

99998 

02327 

02356 

99973 

04071 

999»7 
99916 

99831 

997»4 

40 

21 

00611 

99998 

99972 

04100 

o5844 

99829 

07585 

99712 

^ 

22 

00640 

99998 

02385 

99972 

04129 

99915 

05873 

99827 
99826 

07614 

99710 

23 

00660 
00698 

99998 

02414 

9997* 

o4i5q 
04188 

99913 

05902 

07643 

99708 

27 

24 

99998 

02443 

99970 

99912 

05931 

99824 

07672 

99705 

36 

25 

00727 
00736 

99997 

02472 

99969 

04217 
04246 

9991 1 

05960 

99822 

07701 

99703 

35 

26 

99997 

0250I 

99960 
99968 

99910 

05989 
06018 

99821 

07730 

99701 

34 

11 

00785 
00814 

99997 

o253o 

04275 

99909 

99819 

07750 

^ 

33 

99997 
99996 

o256o 

99967 

o43o4 

99907 

06047 
06076 

99817 
99816 

07788 
07817 

32 

V^ 

00844 

02589 
02618 

99966 

04333 

99906 

99694 

3i 

3o 

00873 

99996 

99966 

04362 

9990^ 

o6io5 

99813 

07846 

9969a 

3o 

3i 

00902 

99996 

02647 

99965 

04391 

99904 

o6i34 

99812 

07875 

99689 

^ 

32 

00931 

99996 

02676 

99964 

04420 

99902 

o6i63 

99810 

07904 

^l 

33 

00960 

99995 

02705 

99963 

04449 
04478 

99901 

06192 

99808 

07933 

V, 

34 

009S0 
01018 

99995 

02734 

99963 

99000 
99898 

06221 

99806 

07962 

99683 

35 

99995 

02763 

99962 

04507 

04536 

o625o 

99804 

07991 
08020 

99680 

25 

36 

01047 

99995 

02792 
02821 

99961 

99897 
99896 

06279 
o63o8 

99803 

99678 

24 

\l 

01076 

99994 

99960 

04565 

99801 

08049 

08078 

99676 

23 

oiio5 

99994 

02800 

99959 

04594 

99894 

06337 
06366 

99799 

99673 

22 

39 

oii34 

99994 

02870 
02908 

99959 

04623 

99893 

99797 
99795 

08107 
o8i36 

99668 

21 

4o 

01 164 

99993 

99958 

04653 

99892 

06395 

20 

41 

01193 

99993 

02938 

99957 
99956 

04682 

99800 
99889 
99888 

06424 

99793 

o8i65 

99666 

\l 

42 

01222 

99993 

02967 
02990 

04711 

06453 

99792 

08194 

99664 

43 

Ol25l 

99992 

999'j5 

04740 

06482 

99790 
99788 

08223 

99661 

\l 

44 

01280 

99992 

o3o25 

99954 

04760 
04798 

99886 

o65ii 

08252 

99659 

45 

oi3o9 

99991 

o3o54 

99953 

99885 

o654o 

99786 

08281 

99657 

i5 

46 

oi338 

99991 

o3o83 

99952 

04827 
04856 

99883 

06569 
06598 

99784 

o83to 

99654 

14 

% 

01 367 
01390 

99991 

03ll2 

99952 

99882 

99782 

08339 
o8368 

99652 

i3 

99990 

o3i4i 

99951 

04885 

99881 

06627 
06656 

99780 

99649 

12 

49 

01425 

99900 
99989 

o3i70 

99950 

049 » 4 

99870 
99878 

99778 

08397 
08426 

99647 

II 

5o 

01454 

03190 

03228 

99940 
99948 

04943 

06685 

99776 

99644 

10 

5i 

01483 

99989 

04972 

99876 

06714 

99774 

08455 

99642 

% 

52 

oi5i3 

99980 
99988 

03257 
03286 

99947 
99946 

o5ooi 

99875 

06743 

99772 

08484 

99639 

53 

01 542 

o5o3o 

99873 

06773 
06802 

99768.1 

o85i3 

& 

I 

54 

01571 

99988 

o33i6 

99945 

o5o59 
o5o88 

99872 

o£i542 

55 

01600 

99987 

03345 

99944 

99870 

o683i 

99766 

08571 

99632 

5 

56 

01620 
01 658 
01687 
01716 

99981 
99986 
99986 

03374 

99943 

05lI7 

o5i46 
o5i75 

9<;869 

06860 

99764 

08600 

99630 

4 

\l 

o34o3 
o3432 

99942 
99941 

99866 

06880 
06918 

99762 
99760 

08629 
08658 

99627 
99625 

3 

> 

59 

99985 

03461 

99940 

o52o5 

99864 

Xi 

99758 

08687 
08716 

9962a 

I 

6o 

01745 
Coaine. 

99985 

03490 

99939 

o5234 

99863 

99756 

99619 

0 

Sine. 

Cosine. 

Bine. 

Cosine. 

Sine. 

Cosine. 

Sine. 

Cosine. 

Sine. 

80® 

88° 

87° 

86° 

85° 

t 
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I 


o 
I 

a 
3 
4 
5 
6 

I 

9 

lO 

II 

12 

i3 

i4 
i5 

i6 

\l 

ao 

21 
22 
23 

24 

25 

26 

2 

2 

29 

3o 
3i 

32 

33 

34 

35 

36 

3 

3 

39 
40 
41 
42 
43 
44 
45 

46 

il 

n 

5i 

52 

53 

54 
55 
56 

U 


8ine 

08716 
08745 
08774 
o88o3 
o883i 
08860 
08889 
08918 
08947 
08970 
09005 
09034 
09063 
09092 
09121 
09150 

09170 
09208 
09237 
09266 
09395 
09324 
09353 
09382 
09411 
09440 
09460 
09498 
09527 
09556 
09585 

09614 
09642 
09671 
09700 
09720 
09758 
09787 
09816 
09845 
09874 
09903 
09932 
09961 
09990 
10019 

0048 
0077 
0106 
oi35 
0164 
0192 
0221 
o25o 
0279 
o358 
0337 
o366 
0395 
0424 
0453 


Cosine. 


99619 
99617 

99614 
99612 
99609 
99607 
99604 
99602 
99590 
99596 
99594 

99588 
99586 
99583 
99580 

99578 
99575 
99572 

99570 
99367 

99564 
99562 
99559 
99556 
99553 
99551 
99548 
99545 

9954  a 
99540 

99537 

99534 
99531 
99528 
99526 
99523 
99520 
99517 

99514 
9951 1 
99508 
99506 
995o3 
99500 

99497 
99494 

99488 
99485 
99482 

99479 
99476 
99473 
99470 
99467 

99464 
99461 
99458 
99455 
99452 


Coriae. 


Sine. 


84° 


6< 


Sine.    Cosine. 


0453 
0482 
o5il 
o54o 
0569 

0597 
0626 
o655 
0684 
0713 
0742 
0771 
0800 
0829 
o858 
0887 

0916 
0945 
0973 
002 
o3i 
060 
089 
118 

147 
176 

2o5 
234 
263 
291 

320 

349 

378 

407 
436 
465 

494 
523 
552 
58o 
609 
638 
667 
696 
725 
754 

83., 
12 
840 
869 
898 

lU 

985 
2014 
2043 
2071 
2100 
2129 
2i58 
2187 


t 


Cosine. 


99452 
99449 
99446 
99443 
99440 
99437 
99434 
99431 
99428 
99424 
99421 
99418 
9941 5 
99412 
99400 
99406 

99402 
99399 
99396 
99393 
99390 
99386 
99383 
99380 

99377 
99374 
99370 
99307 
99364 
99360 
99357 

99354 
99351 

99347 
99344 
99341 
99337 

99334 
99331 
99327 
69324 
99320 
99317 

99314 
99310 
99307 

993o3 
99300 
99297 
99293 
99200 
99286 
99283 
99270 
99276 
99272 
9926^ 
99263 
99262 
99258 
99255 

Sine. 


88< 


Sine. 


2187 
2216 
2245 

2274 
2302 

233i 
236o 
2389 
2418 
2447 
2476 
25o4 
2533 

2562 

2591 
2620 

2649 
2678 

2706 

2735 
2764 
2793 

2822 
285i 
2880 
2908 
2937 
2966 
2995 

3o24 
3o53 

3o8i 

3iio 

3i3 

3i6 

3197 

3226 

3254 

3283 

33ia 

3341 

3370 

3399 

3427 

3456 

3485 

35i4 
3543 
3572 
36oo 
3629 
3658 
3687 
3716 
3744 
3773 
38o2 
383 1 
386o 
3889 
3917 


Cosine. 


Cosine. 


99255 
9925i 
99248 
99244 
99240 
99237 
99233 
99230 
99226 
99222 
99210 
99215 
992 II 
99208 
99204 
99200 


8 

82 

78 

75 

71 
6 

6 

60 

56 

52 

48 
44 


I 


I 


99 
99 
99 
99 
99 
99 
99 
99 
99 
99 
99 
99 
99 
99 
99 

99 

99 

99 

99 

99 

99 

99 

99 

99 

99 

99 
99098 

99094 
99001 
99087 

99083 

99079 

9907D 

99071 

99067 

99063 

99o5o 

99055 

9905 1 

9904 

9904 

9903 

99o3 

9903 1 

99027 


41 
3 
3 
2 

22 
18 
14 
10 
06 
02 


Sine. 


82° 


8* 


Sine. 


3917 
3946 
3975 
4004 
4o33 
4061 
4090 
4119 
4148 

4177 
42o5 

4234 
4263 
4292 
4320 
4349 

4378 
4407 
4436 
4464 
4493 

4522 

455i 
458o 
4608 
4637 
4666 
4695 
4723 
4752 
4781 

4810 
4838 
4867 
4896 
4925 
4954 
4982 
5oii 
5o4o 
5069 


5l2< 

5i55 
5i84 

5212 

5241 
5270 

5327 
5356 
5385 

5414 
5442 

5471 
55oo 

5529 
5557 
5586 
56i5 
5643 


Cosine. 


Cosine. 


99027 
99023 
990IQ 
99015 
99011 
99006 


90998 

98994 
98990 
98986 
98982 
98978 
98973 
98969 
9896D 

98961 
98957 
98953 
98948 

98944 
98940 
98936 
98931 

98923 
98919 

98914 
98910 
98906 
98902 

98893 

98889 

98884 

98880 

98876 

98871 

98867 

98863 

98858 

98854 

9884 

9884 

98841 

98836 

98832 

98827 
98823 
98818 

98814 
98809 
98806 
98800 
08796 

98791 
98767 
98782 

98778 
98773 
98769 

Siivs. 


9< 


Sine. 


sr 


Cosine. 


5643 
5672 
5701 
5730 
5758 

58i6 

5845 

5873 

5902 

5931 

595 

598 

6017 

6040 

6074 

6io3 
6i32 
6160 
6189 
6218 
6246 
6275 
63o4 
6333 
636i 
6390 

6419 
6447 
6476 
65o5 

6533 
6562 
6591 
6620 
6648 
6677 
6706 
6734 
6763 
6792 
6820 
6849 
6878 
6906 
6935 

6964 

6992 

021 

o5o 

078 

1 36 
164 
193 
222 
25o 
270 
3o8 
336 
365 


Cosine. 


98551 
98546 
98541 
98536 
98531 
98526 
98521 
98016 
985 1 1 
98506 
98501 
98496 

98491 
98486 
98481 

Sine. 


80< 


98769 
98764 
98760 
98755 
98751 
98746 
98741 
98737 
98732 
98728 
98723 
98718 

98714 
98709 

98704 
98700 

98695 
98690 
98686 
98681 
98676 
98671 
98667 
98662 
98657 
o8652 
98648 
98643 
98638 
98633 
98629 

98624  29 

98619 

98614 

98609  I  26 

98604 

98600 

98595 

98590 

98585 

98580 

98575 

98570 

98565 

98561 

98556 


60 

5i 

5 

U 

55 

54 
53 

52 

5i 
5o 
4 

47 
46 
45 

44 
43 
42 

41 
40 

38 

37 
36 

35 
34 
33 

32 

3i 

3o 


25 
24 

23 

22 
21 
20 


I 


4 
3 
2 
I 
o 

I 

5 

4 
3 
2 
I 
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16° 

16° 

170 

18° 

19° 

/ 
"67 

Sine. 

Cosine. 

Sine. 

Cosine. 

Sine. 

Cosine. 
o563o 

Sine. 

Cosine. 

Sine. 
33557 

Cosine. 

25882 

06593 
96585 

27564 

96126 

29231 

30903 

95106 

94552 

I 

25910 

27592 

96118, 

39265  95622 1 

30939 

95088 

32584 

94542 

i? 

2 

25938 

96578 

27620 
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29293 

956i3 

30957 
30985 

32613 

94533 
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27648 
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55 

4 
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96078 
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94485 
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53 

9 
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5i 
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14 
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31261 
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28039 
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32997 
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2806' 
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41 
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94361 

40 

31 

26471 

96433 

281 5o 

55906 
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954 1 5 

31593 
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35 

26 
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34 

11 
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32 
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? 

52 

27340 
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54 
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55 
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5 
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34093 

94009 

4 

5^ 
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95i33 

32474 

34120 
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2 

59 
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I 

6o 
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96126 
Sine. 

29237 

9563o 

30902 

95106 
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Sine. 
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0 

/ 

Conne. 

Coftine. 

Sine. 

Cosine. 

Sine. 

Cosine. 

Cosine. 

Sine. 
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18° 

12° 

11° 

[)° 
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93879 
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93264 
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93201 
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34666 
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36298 
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91856 
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38o8o 

39688 

91775 

412S4 

^7 

24 

34857  9372H 

36488 

93106 

38107 

92455 

397^ 

4i3io 

91068 

36 

25 

348H4  9371H  '  3^5 1 5 

93or;5 

38i34 

92444 

3^1 

91764 

41337 

9io56 

35 

26 

34912193708  36542 

93084 

38i6i 

92432 

39768 

91752 

41 363 

91044 

34 

27 

34939  93698  36560 
349W)  930.88  3rr596 

93074 

38 188 

92421 

39795 

91741 

41390 

91032 

33 

2S 

93o63 

382i5 

92410 

39822 

91720 
91718 

41416 

91020 

32 

29 

34993 

93677  36623 

93o52 

38241 

f^'& 

39848 

41443 

91008 

3i 

3o 

35o2i 

93667 

1  3665o 
'36677 

93c42 

38268 

39875 

91706 

41469 

90996 

3o 

3i 

35o48  93657 

93o3i 

38295 

ql'ibb 

39902 

91694 
91683 

41496 

90984 

20 

32 

35075  93647 

36704 

93020 

38322 

39928 

4l522 

90972 

s8 

33 

35 102  93637  36731 

93010 

38349 

92355 

39955 

91671 

41549 
41575 

90960 

27 

34 

35i3o  93626 

i  36758 

92999 

38376 

92343 

39982 

91660 

9o<>48 

26 

35 

35i57  93616 

36785 

92988 

384o3 

92332 

40008 

91648 

41602 

90936 

25 

36 

35i84 

93606 

36812 

92978 

38430 

92321 

4oo35 

91636 

41628 

90924 

24 

'A 

35211 

93596 

36839 

92967 

38456 

923io 

40062 

91625 

4i655 

90011 
90899 

23 

35239  !  93;')85 

36867 

92936 

38483 

92209 
92287 

40088 

91613 

41681 

23 

39 

35266 

93575 
93565 

30894 

92945 

385io 

4oii5 

91601 

41707 

90887 
90875 

21 

40 

35293 

3692 1 

92935 

38537 

92276 
92265 

40141 

91590 

41734 

20 

41 

35320 

93555 

36948 

92924 

38564 

40168 

91578 

41760 

90863 
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18 

42 

35347 
35375 

93544 

36975 

92913 

38591 

92254 

40195 

9 1 566 

41787 

90}^! 

43 

93534 

37002 

92002 

38617 

92243 

40221 

91555 

4i8i3 

9o83o 
90826 

>7 

44 

35402  93524 

37029 

92892 

38644 

92231 

40248 

91543 

41840 

lb 

45 

354'?9  93514 

37056 

92881 

38671 

92220 

40275 

9i53i 

41866 

90814 

i5 

46 

35456  935o3 

37083 

92870 

38698 

92200 
92198 

4o3oi 

91519 
9i5oo 

41892 

90S02  14  1 

47 

35484  Q3i93 

37110 

92839 

38725 

4o328 

41919 
41945 

90790 

i3 

48 

355 1 1  93483 

37137 

9i«49 

38752 

92186 

4o355 

91496 

90778 

12 

49 

35538  93^72 

37164 

92838 

38778 

92175 

4o38i 

91404 

41972 

90766 

11 

56 

35565  93462 

3719! 

92816 

388o5 

92164 

40408 

91472 
91461 

41998 

90753 

10 

5i 

35592  93^52 

37318 

i^'^ii 

92l52 

40434 

42024 

90741 
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52 

35619  93441 

37245  92805 

38859 
38886 

92I4I 

40461 

91449 

42o5i 

90729 

53 

35647  93431 

37272 

92:94 

92i3o 

40488 

91437 
91425 

42077 

90717 

I 

54 

35674  93420 

37299 

9)784 

38912 

92119 

4o5i4 

42104  90704 

55 

35701  93410 

37320 

92773 

3^?93o 
38966 

9MU7 

4o54i 

91414 

42i3o 

90602 

5 

56 

35738  ,  9)400 

37353 

92762 

92096 
92085 

4o567 

91402 

42i56 

90680 

4 

% 

357551  93J89 

37380 

92751 

38993 

40594 

91390 

421 83 

906^)8 

3 

35782  93379 

37407 

92740 

39020 

92073 

40621 

91378 
91 366 

42209 

Qo65f  1  a  1 

59 

358 10  93J68 

37434 

92729 

39046 

93?62 

40647 

42233  90643    1  1 

66 

35837  93358 

37461 

92718 

39073 

9*o5o 

40674 

91355 

42262  9o63i 

0 

Cosine. 

Sine. 

Cottine. 

Sine. 

Cosine. 

Sine. 

Cosine. 

Sine. 

Cosine. 

Sine. 

/ 

69° 

68° 

67° 

66° 

66° 

1 
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0 

1 

25° 

26° 

•27° 

28°    1 

29° 

f 
60 

Sine. 

Couoe. 

Sine. 

Cosine. 

Sine. 

Cosine. 

Sine. 

t 
Cosine. 

Sine. 

Cosine. 

42262 
42288 

9063 1 
90618 

43837 
43863 

^? 

45399 
45423 

89101 

89087 

4^7? 

88295 
88281 

48481 
485o6 

87462 
87448 

2 

423 1 5 

90606 

4388o 
43916 

89854 

45451 

89074 

46999 

88267 

48532 

87434 

58 

3 

42341 

90594 

89841 

45477 
455o3 

89061 

47024 

88254 

48557 
48583 

87420 

U 

4 

42367 

9o582 

43942 

89828 

89048 

47o5o 

88240 

87406 

5 

42394 

90569 

43968 

89816 

45529 

89035 

47076 

88226 

48608 

87391 

55 

6 

42420 

90557 
90543 

43994 

89803 

45554 

89021 

47 1 01 

88213 

48634 

87377 

54 

I 

42446 

44020 

89790 

4558o 

89008 
88995 
88981 

47»27 
47153 

88199 

48659 

87363 

53 

42473 

90532 

44046 

89777 

45606 

88183 

48684 

87349 

52 

9 

42499 
42525 

90520 

44072 

89764 

45632 

47178 

88172 

48710 

87333 

5i 

lO 

9o5o7 

44098 

89752 

45658 

88968 

47204 

881 48 

48735 

87321 

5o 

II 

42552 

9o4o5 

44124 

80739 
89726 

45684 

88955 

47220 

88144 

48761 

87306 

it 

12 

42578 

90483 

44i5i 

45710 

88942 

47253 

881 3o 

48786 
48811 

87292 

i3 

42604 

90470 
90458 

44177 
442o3 

89713 

45736 

88928 

47281 

88117 
88io3 

87278 

ii 

14 

4263 1 

89700 

45762 

88915 

47306 

48837 

87264 

i5 

42657 

90446 

44229 

89687 

45787 

88902 

47332 

88089 

48862 

87250 

45 

i6 

42683 

90433 

44255 

89662 

458 1 3 

88888 

47358 

88075 
88062 

48888 

87235 

44 

\l 

42709 

90421 

44281 

45839 

88875 
88862 

47383 

48913 

87221 

43 

42736 

90408 

44307 
44333 

89649 
89636 

45863 

47409 

88048 

48938 

87207 

42 

»9 

42762 

90396 

45891 

88848 

47434 

88o34 

48964 

87193 

41 

2o 

42788 
42815 

90383 

44359 
44385 

89623 

45917 

88835 

47460 

88020 

48989 

IVJ^ 

40 

21 

90371 

89610 

45942 

88822 

47486 

88006 

49014 

ll 

22 

42841 

903  o8 

444 II 

%Ul 

45968 

88808 

47511 

87993 

49040 

87150 

23 

42867 

90346 

44437 

45994 

88795 
88782 

47537 

^^^9^? 

49065 

87136 

37 

24 

42894 

90334 

44464 

89571 
89568 

46020 

47562 

49090 

87121 

36 

25 

42920 

9o32i 

44490 

46046 

88768 

47588 

87951 

491 16 

87107 

35 

26 

42946 

90309 

445 1 6 

89545 

4607  a 

88755 

47614 

8793T 

87923 

49141 

87093 

34 

11 

42972 

9029^? 

44542 

89532 

46097 
461 2  J 

88741 

47639 

49166 

87079 
87064 

33 

42999 

90284 

44568 

895 IQ 
89306 

88728 

47663 

87W 

49192 

3a 

29 

43o2D 

90271 

44594 

46149 
46173 

88715 

47690 

49217 

87050 

3i 

3o 

43o5i 

90259 

44620 

89493 

88701 

■47716 

878^2 

49242 

87036 

3o 

3i 

43077 

90246 

44646 

89480 

46201 

88688 

47741 

87868 

49268 

87021 

It 

32 

43 1 04 

90233 

44672 

89467 

46226 

88674 

47767 
47793 

87854 

49293 

86993 

33 

43i3o 

90221 

4469S 

89454 

46252 

88661 

87840 

49318 

U 

34 

43 1 56 

90208 

44724 

89441 

46278 

88647 

47818 

87826 

49344 

86978 

35 

43182 

90106 
90183 

44750 

89428 

463o4 

88634 

47844 

87812 

49369 

86964 

25 

36 

43209 

44776 
44802 

89415 

46330 

88620 

47869 
47895 

§7798 

49394 

86949 
86935 

24 

ll 

4323d 

90171 

89402 

46355 

88607 
88593 
88580 
88566 

87784 

49419 
49445 

23 

43261 

901 58 

44828 

89389 
89376 
89363 

46381 

47920 

87770 

86921 

22 

39 
40 

43287 
433 1 J 

90146 
90133 

44854 
44880 

46407 
46433 

47946 
47971 

87736 
87743 

49470 
49495 

86906 
86892 

21 
20 

41 

43340 

90120 

44906 

89350 

46458 

88553 

47997 
48022 

87729 
87715 

49521 

86878 

86863 

\t 

42 

43366 

90108 

449^2 

89337 

46484 

88539 

49546 

43 

43392 

90095 

44958 

89324 

465 10 

88526 

48048 

87701 

49571 

86849 

17 

44 

43418 

90082 

44984 

89311 

46536 

885i2 

48073 

87687 
87673 

49596 

86834 

16 

45 

43445 

90070 

45oio 

89298 

46561 

88499 

48099 

49622 

86820 

i5 

46 

43471 

90057 
90045 

45o36 

89285 

46587 
46613 

88485 

48124 

87659 
87645 

49647 

868o5 

14 

% 

43497 
43523 

45062 

89272 
89230 
89243 

88472 

48i5o 

49672 

86791 

i3 

90o32 

45o88 

46639 

88458 

48175 

87631 

49697 

^11 

la 

49 

43549 
43575 

90019 

45ii4 

.46664 

88445 

482qi 

87617 
87603 

49723 

11 

5o 

00007 

89994 
89981 

45 140 

89232 

46690 

88431 

48226 

49748 

86748 

10 

5i 

43602 

45i66 

89219 

46716 

88417 

48252 

sii! 

49773 

86733 

t 

52 

43628 

45192 

89206 

46742 

88404 

48277 

49798 
49824 

86719 

53 

43654 

89968 

45218 

89193 
89180 

46767 
46793 

88J90 

483o3 

86704 
86690 

I 

54 

4368o 

89956 

45243 

88377 
88363 

48328 

87546 

49849 

55 

43706 

89943 

45260 
45293 

89167 

46^19 

48354 

87532 

49874 

86675 
86661 

5 

56 

43733 

89930 

89153 

46844 

88349 
88j36 

48379 
48403 

87518 

49899 

4 

u 

43759 
43785 
438 1 1 

89918 

45321 

89140 

46870 

87504 

49924 

86646 

3 

89905 
89892 

45347 
45373 

89127 

46896 

88322 

48430 

87490 

49950 

8663a 

a 

^ 

89114 

46921 

883o8 

48456 

87476 
87462 

49975 

86617 
866o3 

1 

6o 

43837 

89879 

45399 

89101 

46947 

88295 

48481 

5oooo 

0 

Cosine. 

Sine. 

Cosine. 

Sine. 

Cosine. 

Sine. 

Cosine. 

Sine. 

Cosine. 

Sine. 

64° 

63° 

62° 

61° 

60° 
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0 

30^ 

1 

81<»    1 

300. 

83  <» 

84<^ 

/ 

Sinn. 

Cosim. 

1     ,     1 
j  Sine.  |C(Mine.  ! 

Sine. 

Coaiue. 

84805 

Sioe. 

CoHiie. 

Siae.  Coeine. 

5oooo 

866o3 

5i5o4'  85717 

52992 

54464 

83867 

55910 
55943 

82904 

60 

I 

5oo25 

80588 

5i5a9  ■  83702 

53017 

84789 

54488 

8385 1 

82887  1  5q  1 

2 

5oo5o 

86573 

5i554  85087 

53041 

84774 
84759 
84743 

545i3 

83835 

55968 

82871 

58 

3 

50076 

86539 

5 1 579  856-7  2 
5i6o4  85657 

53o66 

54537 

83819 

55992 

82855 

5i 

4 

5oioi 

86544 

53ooi 

54561 

83804 

56oi6 

82839 

56 

5 

50126 

86530 

51628 

85('j42 

53u5 

84728 

54586 

83788 

56o4o 

82822 

55 

6 

5oi5i 

865 1 5 

5i653 

85627 

53 140 

84712 

54610 

83772 

56o64 

82806  54  1 

I 

50176 

865oi 

51678  85012: 

53 1 64 

84697 

54635 

83736 

56oS8  82790 

53 

5o201 

86486 

51703  85597  ! 

53189 

84681 

34659  83740 

56ii2  82773 

53 

9 

50227 

86471 

51728:  855«2 

53214  184666  ' 

54683 

83724 

56i36l  82757 

5i 

10 

5o252 

86437 

51753  85)67 

53238  8465o 

54708 

83708 

56i6o  82741 

5o 

11 

50277 

86442 

51778  '  8555i 

53263  84635 

54732 

83692 

56i84  82724 

g 

19 

5o3o2 

86427 

5i8o3  85530  i 

53288  84619  ; 

54756  83676 

56ao8  82708 

i3 

5o327 

864i3 

518281  85521 

533 12 

84604 

54781 

83b6« 

5623a 

8a69a 

47 

14 

5o352 

8639>:> 

5i852  i  H55o6 

53337 

84588  i 

548o5  83645 

56256 

82675 

46 

i5 

5o377 

86384 

51877  1  85491 

53361 

84573 

54829 

83629 

56280 

82639 

43 

i6 

5o4o3 

86369 

51902 

85476 

53386 

84557 

5.4854 

836i3 

563o5 

82643 !  44 1 

17 

5042S 

86354 

51927 

85461 

5341 1 

84542 

54878 

83597 

56329 
56353 

82626 

43 

A 

5o453 

86340 

51952  ,  85446 

53435 

84526 

54902 

8358i 

82610 

43 

•9 

50478 

86325 

51977 

8543i 

53460 

84311 

54927 

83565 

56377 

82593 

41 

20 

5o5o3 

8^i3io 

52002 

85416 

53484  84495 

54951 

83549 
83533 

56401 

82577 

40 

21 

5o528 

8<>295 

52026  85401 

53509  84480 

04975 

56435 

82%! 

39 

22 

5o553 

86281 

52o5i  1  85385 

53534  '  84464 

54999 

83517 

56440 
56473 

82544 

38 

2J 

50578 

86266 

52076  85370 

53558 

84448 

55o24 

835oi 

82528 

37 

24 

5o6o3 

8^.25 1 

52101  1  85355 

byjSi 

84433 

55048 

83485 

56497 

82511 

36 

25 

50628 

86237 

52126!  85340 

53607 

84417 

55072 

83469 

56521 

82495 

35 

26 

5o654  86222 

52i5i 

85325 

53632 

84402 

55097 

83453 

56545 

82478 

34 

27 

50679  86207 

52175 

853io 

53656 

84386 

55i2i 

83437 

56569 

82462 

33 

28 

50704  86192  1 

52  200 

85294 

53681 

84370 

55i45 

83421 

56593  1  82446 

32 

29 

50729  8^)1781 

52225  85279  1 

53705 

84355 

55169 

83405 

56617  82429 
56641  82413 

3i 

3o 

50754 

86i63 

5225o 

85264  ' 

53730 

84339 

55194 

83389 

3o 

3i 

50779 

86148  '  52275 

85249 

53754 

84324 

55218 

83373 

566^)5  82396 

It 

32 

5o8o4  H6i3i  il  52299 

85234  1 

33779 

84308 

55242 

83356 

56689  823K0 
56713  82363 

33 

50829  861191!  52324!  83218' 

33ho4 

84292 

55266 

83340 

27 

34 

50.S54  86104  1  52  349  8.52o3  i 

53828 

«4277 

55291 

83324 

56736  82347 

26 

35 

50879  1  ^"^^9   i  ^2374  85ib8  1 

53853 

84261 

553 13 

833o8 

56760  8233o 

25 

36 

50904  1  86o]4  i 

52  3(;9  1  85 173 
52423  1  85i57 

53877 

84245  55339 
84230  55363 

83292 

56784  82314 

24 

il 

50929  j  86oD(^ 

53902 

83276 

568o8  82297 

23 

50954  8/)o43  ; 

52448  85i42  1 

53926 

84214 

55388 

8326o 

56832  82 28 1 

aa 

39 

50979 

86o3o 

52473  85127! 

53951 

84198 

55412 

83244 

56856  82264 

ai 

4o 

5 1004 

8601 5 

52i98 

85ii2 

53975 

84182 

*'^Jlvv 

H3jl© 

5688o  82248 

»o 

41 

51029 

86000 

52522 

85096 

54000 

84167 

55460 

83212 

56904 

82231 

19 

42 

5io54 

85985 

52  547 

85o8i 

54024 

84i5i 

55484 

83195 

56928 

82214 

18 

43 

51079 

85970 

5257a 

85o66 

54049 
5407.3 

84135 

55509 
55533 

83179 
83ii3 

5()952 

82198 

\l 

44 

5iio4 

85956 

52597 

85o5i 

84120 

56976,  82  iJfii 

45 

51129 

85941 

52621 

85o35 

54097 

84104 

55557 

83i47 

57000 

82165 

i5 

46 

5ii54 

85926 

52646 

85o2o 

54122 

84088 

55581 

83i3i 

5 ,0:4 

82148 

14 

47 

5ii79 

85911 

52671 

85oo5 

54146 

84072 

556o5  83ii5 

57047 

82l32 

i3 

48 

5 1 204 

85896 

52696 

84989 

54171 

84057 

556  Jo  83098 

37071 

82ii5 

la 

49 

51229 

85HH1 

52720  84974 

54195 

84041 

55^)54  83o82 

57095 

82098 

820^2 

11 

5o 

5i254 

85H66 

52745  84939 

54220 

84025 

55678  83o66 

57110 
57143 

lO 

5i 

5i279 

8585i 

52770 

84943  i 

54244 

84009 

55702 

83o5o 

82065 

t 

52 

5i3o4 

85836 

52794 

84928 

54260 
5429J 

83994 

55726 

83o34 

57167 

82048 

53 

5i329 

85S2 1 

52819  8491a 

83978 

53750 

83017 

57191 

82032 

7 

54 

5i354 

858o6 

52844 

84897 

54317  839021 

55775  83ooi  1 

57215 

82013 

6 

55 

5 1379  1  8:)792 

52869 

84S82 

54342  83946  1 

55799  j  82985 

57238 

81982 

5 

56 

5i4o4l8:>777,,  5-893 

84S66 

54366 

83930 

55823 '  82969 

57262 

4 

ll 

51429 

8)702  \   52Ql8 

8485 I   54391 

83915 

55847 

82953 

57286 

81965 

3 

5 1 454 

85747  i  52943 

8 ',836  1  544 1 5 

83899 
83883 

55871 

82936 

57310 

81949 

a 

59 

5 1479  8')732  52967 

84820 

54440 

55895 

82920 

57334 

81932 

I 

*0   •# 

5!5o4  85717  ;i  52(.92 

84805  ,  54464  83867 

55919 

82904 

57358 

81915 

0 
f 

f 

Cosine. 

Sine. 

Cosine. 

Sine. 

Cosine. 

Sine. 

Cotine. 

1 

Sine. 

,Cortne.  Sine. 

69° 

58^ 

«7*^ 

66° 

fi5<> 
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0 

36" 

86° 

.giyo 

880 

39«> 

60 

Bine. 

Conne. 

Sine. 

Coune. 

Sine. 

Coeine. 
79864 

Bine. 

Coein«. 

Sine. 

Cosine. 

57358 

8mi5 
818^ 

58779 
58602 

80902 

60182 

6i566 

78801 

62932 

77696 

1 

57381 

8o885 

6o2o5 

79846 

61589 

78783 

62955 

i? 

2 

57405 

58826 

80867 

60328 

79829 

61612 

78765 

62977 

77678 
77660 

3 

57429 
57453 

8i865 

58849 
58873 

8o85o 

6025 1 

79811 

6i635 

78747 

63ooo 

u 

4 

81848 

80833 

60274 

79793 

6i658 

78729 

63o22 

77641 

5 

^7477 

8i83i 

58896 

80816 

60298 

79776 

61681 

78711 

63o45 

77623 

55 

6 

57501 

ai8i5 

58920 

8^^ 

6o32i 

79758 

61704 

78694 

63o68 

77605 

54 

I 

575*24 

81798 
81782 

58943 

6o344 

79741 

61726 

78676 
78658 

63090 

77586 

53 

57548 

58967 

80765 

60367 

79723 

61749 

63ii3 

77568 

52 

9 

57572 

81765 

58990 

80748 

60390 

79706 

61772 

78640 

63i35 

77550 

5i 

10 

57596 

81748 

59014 

80730 

60414 

79688 

61795 
61818 

78622 

63i58 

77531 

Do 

11 

81731 

59037 

80713 

60437 

79671 

78604 

63i8o 

775i3 

ii 

12 

^1:^4 

59061 

80696 

60460 

79653 

61841 

78586 

632o3 

77494 

i3 

57667 

81698 
81681 

59084 

80679 
80662 

60483 

79635 

61864 

78568 

63225 

77476 
77458 

47 

14 

57691 

59108 

6o5o6 

79618 

61887 

78550 

63248 

46 

i5 

57715 

81664 

59131 

80644 

6o529 

79600 

61909 

78532 

63271 

77439 

45 

i6 

57738 

81647 

59154 

80627 

6o553 

79583 

61932 

785i4 

63293 

77421 

44 

*7 

57762 

8i63i 

59178 

80610 

60576 

79565 

61955 

78496 

633 16 

77402 

43 

id 

57786 

81614 

59201 

80593 

60599 

79547 

61978 

78478 
78400 

63338 

77384 

42 

'9 

57810 

81597 

59225 

80576 

8o558 

60622 

79530 

62001 

63361 

77366 

41 

30 

57833 

8i58o 

59248 

60645 

79512 

62024 

78442 

63383 

77347 

40 

21 

57857 

8 1 563 

59272 

8o54i 

60668 

79494 

62646 

78424 

63406 

77339 

^9 

22 

57881 

81546 

59295 

8o524 

60691 

79477 

63069 

78405 

63428 

77310 

38 

23 

57904 

8i53o 

59318 

8o5o7 

60714 

79459 

62092 

78387 

6345i 

77292 

37 

24 

57928 

8i5i3 

59342 

80489 

60738 

79441 

62ii5 

78369 

63473 

77255 

36 

25 

57952 

81496 

59365 

80472 
80455 

60761 

79424 

62138 

78351 

63496 

35 

26 

57976 

81479 

59389 

60184 
60807 

79406 

62160 

78333 

635i8 

77236 

34 

'i 

57990 
58o23 

81462 

59412 

80438 

79388 

62183 

783i5 

63540 

77218 

33 

81445 

59436 

80420 

6o83o 

79371 

62206 

78297 

63563 

77»99 

32 

29 

58047 

81428 

59459 

8o4o3 

6o853 

793  d3 

62229 

78279 
78261 

63585 

77181 

3i 

3o 

58070 

81412 

59482 

8o386 

60876 

79335 

6225l 

636o8 

77162 

3o 

3i 

58094 

81395 

59506 

8o368 

60899 

79318 

62274 

78243 

63630 

77144 

It 

32 

58ii8 

81378 

59529 

8o35i 

60922 

79300 

62297 

78225 

63653 

77125 

33 

58i4i 

8i36i 

59552 

8o334 

60945 

79282 

62320 

78206 

63675 

V-,'<^ 

U 

34 

58i65 

8i344 

59576 

8o3i6 

60968 

79264 

62342 

78188 

63698 

33 

58189 

81327 

59599 

80299 
80282 

60991 

79247 

62365 

78170 
78162 

63720 

77070 
77061 

25 

36 

58212 

8i3io 

59622 

6ioi5 

79229 

62388 

63742 

24 

'A 

58236 

81293 

59646 

80264 

6io38 

79211 

6241 1 

78134 

63765 

77033 

23 

58260 

81276 

59669 

80247 

61061 

79193 

62433 

78116 

63787 
63810 

77014 

22 

39 

58233  81259 

5969,3 

8o23o 

61084 

79176 
791 58 

62456 

78098 

76996 

21 

40 

58307  81242 

59716 

80212 

61107 

62479 

78079 

63832 

76977 

20 

41 

5833o 

8122D 

59739 
59763 

80195 

6ii3o 

79140 

635o3 

78061 

63854 

76959 

\t 

42 

58354 

81208 

8on8 
80160 

6ii53 

79122 

63524 

78643 

63877 

76940 

43 

58378 

81191 

59786 

61176 

79105 

62547 

78025 

63899 

76921 

n 

44 

5840! 

81174 
81167 

59809 

80143 

61 199 

79087 

62570 

78007 
77988 

63922 

76003 

16 

45 

58425 

59832 

80125 

61222 

79069 

62592 

63944 

76884 

i5 

46 

58449 

81140 

59856 

80108 

61245 

79o5i 

63615 

77970 

63966 

76866 

14 

S 

58472 

81123 

59879 

80091 

61268 

79033 

62638 

779D2 

63989 

76847 

i3 

58496 

8iio6 

59902 

80073 

6129J 

79016 

69660 

77934 

6401 1 

76828 

12 

49 

585 1 9 

81089 

59926 

8oo56 

6i3i4 

78998 

62683 

77016 
77897 

64033 

76810 

11 

5o 

58543 

81072 
8io55 

59949 

8oo38 

61337 

78980 

62706 

64o56 

76791 

10 

5i 

58567 

59972 

80021 

6i36o 

78962 

62728 

77879 

64078 

76754 

t 

52 

58590 

8io38 

59995 

8ooo3 

6i383 

78944 

62751 

77861 

64100 

53 

58614 

81021 

60019 

79986 

61406 

78926 

62774 

77843 

64123 

76735 

I 

54 

58637 

81004 

60042 

79968 

61429 

X 

62796 
62819 

77824 

64145 

?^ 

55 

58661 

80987 

6oo65 

79931 

6i45i 

77806 

64167 

5 

56 

58684 

80970 
80953 

60089 

79934 

61474 

78873 

62842 

77788 

64190 

76679 

4 

% 

58708 

60112 

79016 
79899 

61497 

78855 

62864 

77769 

64212 

76661 

3 

58731 

80936 

601 35 

61 520 

78837 

62887 

77751 

64234 

76642 

2 

^ 

58755 

80919 

6oi58 

79881 

61 543 

78819 

62909 

77733 

64256 

76623 

I 

60 

58779 
Cosine 

80902 

60182 

79^64 

6i566 

78801 

62932 

77715 

64279 

76604 

0 

Sine. 

Coune. 

Sine. 

Cosine.  Sine. 

CoMoe. 

Sine. 

Cosine. 

Sine. 

64° 

63° 

52« 

6P 

60® 

15 
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0 

40° 

41° 

42° 

43° 

44° 

60 

Sine. 

Cosine. 

Sine.  'Coiine. 

1 

Sine. 

1 

Conine. 

1 

Sine.  Co0ine. 

Sine. 

Cosine. 

64279 

76604 

656o6 

75471 

66913 

743 14 

1  68200 

73i35 

69466 

71934 

I 

64301 

76586 

65628 

75432 

66935 

74295 

1  68221 

73116 

69487 
69508 

71914 
71894 

^ 

3 

64323 

76567 

6565o 

75433 

66956 

74276 
74256 

1  68242 

73096 

3 

64346 

76548 

65672 

75414 

66978 

i  68264 

73076 

69529 

71873 

u 

4 

64368 

76530 

65694 

75395 

66999 

74237 

68285 

73o$6 

69549 

71853 

5 

64390 

765 II 

65716 

75375 

67021 

74217 
74198 

683o6 

73o36 

69570 

71833 

55 

6 

64412 

76492 

65738 

75356 

67043 

68327 

73016 

69591 

7i8i3 

54 

I 

64435 

76473 

65759 

]f^l 

67064 

74178  1  68349 
74139  !  68370 

72996 

69612 

71792 

53 

64457 

76435 

65781 
658o3 

67086 

72976 

69633 

7177a 

5a 

9 

64479 

76436 

75299 

67107 

74139  |l  68391 

72937 

69654 

71752 

5i 

10 

645oi 

76417 

65825 

75280 

67 1 29 

74120  '  68412 

72937 

69675 

71732 

5o 

II 

64524 

76398 

65847 

75261 

67i5i 

7.1100  1  68434 

72917 

69696 

71711 

t 

13 

64546 

76380 

658^)9 

75241 

67172 

74080  ii  68455 

72897 

69717 

71691 

i3 

64568 

76361 

65891 

75222 

67194 

74061  68476 

72877 

69737 
69758 

71671 
71630 

% 

14 

64590 

76342 

65913 

75203 

67215 

74041 

1  68497 

72857 

i5 

64612 

76323 

65935 

75184 

67237 

74022 

685 18 

72837 

69779 

7i63o 

45 

i6 

64635 

76304 

65956 

75i65 

67258 

74002 

68539 

72817 

69800 

71610 

44 

1^ 

64657 

76286 

65978 

75146 

67280 

73983 

68561 

72797 

69821 

7i5oo 
71569 

43 

64679 

76267 

76248 

W)OO0 

75126 

67301 

73963 

68582 

72777 
72737 

69842 

4a 

»9 

64701 

66022 

75107 

67323 

73944 

686o3 

69862 

7i549i 

41 

20 

64723 

76229 

66044 

75088 

67344 

73924 

68624 

72737 

69883 

71529 
7i5o8 

Ao 

21 

64746 

76210 

66066 

75069 

67366 

73904 

68645 

72717 

6*7904 

^ 

22 

64768 

76192 

66088 

75o5o 

67387 

73885 

68666 

72697 

69925 

71488 

23 

64790 

76173 

66109 

75o3o 

67409 

73865 

68688 

72677 
72657 

69946 

71468 

37 

24 

64812 

76154 

66i3i 

75011 

67430 

73846 

68709 

69966 

7 1 447 

36 

25 

64834 

76135 

66 1 53 

74992 

67452 

73826 

68730 

72637 

69987 
70008 

7»427 

35 

26 

6/»856 

76116 

66175 

7497^ 

67473 

73806 

68751 

72617 

71407 
71386 

34 

27 

64878 

76097 

66197 

74933 

67495 

73787 

(>8772 

72597 

70029 

33 

28 

64901 

76078 

66218 

74934 

67516 

73767 

6879> 

72577 
72557 

70049 

7i366 

32 

29 

64923 

7i'>o59 

66240 

74915 
74896 

67538 

73747 

68814 

70070 

71345;  3i  1 

3o 

64945 

76041 

66262 

67559 

73728 

68835 

72537 

70091 

71325 

3o 

3i 

64967 

76022 

66284 

74876 

67580 

73708 

68857 
68878 

72517 

70112 

7i3o5 

^ 

32 

6498(; 

"6oo3 

663o'j 

74857 

67602 

73688 

72497 

7oi32 

71284 

33 

65oii  759H4 

66327 

74838 

67623 

73669 

68899 

72477 
72437 

70153 

71264 

U 

34 

65o33  73965 

66349 

74818 

67645 

73649 

68920 

70174 

71243 

35 

65o55  75946 

66371 

74799 

67666 

73629 

68941 

72437 

70195 

71223 

25 

36 

65o77  75927 

66393 

74780 

67688 

73610 

68962 

724:7 

70215 

71203 

24 

37 

65ioc  7^908 

66414 

74760 

67709 

73590 

68983 

72397 

70236 

71182 

a3 

38 

65i22  !  73HS9 

a)436 

74741 

67730 

73570 
735$i 

69004 

72377 
72357 

70257 

71162 

aa 

39 

65 1 44  '  75870 

66458 

74722 

67752 

69025 

70277 

71141 

ai 

40 

65 166 

7585i 

66480 

747<^3 

67773 

73531 

69046 

72337 

70298 

71121 

ao 

41 

65 1 88 

75H32 

665oi 

74683 

67795 

735 1 1 

69067 
69088 

72317 

70319 

71100 

:? 

42 

652 10 

758i3 

66523 

74664 

67816 

73491 

72297 

70339 

71080 

43 

632  32 

75794 

66545 

74644 

67837 

73472 
73432 

(>9109 

72277 
72257 

7o36o 

71059 

17 

44 

65254 

75775 

66566 

74625 

67859 

69130 

7o38i 

71039 

16 

45 

65276 

75756 

66588 

74606 

67880 

73432 

69131 

72236 

70401 

7*019 

i5 

46 

65298 

75738 

66610 

74586 

67901 

73413 

69172 

72216 

70422 

70998 

14 

IJ 

.653  20 

75719 

66632 

74567 

67923 

73393 

69193 

72196 

70443 

70978 
70937 

i3 

65342 

75700 

66653 

74548 

67944 

73373 

69214 

72176 

70463 

13 

49 

65364 

75680 

66675 

74528 

67965 

733d3 

69235 

72156 

70484 

70937 

11 

5o 

6538^) 

75661 

6()697 

74509 

6.^008 

73333 

69256 

72136 

7o5o5 

70916 
70896 

10 

5i 

65408 

75642 

66718 

74489 

73314 

69277 

72116 

7o525 

I 

52 

65430 

75623 

66740 

74470 

6^029 

73294 

<;h;298  72095 

70546 

70875 

53 

65452 

75604 

66762 

7445i 

68o5i 

73274 

69319  72075 

70567 

70855 

I 

54 

65474 

75585 

66783 

74431 

68072 

73254 

69340 

73o55 

70587 
70608 

70834 

55 

65496 

75566 

668o5 

74412 

68093 

73234 

69361 

72035 

70813 

5 

56 

655 18 

75547 

66827 

74392 

681 1 5 

732i5 

69382 

72015 

70628 

70793 

4 

^1 

65540 

75528 

66848 

74373 

68i36 

73195 

69403 

71995 

70649 

70772 

3 

58 

65562 

75509 

66870 

74353 

68157 

73175 

69424 

7  "974 

70670 

70752 

a 

59 

65584 

75490 

66891 

74334 

68179 

73i55 

69445 

71954 

70690 

70731 

I 

6o 

/ 

656o6 

75471 

66913 

743 1 4 

68200 

73i35 

69466 

71934 

707 1 1 

70711 

0 

/ 

Cosine. 

Sine. 

Cosine. 

Sine. 

Cosine. 

Bine. 

'  Cosine. 

Sine. 

Cosine. 

Sine. 

49° 

48° 

47° 

46° 

46« 

^' 
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1 

0 

8° 

9° 

10° 

11° 

/ 

Tangent. 

Cotang. 

Tangent. 

Cotang. 

Tangent. 

Cotang. 

Tangent. 

Cotang. 

l4o54 

7«ii537 

15838 

6.31375 

17633 

5-67128 

19438 

5-14455 

60 

1 

14084 

loo38 

15868 

6. 

30189 

17663 

5. 

66i65 

19468 

5 

13658 

2 

I4ii3 

08546 

15898 

6. 

29007 

17693 

5. 

652o5 

19498 

5 

12862 

3 

14143 

07o59 
0D570 
g4io5 

15928 

6. 

27829 
26655 

17733 

5 

64248 

19529 

5 

13069 

\l 

4 

14173 

15958 

6. 

17753 

5 

63295 

19559 

5 

.11279 

5 

14202 

15988 

6. 

25486 

17613 

5. 

62344 

19589 

5 

10490 

55 

6 

14232 

02637 

1 601 7 

6. 

24321 

5 

.61397 
•60452 

19619 

5 

00704 
08931 

54 

I 

14262 

01174 

16047 

6. 

23i6o 

17843 

5 

19649 

5. 

53 

14291 

6 

99718 
98268 

16077 

6. 

22003 

17873 

5 

595u 

19680 

5. 

08139 

53 

9 

I432I 

6 

16107 

6 

2o85i 

17903 

5 

58573 
576^8 
56706 

I9710 

5 

07360 
06584 

5i 

lO 

i435i 

6 

96823 

16137 

6- 

19703 

17933 

5 

19740 

5. 

5o 

II 

i438i 

6 

95385 

16167 
16196 

6 

18559 

17963 

5 

19770 

5 

o58o9 

1§ 

13 

14410 

6 

•93952 

6 

.1^28? 

18023 

5. 

54651 

19801 

5. 

o5o3*7 

i3 

14440 

6 

•92D25 

16226 

6 

5 

19831 

5 

04267 

% 

14 

14470 

6 

91 104 
.89688 

16256 

6. 

.i5i5i 

i8o53 

5 

53927 

19861 

5 

o34o9 
.02734 

i5 

14499 

6 

16286 

6- 

14023 

i8o83 

5 

53007 

19891 

5. 

45 

i6 

14529 

6 

■88278 

i63i6 

6 

12899 

i8ii3 

5 

•52090 

19921 

5 

01971 

44 

\l 

14559 
14588 

6 

86874 

16346 

6 

11779 
10664 

18143 

5 

•51176 
• 5o2o4 

19952 

5 

01210 

43 

6 

.85475 
.84082 

16376 

6 

18173 

5 

19982 

5 

0045 1 

43 

19 

14618 

6 

16405 

6 

09552 
oW\\ 

18203 

5 

•49356 
•48451 

20012 

4 

90695 
96940 

41 

20 

14648 

6 

82694 

16435 

6 

18233 

5 

20042 

4 

40 

21 

14678 

6 

8i3i2 

16465 

6 

07340 
06240 

18263 

5 

•47548 
•40648 

20073 

4 
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TABLE  OF  CONSTANTS. 

Base  of  Nnpicr'fl  system  of  logarithms  =  «  •=  2  •71828 1828459 

Mod.  of  common  syst.  of  lognritiims  =  ....  com.  log.  «  =  M  =  0*434294481903 

Katio  of  circumference  to  diameter  of  a  circle  = «•  =  3- 141592653690 

•  log.  v  =  0-497 1 4987  2694 

»•"  =  9- 86960440 1089 \^  »=  I '772453850906 

Arc  of  same  length  as  radius  = 180°  -r-  »  =  10800'  -5-  »  =  648000"  -f-  r 

i8o<^  -f-Tzs  570-2957795130, log.  =  1-758122632409 

10800'  -*-  »  =  3437' -7467707849, log.  =  3-536273882793 

648000"  -f-  w  =  206264"- 8062470964, log.  =  5.3i4425i33i76 

Tropical  year  =  365d.  5h.  48in.  47s.  -588  =  365d.  -242217466,  log.  =  2-56258io 
Sidereal  year  =  365d.  6h.  9m.  los.  -742  =  365d.  -256374332,  log.  =  2-5625978 
24h.  sol.  t.=24h.  3m.  56s.  •  555335  sid.  t.=24h.X i  -00273791,  log.  i  •002=0-001 1874 
24h.sid.t.=24h.— (3m. 55s. -90944)  sol.  t.=24h.X 0-997 2696,  log.  0-997=9- 998^1 26 

British  imperial  gallon  =  277  •  274  cubic  inches, log.  =  2-4429091 

Length  of  see.  pend.,  in  inches,  at  London,  39-13929;   Paris,  39-1285;  New 

York,  39-1285. 
French  metre  =  3-2S08992  English /e^/  =  39-3707904  inches. 
I  oubio  inch  of  water  (bar.  3o  inches,  Fahr.  therm.  62^)  =  262-4^8  Troy  grains. 
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